
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



&luc\ 1^^.5 4.424 




t)arvarb College XiDrari? 



FROM 



H^Ellzabetli CoQlldge 





3 2044 097 009 385 



^ 



p. 



:a / 



/ 



PRACTICAL TREATISE 



ON 



ALGEBEA, 



DESIGNED FOR THE USE OP STUDENTS 



HIGH SCHOOLS AND ACADEMIES. 



BY BENJAMIN GREENLEAF, A.M., 

AITHOR OF THE " NATIONAL ARITHMBTIC," BTC. 



&ir:ti Smpvobeu Stereotype SStii'tion. 



BOSTON: 
PUBLISHED BY ROBERT S. DAVIS & CO. 

NEW YORK : Obo. V. Coolbdgb h Brothbb, and D. Burqrss k Co. 

PHILADELPHIA: Lippincott, Grambo h Co. 

ST. LOUIS : John Halsall. 

1854. 



EducT|-2y.'54, H^i^ 



Entered according to Act of Congress, in the year 1852, by 

BENJAMIN eBEENLEAV, 

In the Clerk's Office «r the Distrtet Court of the District of Massachusetts. 



Entered according to Act of Congress, in the year 1853, by 

BENJAMIN OBEENLEAV, 

In the aerk^s Office of thfijldstrict Court of the District of Massachusetts. 




GBEENLEAF'S SEBIES OF MATHEMATICS. 

1. MENTAL ABUnMETIC, \ipon the IndnctlTO Plan; designed for Primary and 
Intermediate Schools. Bevised and enlarged edition. 144 pp. 

2. INTRODUCTION TO THE NATIONAL ABTTHMETIC *, Ob, COMMOll SCHOOL 
ARITHMETIC. ImproTed stereotype edition. 824 pp. 

3. THE NATIONAL ARITHMETIC, designed for advanced scholars in Conmion 
Schools and Academies. Improved stereotype e^Ution. 360 pp. 

COMPLETE KEYS TO THE INTRODUCTION AND NATIONAL ARITHMETIC, 
containing Solutions and Explanations, for Teachers only. 2 vols. 

4. PRACTICAL TREATISE ON ALOEBRA, for High Schools and Academies, and fiv 
advanced Students in Common Schools. New edition, revised and stereotyped. 

KEY TO THE PRACTICAL ALOEBBA, containing the Answers, and fiill Solutions 
and Explanations, for Teachers only. Stereotype edition. 278 pp. 



Stereotyped by , 
HOBART ft BOBBINS, 

R»W ENGLAITD TYPE AND 8TERE0TTPK rOimDXBT, 
BOSTON. 



PREFACE. 



The following Treatise is designed to present a system of 
theoretical and practical Algebra. It is intended to be both 
elementary and comprehensive, and adapted to the wants of 
beginners, as well as those who are advanced in the study. 

In the cooriSe of his labors the author has consulted the most 
approved European treatises on the subject, and availed himself 
of whatever he thought might add to the interest and useftdness 
of his work. 

It has been the aim of the author, throughout his investiga- 
tions, to give to it a practical character, that those who study it 
may know how to apply their knowledge to useM purposes. 

The demonstrations connected with the several Boots, wjill 
greatly aid those who wish for a^ complete and thorough knowl- 
edge of Evolution in Arithmetic. 

The method of solving Cubic Equations by completing the 
square, the author believes, will be very useful. This method 
will not apply to all problems ; but, wherever it will apply, it 
not only very much abridges the labor, but the result is perfect 
accuracy, which is not always the fact by the common method 
of approximation. The Table of Logarithms at the end of the 
worl^ will be often found convenient and useful. 

The examples, of which a large number have been placed 
under each Rule, are intended to be neither too numerous nor 
too difficult ; and all who may use the work, either by themselves 
or in connection with a class, are advised to solve all the prob- 
lems, in the order in which they are given. No labor on the 
part of the pupil will be productive of more intellectual and 
practical benefit. The answers to several questions have been 
designedly omitted, that the pupil may try his skill as upon an 
original problem. 



IT PBEVAOE. 

One who has a thorough knowledge of Arithmetic, will find 
the study of Algebra a most pleasing, and, generally, not a 
difficult task. As a mental exercise, it is admirable for its effect 
upon the logical powers of the mind, assisting one to think and 
reason closely and conclusiyely. As Mr. Locke has remarked, 
in his Essay on the Human understanding, " Nothing teaches a 
man to reason so well as Mathematics, which should be tau^t 
to all those who have time and opportunity, not so much to 
make them mathematicians, as to make them reasonable crea- 
tures." 

BENJAMIN GREENLEAF. 

Bbasfobd, January 28, 1862. 



ADVEBHSEMENT TO THE STEREOTTPE EDITION. 

In revising this work for a second edition, the author has made such 
changes and additions as he beUeved would better adapt it to its purpose. 
Every part of it has been carefully and critically examined, and many 
portions have been entirely re-written. In a few cases, where improve- 
ment in that respect seemed desirable, the arrangement of articles has 
been somewhat altered. 

IThe new articles which have been inserted, will, it is hoped, add ma- 
terially to the interest, as well as to the value, of the treatise. The theory 
of Equations has been more fully developed, and illustrated by a variety of 
carefully prepared examples. A brief space has been given to Indeter- 
minate Analysis, a subject which, though usually omitted in elementary 
works on Algebra, the author believes to be one of no small practical 
importance. It gives the student the command of a class of problems 
which cannot possibly be solved by the rules of Arithmetic, nor by the 
more familiar principles of Algebra. 

In the revision of the work, the author has availed himself of the 
suggestions of several teachers who have used it as a text-book since its 
first publication ; and he would take this opportunity to express his ' 
gratitude for their kindness. 

April 26, 1853. 
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ALGEBEA. 



SECTION I. 

DEFINITIONS AND NOTATIONS. 

Abtigle !• Alqsbra is the art of computing by symbols. 

2« In Arithmetic we represent quantities and perform cal- 
culations by figures, each of which has a known and definite 
value. 

3« In Algebra we employ the letters of the alphabet, and 
other characters, the value of which is either known or un- 
known, according to the conditions of the problems. 

4« Those quantities whose values are given are called known 
quantities ; and those whose values are not given are wnknaum 
quantities. 

5« The symbols used to denote known quantities are, gener- 
ally, the first letters of the alphabet in the small or Italic 
character, as a, 3, c, d^ &c. ; and those used to denote unknown 
quantities, the last letters, as w, or, y, z, 

6« In addition to the above, which are the more common 
symbols, capital letters may be used, as A, B, C, JD, &c., or 
letters of the Greek alphabet, as «, ^, y, 5, c, ^, &a. In ex- 
tensive operations, the use of these, or some other suitable 
characters, is sometimes very convenient. 

7« Sometimes quantities are expressed in Algebra, as in 
Arithmetic, by figures instead of letters. 

8* When a quantity is doubled or trebled, or multiplied any 
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number of times, the number of multiplications is usually ex- 
pressed by a numerical figure or figures. Thus, let a denote a 
certain quantity, and 2a will denote twice the same quantity, 8a 
three times the same quantity, &c. 

9* The figures or letters prefixed to any symbol, and denoting 
the number of times the quantity represented by the symbol is 
taken, are called the coefficient. Thus, in 4a, 73, and 4ax, the 
coefficients are 4, 7, and 4a. 

lOt A quantity which has no figure prefixed to it is considered 
as having a unit for its coefficient. Thus, a is the same as la. 

11. Quantities represented by the same symbol or letters, and 
of the same power, are called like quantities ; and those repre- 
sented by different symbols or letters, or by the same letter of 
different powers, unlike quantities. Thus, 3a, 4a, and 5a, are 
like quantities ; and 3a, 43, ^nd 5c, unlike quantities. In like 
manner, Sab, ^ab, and.6a3, are like quantities; and 8a3, 4ac, 
bdc, and Qmn, are unlike quantities. 

12t Besides the symbols and figures used to denote quantity, 
there are certain signs, which are used to express the different 
relations between quantities, and the operations to which these 
quantities are subjected. These signs are the same as are often 
employed in Arithmetic, but, in Algebra, they are indis- 
pensable. 

13t The sign = is that of equality, and denotes that the two 
quantities between which it is placed are equal to each other. 
Thus, a=2b signifies that a is equal to 2b. 

14» The sign -|- is called pius, and signifies addition. Thus, 
a-\-b signifies that a is to be added to b. 

15* The sign — is called minus, and signifies subtraction. 
Thus a — b signifies that b is to be subtracted from a. 

16t Sometimes both the signs -|- and — pccur before the 
same quantity, as a±2r, in which case they signify that the 
quantity may be either added or subtracted, or that it is doubt- 
ful which operation is to be performed. 

17* The sign X signifies multiplication. Thus, aX^ denotes 
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that a is to be multiplied by h ; and aX^X^X^) that the quan- 
tities a, d, c, and (Z, are to be multiplied together. This sign is 
read into. Thus, ayj> is to be read, a into h. Sometimes a 
single point is substituted for X* Thus aJb signifies that a is 
multiplied by h, 

18. The sign -h signifies division. Thus, a^h signifies that 
a is to be divided by h, 

19i Division is also represented by placing the divisor under 

d 

the dividend, in the form of a fraction. Thus, ~ signifies that a 

is to be divided by 5 ; and — —r, that a—h is to be divided by 

20. The sign >^, standing between two quantities, denotes 
that the one before it is greater than the one after it. Thus, 
a]>3 signifies that the quantity a is greater than the quantity h, 

21. On the other hand, the sign < denotes that the quantity 
before it is less than the one after it. Thus, 5<^a signifies that 
h is less than a. 

22. The sign . • . signifies therefore. Thus, a=5 . • . 3a==15, 
is read, a is equal to 5, therefore 3a is equal to 15. 

23» The signs : : : : denote proportion. Thus, a: h ii c : d 
is to be read, as a is to d, so is c to (Z ; and the signs, placed in 
their order, indicate that a has the same ratio to b that c has 
to d, 

24. The sign a/, called the radical sign, signifies the square 
root of the quantity which follows it ; or, that the root of the 
quantity is to be extracted. Thus, /s/a denotes that the square 
root of a is to be extracted. 

25t By placing a figure above the sign, thus, >^, it is made 
the radical sign of any root whatever. Thus, j^a signifies the 
cube root of a ; A/a^ the fourth root of a ; y^a, the fifth root ; 
Va, the Twth root, &c. 

26* The power of a quantity is denoted by a figure placed 
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above it at the right. Thus, a^ signifies the second power of a ; 
€^ the third power of a ; a^ the fourth power, &c. 

27* In operating with unknown quantities, it is frequently 
necessary to express the root of a certain power of a quantity ; 
as, for instance, the 4th root of the 3d power of a. In this 
case, a fraction is to be used; the numerator denoting the 
power to which the quantity is to be raised, and the denomi- 
nator the root of the power. Thus, (fi denotes the cube root of 

the second power of a ; 3*, the fourth root of the sixth power 
of h. By inverting the fraction, and writing it before the 

radical sign, we may represent the same. Thus, /^a, ^h^ 

28* When a quantity is represented by a single letter or 
numeral, or several letters, placed one after another without the 
sign '\- ox — between them, it is called a mwpU guaTiiity. 
Thus, a, be, cde, 3a3, are simple quantities. 

29t When a number of simple quantities are connected by 
the signs + or — , the result is a compound quantity. Thus, 
a-\-b, be-{-cd, 4a-|-5a? — x, are compound quantities. 

30t A term is a single letter or numeral, or several letters or 
numerals, which are not separated by the sign + or — . Thus, 
in the compound quantity a-j-^) a and b are the terms. So in 
xy — y+z, xy, y and Zy are the terms. 

31 • When two or more members of a compound quantity are 
to be subjected to the same operation, in which they are to be 
regarded as one whole, they are connected by a line drawn over 
them, called a vijiadum, or by enclosing them in a parenthesis. 
Thus, when we are to multiply a-^-b-^c by any number, ^ 3, 
we write a-\-'b-\-cX^j or (a+3+c)x3, or, mere simply, 3(a+ 
b+c). So x-\'yXy+Zi or (x+y) (y+z) signifies that x+y is 
to be regarded as a whole, and multiplied by y+z, taken also as 
a whole ; whereas, if the line or parenthesis were not employed, 
a-|-5x3 would denote that b only is to be multiplied by 3, and 
the result would be a-\-^b. 
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32* When two or more quantities are mnltiplied together, 
each quantity is called a factor. Thus in a3, a and h are called 
factors ; so, in cde^ c, d and e, are severally called &ctors. 

33* A composite number is one which is produced by the 
multiplication of two or more quantities or &,ctors into each 
other. Thus, the quantity abc is a composite one, the Motors 
of which are a, b, and c. 

34 • Quantities, which have the sign -f- before them, either 
expressed or implied, are called positive or affirmative quantities. 
Thus -}-fl» +^i or a, b, are positive or affirmative, the sign + 
being always implied before a quantity which has no express 



35 • Quantities, which have the sign — prefixed are called 
negative quantities. Thus, — a, —3, — 3, are negative quan- 
tities. 

36t Where the signs are all positive or all negative, they are 
called like signs. 

37* When some of the signs are positive and others negative, 
they are said to be unlike. 

38 • When a quantity consists of one term it is called a 
numomial, as a, ab, Sxy, being the same as a simple quantity. 

39^ When a quantity consists of two terms it is called a 
binomial. Thus a-f-3, x-\-y, are called binomial quantities, and 
a—b a residtud binomial. 

40t When a quantity consists of three terms it is called a 
trinmnial. Thus, a-\-b-\-Cj and x-{-y-\-z, are trinomials. 

41 • When a quantity consists of any number of terms greater 
than three it is called a polynomial. Thus, a-^b-i-c+d, and 
w-{-x-]-y-\'Zf are polynomials. 

42* The power of a quantity is its square, cube, biquadrate, 
&c., called, also, its second, third, fourth power, &c. ; as a', a', 
a\ &c. 

43t The index or exponent of a quantity is the uumber which 
denotes its power or root. * v 

2 
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ThuB, — 1 IB the index or exponent of dr^ ; 2 is the index 

of a'; i, of a», or a/ a; and m and -, of a"* and a\ 

n 

44« Wlien a quantity appears without any index or exponent, 
it is always understood to have for it unity, or 1. 

Thus, a is the same as a\ 2x is the same as 2z^ ; the 1 in 
such cases being usually omitted. 

45* A rational quantity is that which can be expressed in 
finite terms, or without any radical sign or j&aotional index ; as 

a, or -5-, or 5o', &c. 

46« An irratioTial quantity is that whleh has no exaot 
root, or which can only be expressed by meads of the 
radical sign, or a fractional index; as V^i or 2^, j^^, or 
*a', &c. 

47* A square or cube number, &c., is that which has an 

exact square or cube root, &c. 

9 8 

Thus, 4 and r^^ are square numbers ; and 64 and -^r^c^ are 

cube numbers, &c. 

48t A measure or divisor of any quantity is that which is 
contained in it some exact number of times, without a re- 
mainder. 

Thus, 3 is the measure or divisor of 6, 7a is a measure of 
35a, and 9fl3 of 27^2^1 

49* Commensurable numbers or quantities are such as have a 
common measure or divisor, or that can be each divided by the 
same quantity without a remainder. 

Thus, 6 and 8, 2V2 and 3^2, 5a^3 and 7a% are com- 
mensurable quantities ; the common divisors being 2, /v^2, and 
a'b. 

50* A prime number is that which has no exact divisor, 
except itself jind unity; as 1, 2, 3, 5, 7, 11, 13, 17, &c. ; and 
the intervening numbers, 4, 0, 8, 9, 10, 12, 14, and 16, are com' 
posite numbers. 
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51* Two or more numbers are said to be incommeTiSurailej or 
priTne to each other j when they have no common diyisor except 
unity ; as, 2 and 3, 5 and 7, 17 and 19, &g. 

52* One quantity is called the multiple of another, when the 
former contains the latter a certain number of times without a 
remainder. 

Thus, 15a is a multiple of 5a, and 6a of 3a. 

53* The reciprocal of any quantity is unity divided by that 
quantity. 

The reciprocal of any fraction is that firaction inyerted. 

Thus, the reciprocal of a or ^ is - ; the reciprocal of 7 is 

-, and the reciprocal of -3ll- is — — -. 
a " a—b a-f-b 

54 • A series is a rank or succession of quantities, which 
xusually proceed according to some certain law ; as l-{-ia-{~i^ 

PBACTICAL EXAMPLES. 

55* In calculating the numerical values of the following 
Algebraic Expressions, let a=6, 3=5, c=4, df=:l, and e=:0. 

1. a=+2a3—c+^=36+60— 4+1=93. 

2. 20^— 3a=3+c3=432-540+64=— 44. 

3. a«X(a+*)—2a&;=36xll— 240=156. 

4. 2aV^^=^+A/2ac^^ 

5. 3ayv/2flc+?, or 3a(2ac+c«)*=18A/64=144. 

6. V{2a'-V6ac+c«)=V(72-V144)=V60. 

7. V(a«3+45^— 5Vc^)= V (180+100-10)= a/270. 

8. V(«*'+2^—W^c)=a/ (150+250— 10)=V390. 
2a+3c Uc _24 80 _24^80 

6^+5i"^V^P""""6-+v64- -T+T- -^^^"^^' 

10 2a3— 5c , / 3a— j3c >^j. 40 [ 18— 1040 |4_ 
43-10e?+V5«-12^/ ^10"'"^I30-12""10+^9"" 

11. 2a«+33c-5=127. 
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12. 5a«^-10a^«+27c=-600. 

13. 7a«+(3-c)X{^-c)==253. 

14. ?^'x^-^=^27a«e=36i. 

15. 3Vc+2av'(2fl+3-(Z)=54. 

16. a/v/(«'+«)+3^(a'— ^)=696. 

17. 3a'3+V(c'— A/2flc+?)— 3e=542. 
18 23+g V5M-3Vc+rf 

3a-c 2a+c ""*' 



SECTION II. 
ADDITION. 



Art. 56* Addition in Algebra is the connecting together of 
several quantities by their appropriate signs. 

5Tt The operation consists in collecting into one term all the 
like quantities, and so arranging the several terms, thus obtained, 
as by signs to indicate the proper sum of all the quantities, both 
like and unlike. 

58* Addition in Algebra embraces three cases. 

I. When the quantities are alike, and their signs alike also ; 
as, a, 3a ; or, —3, —43. 

II. When the quantities are alike, and their signs unlike ; as, 
33, -53. 

m. When the quantities are unlike, some having like and 
others unlike signs ; as, 8a, 43, —42:. 

Case I. 

59t When the quantities are alike, and their^ signs alike. 

BuLE. Add together the coefficients belonging to the like 
(ptantities, and place their sum before the common letter 
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crUUerSywUhth^ common sign prefixed; and the retuUvM he 
the sum required. 

ThuB, let it be required to add together Sod, 7a3, 8a5, the 
operation will be as follows : — 

Zab 

lab 

%ah 



18a3. 



The reason of this mle is obvious ; for, sinoe ah^ whaterer be 
its value, must represent the same quantity in every instance, 
it is evident that 3 times, 7 times, and 8 times the same quan- 
tity, will make 18 times the same. 

In like manner, let it be required to add together — 73, — 66, 
and — 63. 

-73 
-53 
-63 



-183. 

EXAMPLES. 



(1) 


(2) 


(3) 


(4) 




(5) 


8a 


U 


-Zax 


^jr* 


3a- 


-2y» 


4a 


bh 


-4ax 


V 


4a- 


-Sy" 


6a 


8\ 


— ax 


acy» 


6a- 


- y" 


a 


U 


—2ax 


Ix^ 


a- 


-Of 


5a 


h 
2Ah - 


-lax 


2V 
VJxtt 


ha- 
19a 


-^ 


19a 


-llax 


-Uf 


(6) 


(7) 


(8) 


(9) 




(10) 


7« 


14adc 


5y 


— Amn 




5A+ « 


Ax 


llabc 


y 


— Sfftn 




A+ar 


l\x 


hahe 


y 


— 7im 




2A+4B 


9z 


4dbc 


3y 


—limn 




h+ X 


X 


abc 


4y 


— fim 




Ih+Qx 



2* 
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11. Add 7a, 11a, a, 4a, 6a, and 3a together. Ans. 32a. 

12. Add 4A, 6A, A, A, lU, and 7A together. ^n*. 30A. 

13. Add together (3a''— 3), (Ta"— 4i), and (a«— 3). 

ilTW. lla'-6ft. 

14. What is the sum of Wa\ Wa\ A^a\ 7A/a\ and 
2Va'^ -^«*- IWa'. 

15. Add together 3A/a+2f, 6Va+7, >v/a+X, and Ua/o+S. 

Ans. 22a/ a+S. 

Gabs U. 

60* When the quantities are alike, and have unlike signs. 

KuLB. Add all the affirmative coefficieras into one sum, and 
those that are negative into another ; then subtract the less of 
these results from the greater, and prefix the sign of the greater 
to the difference, annexing the common letter or letters. 



Required the sum of +7ac, — 4aa:, - 


-3aa:, +17aar, —ax, and 


+aa;. lax 




- 4w 


~ 


- 3ax 




IToa: 




— ax 




ax 





IToar. 

We find the sum of the plus quantities to be 25a2r, and the 
sum of the negative quantities — 8ar; and the difference be- 
tween those coefficients is 17, which we prefix to ax; thus, 
17aa:. 

The reason of this Rule is obvious, when we consider that 
two equal quantities, the one with a positive and the other with 
a negative sign, exactly cancel each other, so that their sum is 
nothing. Of course, then, when two like quantities of opposite 
signs are not equal, the difference between them must be the 
proper sum, which will be positive or negative according to the 
affirmative or negative character of the larger quantity. 
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(1) 


(2) 


(8) 


(4) 


(5) 


7a • 


- Gm 


4a2 


18n 


7a— »ip^ 


- 8a 


m 


-Ziix 


n 


a+ 6my 


a 


-11»» 


ax 


— 20« 


—11a— 8otp» 


— ba 


5m 


-lax 


6» 


8a+llm;j' 


11a 


— m 


ax 


8n 


— 9a— Imp" 


a 


20fft 


\2ttx 
8az 


— « 


\%a-lbmf 


Via 


8>R 


7» 


14a— ^7np^ 


(6) 


(7) 


(8) 


(9) 


(10) 


6y 


Amn 


— 8zy 


— ^m 


&cy— w';? 


- 1y 


mn 


7a:y 


pn 


3a:y+ ^P 


4y 


omn 


-4xy 


pn 


— lla:y— ISm'^p 


-lly 


ISmTx 


— xy 


—llpn 


— 4cy+ 9ot'^ 


% 


Twin 


9xy 


Ipn 


— 8a:y— Sm^p 


-2y 


8m7t 


—Zxy 


pn 


12a:y+12m«p 



11. Add 4+a'a:, 6— a'ar, 3+6a«a:, 15— 5a«a:, 3+a«a:, and 
6+7a'a; together. ilwj. 37+9a'a:. 

12. Add 14aa:— 6y, 7aa;+y, 5aa;— 7y, 9aa:— lly, and 
8a2:-{-% together. iln*. 43aa: — 20y. 

13. Add 3a— 43+6c, 7a+113— 3c, 8a+3-7c, and a-113 
+16c together. Ans. 19a— 33+llc. 

14. Add 16a:«-52^-16, 3a*+4y'-5, a:»+3y»-37, ar'-y' 
+7, 6a:«+72^-ll, and 2a:«— 3^^-21 together. 

Am. 29a:'+5y'-83. 

15. Add 5a— 3, 33+3c, 4a— 5c, 5a— 53— c, 7a— 6c, and 
lla+43— 7c together. Am. 32a+3— 16c. 

GaseUI. 

61. When the quantities are unlike, some having like and 
oilieTS unlike signs. 

It is evident that unlike quantities cannot be united into one ; 
or otherwise added than by means of their signs. 
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Thus, for example, if a be supposed to represent 20, and b 
12, then the sum of a and b can be neither twice 20 nor twice 
12, but it must be 20+12=32, that is, a+b. 

62fl Hence, to add unlike quantities, we have the following 

KuLB. Collect aU the like quantities together^ as in Oase II., 
and write dawn those that are unlike^ one after another , with 
their proper signs. 

63* When several quantities are to be added together, it is 
immaterial in what order they are written. 

Thus, a-^-b^c^ a—c-^b^ — c+a+i, are equivalent expres- 
sions. 

BXAMPLBS. 



(1) 




(2) 


Sox 




7a+7»t 


4m» 




6 a—lx 


-6y« 




4xy—bm 


Ixy 


»-6y»+7ay. 


Zx +&ty 


3az+4>ffi 


lSa+12xy+2m—4x. 


(8) 


(4) 


. (^^ . 


9A 


14aar— 2z» 


4ax-130-\-Sd 


-Ix^ 


6az*+ 8xy 


ba'+8ax+93? 


Saxy 


8y« - 4aB 


7ay— 4a;J+9» 


—^ 


ar" +26 


^x-40 —63* 



6. Add together a+z and y — c. Am, a — c+a:-}-^. 

7. Add 3a+3— 10, c-^d—a, — 4c+2a— 33— 7, and 4e«+5 
—18ot together. Am. 4a— 2*— 12— 3c— i+4ar»— 18ot. 

8. Add la-^h'^y SV^+SIa, Sy'— V«> and — 9a+7Va: to- 
gether. Ans. \^^/x, 

9. Add imn-j-Bab — 4c, 3a: — 4a3-{~2mn, and 3m' — 4p to- 
gether. Am. 6 mn— a3 — 4c-f-3a:+3m' — 4p. 

10. Find the sum of Sa^+2ab+W, 5a'— 8a3+3', — a'+6a* 
-3', 18a'-20a3-193', and 14a'-3a3+20^. 

Am. 39a'-24a3+6y. 
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11. Find the sum of 4a:3— 5a'— 5fla:»+6a'ar, Qt^+Zs^+ias^ 
+2a=a:-17a:'+19fla:=-15a'a:, 13ar«— 27a'a:+18a», Sa'a:— 20a' 
+12a:3, and 31a>-r2a;'— Sloar^— 7a:'. Ans.-72^—a:\ 

64. Coefficients, whether figores or letters, that are common 
to several terms, may be connected with them by a paren- 



Add 



(12) 


(13) 


d a7nx-j'2dy 


hy-\-4^nx 


2cxSdy 


my+Mx 


Sax+by 


4ny'-9mx 



{am+2c+Sa)x+ (b^d)y. {hJ^m-\-4n)y+ (3^^— 57n)a:. 

14. Add 4ai:— 5my, Mx-{-lny^ and lmx-\-4myy together. 

Ans. (4a+3(/-|-7m)x+(7w— m)y. 

15. Add Zkz — 5a;, 4anz-\-nx^ and bax — 4p2r, together. 

Am. (3A+4?w+5a)z-|-(w— 5— 4p)a:. 



SECTION III. 

SUBTRACTION. 

Abt. 65* Subtraction is the taking of one quantity from 
another, or the method of finding the difference between any two 
quantities or sets of quantities of the same kind. 

66* If it be required to subtract 10 — 7 from 12, we might 
first subtract 7 from 10=3, and take the 3 from 12=9 ; or 
we might take the 10 from 12, and the remainder 2 must neces- 
sarily be increased by 7 to produce the correct result. 

If from a we wish to subtract c — d, we first subtract c, and it 
gives a— c. This quantity, since we have taken d too much 
from a, is too small by d. Therefore d must be added, thus, 
a—c-^-d. 
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67* If a Bunple quantity Ib to be taken firom another simple 
quantity, it is only necessary to write them one after the other ; 
thus, if 8 is to be taken from 15, it may be expressed thus, 
15-8=7. 

If it were required to subtract b from a, it should be written 
thus, a — b ; but if we were to subtract a — b from c-f-^i it is 
evident that if only a were to be taken, it would be written 
thus, c-j-d—a. But this evidently gives a result too small ; for 
a was to be lessened by b before the subtraction. Therefore, as 
the remainder is too small by 3, we must add b to the remainder, 
which will give c+df— a-f"^ > ^^^ ^* makes no difference in the 
result whether the minuend be increased or the subtrahend 
lessened. 

Subtract 7—4 from 13. Taking 7 from 13 leaves 6; but 6 
is too small, for the 7 should have been lessened by 4, and we 
must either subtract the 4 from the 7 before the operation, or 
add it to the remainder; and, if added to the remainder, the 
expression will be thus, 6-{-4=:10. 

68i We therefore see the propriety of the following 

BuLE. Change the signs of all the quantities to be subtracted, 
and proceed as in Addition. 

SIMPLB QUANTITIES. 

(1) (2) (3) (4) (5) (6) 

From+7a -16a: +17^ -29^ +153 —6c 
Take +2a — 5a; + Sd —ISg + 7b --^ 

+5^ -11a: + 9d -llg + 83 -5c 

The above questions are performed as in Arithmetic, the 
minuend being the larger number, and having the same sign as 
the subtrahend. 

(7) (8) (9) (10) (11) (12) (13) 

From — 8a + 7a: +18y —33 — 7c + M — 6A 
Take -15a +14a: +20y -73 -15c +lli — 8A 

+ 7fl — 7a: - 2y +43 + 8c - Sd +2h 
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In these examples the minuend is taken from the subtrahend, 
and all the signs in the subtrahend are changed. 

(14) (15) (16) (17) (18) (19) (20) 
From +27a — Qb —7c +Sg +11A — 5a; — 7y 
Take —13a +183 — c — 9^^ — 15A +17x — 15y 

+40a —243 -6c 17^' +26A —22a: + 8y 

In these examples we change, mentally^ all the signs in the 
subtrahend, and then proceed as in addition. These questions 
may all be proved, as in Arithmetic, by adding the remainder to 
the subtrahend. 

COMPOUND QUANTITIES. 

69* The same rule must be observed in subtracting compound 
quantities as in simple quantities ; that is, all the signs of the 
quantities to be subtracted must be changed, the signs + to — , 
and the signs — to -|- ; we then proceed as in addition. 

(1) OPERATION. 

From a3+ cd— ax — 7 a3+ cd— ax— 7 

Take 4fl3— 3c^+4aa;— 15 — 4a34-3af— 4aa;+15 

— 3a3+4c<?— 5aa:+ 8 

70* It is a better way for the pupil to qpnceive the signs in 
the subtrahend changed, but to let them remain without alter- 
ation, otherwise it might be difficult to correct errors that might 
arise in the operation. 

(2) (3) 

From 7ar+5y— 3a— 6A 7a3c— lla:+5y— 48 

Take x—ly+ba+llh llabc+ Sx+7y+100 

t 

Qx+12ySa—17h — 4a3c— 14a:— 2y— 148 

(4) (5) 

From 14A— 42+ 9y +a: 9a:— 5a3c— 6A— 51 

Take — 3A— 7z+41y— 17x 19a:-7a3c— 8A+ 1 

17^+32r-322/+18a: — 10a:+2a3c+2A— 52 
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(6) (7) 

From 'Sxy-a' -3A»— f 7a:»— «'**+ Tj^+SA* 

Take -xy^a* ^-TA'-lCy a:«+a'3'— llj/^- A* 

(8) (9) 

From 5Var»-3j^ +7a*-l 8a:»+ y»+ V7A+ 5 

Take 3Vae"+ 3^ — 6a*+7 4a:»— V- a/7A— 6 

2Vfl^-42/^+12a*-8 4a:» 4-4^^+2 V7A+ 11 

10. From 3a— 55+6A— (f take a+b—7d. 

Arts. 2a-'U+Qh+Qd. 

11. From 31a;'— 3y»+a3 take 17a:«+5y'— 4a3+7. 

il«j. 14x«— 82^4-5a3— 7. 

12. From bf+lU—dd take — 3/+73— 15i. 

Am. 8/+73+6J. 

13. From 11a— 73+c take a+73— 3c+ll. 

Am. 10a-143+4c— 11. 

14. From m'+3n« take — 47»»— 6»'+71a:. 

ilTW. 5m»4-9?i«-71ar. 

15. From 31a— 15a;— 7 take 2a— 25a:+y». 

Am. 29a+10a:— y'— 7. 

16. From abc'-^x^ take — 6a3c«+3ay— 7A, 

ilTW. 7a^'— 4a;y'+7A. 

17. From llcA«— 5 take 5cA«— 5+47ar. 

Am. 6cA«— 47x. 

18. From mit^+kt take -.7m?i«+48a:— j/». 

Am. 8»i»»+A^— 48^+3^. 
19.' From 47a3A— 37+962^ ^^^ 7a3A. 

ilTW. 40a^A— 37+96y\ 

20. Take Ix'i^+km from 8aY+17. 

Am. x^i^ — Am+17. 

21. Take 5i«-3c+597w from lli«. 

Am. 63'+ 3c— 59m. 

22. Take 6a-3i_5, from 6a+33-5c+l. 

Am. 63+1. 
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23. Take 41x^+7i^+abc from m\ 

Ans. m^—41a^—7i^—abc. 

24. Take sc" from — 17ar*+14y— a+3. 

Ans. -18x'+14y— a+3. 

25. Take a— 3 from a+3. Ans. +23. 

26. From 9xz take arz— 7/*— 5m'+7. 

Ans. 8a:2+7A+5m'— 7. 

27. From lUm+8?t' take a^—t/^. 

Ans. llhm+Sn^—x^+y\ 

28. From a-|"3 take a— 3, and a— 3, and — a+b. 

Ans. +2b. 

29. From a—b—c take — a+3-|-c and a—b-\-c. 

Ans. a — b — 3c. 
71* When similar quantities that are to be subtracted have 
literal coefficients, the operation may be performed by placing 
the coefficients with their proper signs within a parenthesis, and 
then subjoining the common quantity ; thus, 

From ay—k From ax^+gy^ 

Take dy—c Take bx'—hy' 

{a-d)y-\-c-h (a-b):^^{g+h)f. 

72* K a set of quantities enclosed in a parenthesis is com- 
bined with others by means of the sign +, the parenthesis can 
have no effect upon the result, and may, therefore, be retained 
or not, at pleasure. 

Thus, a-^-^b-^rc) is evidently equivalent to a-\-b-\-c ; for it 
can make no difference whether b and c be first added together, 
and their sum then be added to a, or the sum of the three quan- 
tities, a, 3, c, be taken at once. 

Again, x — y+(3 — z) will amount to the same thing as z — y 
+ b—z; for it is immaterial whether b—zhe added to x—y 
at once, or b be added to it first, and from the result z be 
subtracted. 

The subtraction of a polynomial may be indicated without 
performing the operation, by inclosing the quantity to be sub- 
tracted in a parenthesis, and prefixing the sign — . 
3 



26 ALQEBRA. 

If we wish to subtract 7a— 5a:+6y from 11a— 2z+8y, it 
may be indicated thus (11a — 2x+Sy) — (7a — 5a:+6y). 

And 7a — 33+c+^ — p, taken from 10a, leaves 10a — (7a — 3^ 
^-c+g — p); being equivalent to Sa+Sd — c — g+p- 

K, therefore, a quantity enclosed in a parenthesis be com- 
oined with another by means of the sign — , the rule laid down 
in Art. 68 shows that the signs of the terms of this quantity 
must be changed whenever the parenthesis is removed. 

Thus, a — {b+c) is equivalent to a — b — c ; because it can 
be of no importance whether b be first subtracted from a, and c 
then be taken from the remainder, or the sum of b and c be 
subtracted from a at once. 

Consequently, a parenthesis, with a negative sign preceding it, 
may be introduced into any compound algebraical expression, 
provided the signs of all the symbols comprised in it be 
changed. 

Thus, a — X — 3-f y is equivalent to a — z — (b — y), or a — (a:+ 
b—y), or a+y—(b+x), or y— (a:+3— a). 

Similar considerations will enable us to dispense with the use 
of parentheses, without altering the values of the expressions in 
which they are found, when one or more such parentheses are 
included within another. 

Thus, a — [b — (c+(f)] is manifestly equivalent to a — [b — c 
— d]j which is also equivalent to a — b+c+d. 

Also, a — |a-f 3 — [a+b — c — (a — 3-f c)] }=a— ja+i— [a-|-A 
^c^a+b—c] }=a— {a+3— [25— 2c] }=a— {a+3— 2i+2c{ 
=ra— { a—b +2c \ =a—a+b'-2c=b—2c. 

EXAMPLTS VOS PRACTICE. 

1. What is the' value of the expression (1— 2a:+3a:')^-(3-|- 
2z— r^)? Am. 4+2a:*. 

2. Reduce to its simple form the expression 5a — 43+3c-f- 
(— 3a+2i— c). Ans. 2a—2b+2c. 

3. What is the value of the expression (a — b — c)-|-(5+c — d) 
+(^-c+/) + (c-/— ^) ? Ans. a-g. 
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4. ExMbit a— (3— c)+3— (a— c)+c— (a— 3) in its simplest 
form. Ans. — a+3+3c. 

5. From 3(ar»+y») take [(ar»+2a:y+j^)— (2xy--a:«— y')]. 

Aru, 2?+ if. 

6. From ^2?+2f^[Zx'+f) take 2ar»+4y'— (4a:«— 2^). 

73» Algebra differs from Arithmetic in the use of negative 
quantities. In Algebra, every quantity is either positive or 
negative, according as it is affected with the sign plus or minus ; 
and, as we have observed above, whenever a quantity has not 
either of these signs prefixed, the sign + is understood, and 
the quantity is said to be positive. Thus 5, or +5, is positive; 
but — 5 is negative. Positive quantities are also called aflirm- 
atives. Some mathematicians, in treating this subject, have 
involved it in much perplexity, and, in our opinion, in absurd- 
ities, by considering — 5, or — a, as quantities less than nothing ; 
much to the injury, if not to the disgrace, of the science. But 
the student is to observe that — 5 denotes just the same number 
an^ quantity as +5, but with the additional, considerations, 
that the former is to be subtracted, while the latter is to be 
added. 

The simplest illustration of positive and negative quantities 
may be derived from a merchant's credits alid debts. Five 
dollars is the same sum, whether it be due to him, or he owe 
it to another ; but, in one case it may be considered as positive 
85, for it is an addition to his property ; and in the other as 
negative $5, for it is subtracted from his property. And, if 
the sum of his debts exceeds the sum of his credits by $1000, 
the state of his affairs may be represented by — $1000 ; and, 
undoubtedly, he is worse than if he had nothing, and owed 
nothing. In such a case, indeed, the man is often said, in rrver' 
cardUe language, to be minus one thousand dollars. Whereas, 
if the siun of his credits exceeds the sum of his debts by $1000, 
the state of his affairs may justly be represented by +$1000. 
These opposite signs, then, without at all affecting the absolute 
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magnitude of the quantities to whidi they are prefixed, intimate 
the additional consideration that those quantities are in oomtrary 
circumstances. 



SECTION IV. 

MULTIPLICATIOK. 

Abt. 74t Multiplication is the repeating of a quantity as 
many times as there are units in another; it is virtually the 
same in Algebra as in Arithmetic. 

75* The multiplicand and multiplier may be considered as 
factors; and, in all operations, either may be taken for the 
other. 

Thus, if 6 be multiplied by 7, or a by 3, the result is the 
same as if 7 be multiplied by 6, or h by a. 

76* When several letters are written after one pother, it 
implies that they are all multiplied together. 

Thus, ahcd is the same as aX^X^^X^; ^^^ it is immaterial 
in what order they stand ; for ahcd^ cdab^ and bdca, are synony- 
mous terms. 

77* Multiplication is commonly divided into three cases. 

I. When the multiplicand and multiplier are simple quan- 
tities. 

II. When the multiplicand is a compound quantity, and the 
multiplier is a simple one. 

m. When both the multiplicand and multiplier are com- 
pound quantities. 

Case I. 

78, When the multiplicand and multiplier are simple quan- 
tities. 
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BuLE. Multiply tJte coefficients of both terms together^ and 
to the prodvjct annex the letters in both factors^ rememhering 
that the product of like signs is pha^ and of unlike signs is 
minus. That is, plus (-f ) multiplied by plus (-I-)) ond minus 
(— ) multiplied by minus (— ), give plus (+); and plus (+) 
multijMed by minus ( — ), and minus (— ) multiplied by plus 
(+)j 5^»« minus (—). 

ILLUSTRATION. 

79. 1. If a plus quantity is multiplied by a plus quantity, 
the result will be a plus quantity. Thus, 

K -f-a is multiplied by +5, it is evident that +a is to be 
repeated as many times as there are units in 4-3; that is, b 
times a=i-\-ah. 

2. K a minus quantity is multiplied by a plus quantity^ or a 
plus quantity by a minus quantity, the result will be a minus 
quantity. Thus, 

If — c is to be multiplied by +d/\t]A evident that — c must 
be repeated as many times as there are units in^; that is, 
d times — cz=z^cd. The result will be the same if +c is mul- 
tiplied by — d, 

8. K a minus quantity be multiplied by a minus quantity, 
the result will be a plus quantity. 

To illustrate this, let a — b be multiplied by c—d. 

The product of a—b by c is ac—bc; but it is evident that 
this product is as many times too large as there are units in d. 
Therefore the product of a — b by d=ad — bd, must be subtracted 
from ac — be, thus (ac — be) — (ad — bd)z=ac — be — ad-{-bd; but 
-]-bd is the product of — b and — d ; therefore a minus quantity 
multiplied by a minus is a plus quantity, Q.E.D, 

80t That the product of two minus quantities produces a 
plus, may be illustrated by the following diagram : 

Let ABCD be a right-angled parallelogram. Let JH be 

parallel to AB, and EG parallel to AB, Then the figure will 

contain four right-angled parallelograms, JFGD, AJFE, EBHF, 

and FHCG. Let AB, which is equal to JH,=a, and EB or its 

3* 
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A B 

J Y 



equal FH=:b; then AE, or its equal /F, will be =a— 6. Also 
let AD=:Ct and AJ=:d, then JD or 
i*lr=c— rf. Now, to find the con- 
tents of JFGD, we must multiply the 
adjacent sides of the parallelogram 
together, which are JD and JF, 
But J2>=:c— rf,andJ!F=a— 3; there- 
fore the contents of the parallelogram 
will be (a— 3)X(c— '<fl=ac— a?— ic+M. 

But ac is the contents of the figure ABCD, for it is the pro- 
duct of the adjacent sides AB and AD. And this exceeds the 
contents of the figure JFGD by the three parallelograms AJFJEj 
EBHFy and FHCG. But ot^ is the contents of the figure 
ABHJ, for the side AB=ssay and AJ^i^ and these are the 
adjacent sides of the parallelogram. And ^ is the contents of 
the figure EBCG; for EB=zb, and AD or J9C=c, and there- 
fore bc=iEBCG^ for it is the product of the adjacent sides EJ3 
and BC. But the parallelograms ABHJ and EBCG both in- 
clude the parallelogram EBHF; whereas it should be included 
by only one of them. It must, therefore, be returned. The 
contents of this figure EBHF=hd ; for FH=b, and HB=d, 
and their produdl is hd. And as BF has been taken twice firom 
the figure, it is restored by considering bd a plus quantity, thus 
+hd, Q.E.D. 



EXAMPLES. 

1. Multiply 4im by Sn, 

2. Multiply Bob by —bed. 

3. Multiply Smn by 4zy, 

4. Multiply 7pg by y. 

5. Multiply — 13a^by drnf^. 

6. Multiply 7hp by 4:tuz. 

7. Multiply 19ab by —zyz. 

8. Multiply Ian by — 2a?i. 

9. Multiply baaa by Zacui, 



Am. \2mn. 

Am. — 15a^C(Z. 

Am. d2mnxy. 

Am. Ipgy. 

Am. --ISadefmnp. 

Am. 2Shptuz. 

Aits. — Idabzyz. 

Am. — liaann. 

Ans. Ibaaaaaa. 
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10. Multiply ^-4zy by —zxyy, 

11. Mxiltiply — lldc by -Mce. 

12. Multiply 9nm by 2mmn. 

13. Multiply nabc by -8a3c. 

14. Multiply llxyyy by — yy. 

15. Multiply —^mmm by — nwn. 

16. Multiply pqt by .pg^. 

81* When the same letter is repeated in the product, for the 
sake of brevity one letter only need be written, with a figure 
placed after and above it, denoting the number of times the 
letter is taken as a factor. 

This figure is called the expoTient or power of the letter, and 
it shows how many times the letter is used as a factor. Hius, 

82t If two or more letters of the same kind, having e^o- 
nents, are to be multiplied together, we write the letter, and 
place over it the sum of the exponents. Thus, the product of cf 
by c^=iaaay,aa^=zaaaaa,^:sc^. Hence the following 

Bulb. Add the exponents of the same letter, <xnd place their 
sum over the product of the letter mzdtiplied by the coejicienis. 

17. Multiply 4m* by Sot'. 

4x 3X^*X w'=12ot*+»=12»i'. 

18. Multiply — 57i» by — 47l^ Am. 20n\ 

19. Multiply —Sa" by 3a«. Ans. —9a**. 

20. Multiply 23f^ by 4a:*. Ans. Saf^\ 

21. Multiply az«3« by 5a^b. Ans. lbM\ 

22. Multiply ab^ by a^b. Ans. a*b\ 

23. Multiply c^b^'c by a«W. Ans. <^b^cd. 

24. Multiply Ic^t? by a*cm. Ans. la*c*m. 

25. Multiply 9a»3V by -a»3»cx*. Ans. -9a^«i»ca:". 

26. Multiply 15otV by 3stn. Ans. 4fm*ri?. 

27. Multiply Sa--^- by 2a'»i^ Ans. 6a*»5"+'. 

28. Multiply ^oTy^ by — xy^*. Ans. ^^aT^f'^. 



82 
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29. Multiply ITa'c' by 4aaoe., 


Am. 68a'c«. 


80. Multiply 8a-+" by —4a—. 


uIju. -12fl«-. 


81. Multiply 7a- by 8<r*. 


Ans. 21. 


82. Multiply ll»i» by -5«'. 


ilM». — 55«*. 


83. Multiply ^i" by -3a-». 


ilM». -12a*. 


84. Multiply 7m' by 8»»". 


Am. 21»t?-. 


85. Multiply 6ai' by o**-^. 


iliM. 6a'i-«. 


86. Multiply a-* by «-». 


Am. or*. 


87. Multiply ar- by «". 


Am. 1. 


38. Multiply »»• by »»-». 


Am. 1. 



Gasm n. 

8S« When the multiplicand is a oompound quantity, and the 
multiplier is a simple quantity. 

Bulb. JMtdtipiy each term of the multiplicand separately by 
the multiplier, and prefix the proper sign to each term of the 
product. 

VXJLM2LBB. 

(1) (2) (3) (4) 

Multiply 3a+5a: 7ot— 4^ 33— 4c bx+7b 

Bj 4m 3a be 3m 

12am+20mx. 21am— 12an. lbbe—20ce. lbmx+21lm. 

(5) (6) (7) (8) 

4a;'— 3aa:' 4m^+2n Sa^c—d abc+m" 

3a: 3w' 5a^ 



I2a^—daa^. 12m»+6m'7i. 40(^bcd'—ba(P. 4a''bcm+4am''+\ 

9. Multiply 5a'a:— 7y4-4a:'— 33' by 4ay\ 

Ans. 20aV-28ay»+16aa:'y'-12fl3y. 

10. Multiply laW+^am"—^ by ia'm^ 

Ans. 2SaWm'+lQaW-24^m^y. 

11. Multiply 4a^b^—Qa'c+c' by -5a'. 

Ans. -20fl*3'+30a^c-5aV. 
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12. Multiply — 0^— 3ar^— 14m-*by —am. 

Case HI. 

84* When both the multiplicand and multiplier are com- 
pound quantities. 

EtjIiE. Multiply each term of the multiplicand hy each term 
of the 7mdtipiier, remembering that the product of like signs is 
4-, and the product of unlike signs is — ; then add together all 
the products. 

Note. Terms which are alike should be placed under one another. 



mrAMTLKB. 




(1) 

Multiply Sa+U 
By 2a+ b 


(2) 

x+y 

2a;-y 


6<^+8ab 


2x'+2xy 
-xy-f 


6a'+llaJ+4J». 


Sa^+^-y" 


(3) 
7ax—4y-\-6m 
4ay+2tf 




2Sa^—lQaf+2iamy , 
+14axy-^+12my 




28ah:y—16ay'+14axy—Si^+2iamyi-12my. 


(4) (5) 

2zf+y Sa+4m 

af+y 2a— 2m 


(6) 
8a-2i 
2a— bb 


2x*+z'y , W+Sam 
+23?y+7/' —6am— Sot" 


dd'-iab 

-15ai+10«». 


2a^+33?y+y'. 6a'+2am-Sm\ 


6a»-19flJ+10y. 
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(7) 
4fl3_5a«3_8a3«^2A» 



-12a^3+15a»*'+24flW-6fl3* 

8a»-22a^3-17a^3»+48a«y+26fl3*-8y. 

85* When positive and negative terms balance each other in 
the product, they should be cancelled. 



(8) 


■ (9) 


a'+aa:+a» 


l—X+z'—3? 


a— X 


1+X 



86. The continued product of &,ctors is often expressed in 
one line. 

10. Xl+a:) (1+ar*) (l~a:+ar»-r»)=l-a:». 

11. (a+2a:) (a— 3a:) (a+4a:)==a'+3a'a:— lOor'— 242^*. 

- 12. Required the continued product of 3a— a:, 2a+4a:, and 
4a— 2a:. Ans. 24a'+28a'a;— 36aa:»+8ar'. 

13. Multiply 3a:«— 2a:y— f by 2a:— 4y. 

Am. Ga:'— 16a:'y+6a:y«+42^. 

14. Multiply ar»+2a:+l by ar»— 2a:+3. 

Ans. a:*+4a:+3. 

15. Multiply a+b—c by a—b+c. 

Ans. a^-^ly'+2bc-c\ 

16. Multiply 8a-23 by "2a+4b. 

Ans. -6a'-^16a3-85«. 

17. Multiply 5a«-3a^+43« by 6a--53. 

Ans. 30aV43a«3+39a*«-203^ 

18. Multiply a^+ab+b"^ by a— J. -An*. c^—b\ 
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19. Multiply a*— a:* by a*— a;*. Ans. a«— 2aV+aj». 

20. Multiply ^x'—Zxy+Q by Zx'+^xy—b. 

Ans, 6a;*— Sr^y+Sar'— 9a:»2r*+33a:y— 30. 

21. Multiply 5a'— 4fla;+3a:' by 2a'— 3aa;— 4a;'. 

Ans. 10a*— 23a'a;-2aV+7aa;»-12a;*. 

22. Multiply 2a'— 3aa;+4ar* by 5a'— 6aa;— 2a;'. 

Am, 10fl*-27a'a;+34aV-18aa:»-8a;*. 

23. Multiply a'-3a'+3a-l by a'-2a+l. 

Ans. a*- 5a*+10a»— 10a'+5a— 1. 

24. Multiply dr—ar by 2a— a". 

Ans, 2a"»+*— 2a"+'— a"^+a'". - 

25. Multiply a^—a^X'\-<:^'j^—aa?'^x*^ by a-^-z. 

Am. a^-j-a;*. 

MULTIPLICATION BY DETACHSD COEFPICDSNTS. 

87» The coefficients of the polynomials should be arranged 
according to the successive powers of the letters, increasing or 
decreasing by a common difference; and, when this common 
difference is w^udting, its place should be supplied by zero. 

The following examples will illustrate the above : 

1. Multiply a'+2a+l by a'— 2a+l. 
1+2+1 
1-2+1 

1+2+1 
-2-4-2 

+1+2+1 



1+0-2+0+1. 



In adding the coefficients of the partial products, we perceive 
that the second and fourth places are a zero : but the letters 
must be written with their powers regularly ascending from left 
to right ; and, whtre zero is the coefficient, the value of the 
quantity is nothing. Thus, a*+0a'— 2a'+0a+l=a*— 2a'+l, 
because zero is the coefficient of the second and fourth terms, 
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2. Multiply a^— «* by a^+x. 

1+0-1 
1+0+1 
1+0-1 

+1+0-1 
1+0+0+0-1. 
With the letters and their powers added, it will be 

The second, thifd, and fourth terms are of no value. 

3. Multiply 3a»-4fl3'+63»by 2a'-4y. 

8+0-4+6 
2+0-4 

6+0- 8+12 

_12- 0+16-24 

6+0-20+12+16-24. 
We now annex the letters with their proper powers, decreas- 
ing by a constant common difference, thus : 

6a»+0a*3-20a'i'+12^5'+16fl3*-24y= 
6a»-20er'y+12a'3'+16a3*-245». 

4. Multiply 2a»-3a3«+53' by 2a'-53l 

2+0- 3+ 5 
2+0- 5 

4+0- 6+10 

_10- 0+15-25 

4+0-16+10+15-25. 
Affixing the letters with th^ir powers, we have, 

4fl»+0a^i-16a33«+10a'3'+15fl**-25**= 
4a»-16a«3»+10a^3'+15a**-253». 

5. Multiply 5a«— 3fl^+a by 2a*+a\ 

Am. lOa^+^fl^-ea^-fl'+a*. 

6. Multiply 3a:'-2a:-2 by a;'-3. 

Ans. 3r*— lla:^— 2a:«+6a:+6. 
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7. Multiply y*+y-3 by rf-^y. 

Am. 3/»+y*-43r'-j^+%. 

8. Multiply 3J'+x*+3^+x'+z+l by a:— 1. 

Ans. a;»-l. 

9. Multiply a«— 2a*+4^ by a«+2ai+4^. 

10. Multiply 3a^+3fl'3+3a«5«+3a*'+33* by 7a--7i. 

ilTM. 21a»-21A^. 

11. Multiply x^+T^+on/^+t^ by a:--y. Ans. a?*— y*. 



SECTION V. • 

DIVISION. 

Art. 88t Diyision is the converse of Multiplication, and is 
performed like that of numbers. Its object is to find how 
many times one quantity is contained in another; or to find 
what quantity, multiplied by a given quantity, will produce 
another given quantity. 

The product of like signs, as in the rule of Multiplication, 
produces +, and unlike signs — . 

Case I. 

89. When the divisor and dividend are both simple quan- 
tities. 

K abc be divided by a, the quotient will be be ; because a 
multiplied by ^"will produce abc. 

If 4abc be divided by 2a, the quotient will be 2bc ; because 2a 
multiplied by 23c will produce 4a3c. 

If 9^2; be divided by 3x, the quotient is 33; for 33 multiplied 
by 3a; is 93a:. 

From the above illustration we derive the following 

Bulb. Write tJie dividend over the divisor^ in the manner qf 
4 
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a fraction^ Ofld redtice it to its shnpUst form by CanceHmg the 
letters and figures that are common to all the terms. 

Or, divide the coeffictefU of the dividend by the coefficient of 
the divisor, arid cancel the letters common to the divisor and 
dividend. 

EXAMPLES. 

1. Divide 6a3 by 2a. 

^=33;or,6a3^2a==3i. 

2. Divide 12abcxy by ^x. 

~^ =^Sacy ; or, 'i2abcxy-r-4IfXssz3acy. 
*kbx 

3. Divide mnop^hj op, Ans. mn. 

4. Divide *lahm by am. Ans. 73. 

5. Divide 142:^2: by 7x. Ans. 2yz. 

6. Divide lOabcd by bbcd. 

7. Divide 9mnx by 3x. 

8. Divide nab by ab. 

9. Divide 4:9qrst by 7qt. 

10. Divide 20hmno by 47to. 

90f Powers and roots of the same quantity are divided by 
subtracting the index of the divisor from that of the dividend. 
Thus, if we wish to divide a* by a', we subtract the index 3 
from the index 5, and set the remainder 2 over the a ; thus, a*. 
This process is evident from the fact that a^=aaaaa, and a^ 
s=aaa, and aaaaa divided by aaa gives aa=a\ 

11. Divide 4a^b' by 2ab\ 

^=2a^b\' or, 4^b*'T'2ab^=:2a^\ 

12. Divide 7a* by a\ Am, 7a*. 

13. Divide da'^b^cd by Sab. Ans. 2c^bcd. 

14. Divide 7ry by r^p\ Ans. 7ry. 

15. Divide 60py by BOp*. Ans. 2py. 

16. Divide \2au^y^ by 4ai;*. Avjs. 3^1 

17. Divide 96r^5fM« by 48j^tt«. Am, 2r*u\ 
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18. Divide llc^xy' by 17. 


Aru, clfz^. 


19. Divide a* by a*. 


Ans, ai. 


Case H. 





91* When the divisor is a simple quantity, and the dividend 
a componnd one, we adopt the following 

EuLE. Divide each term of the dividend hy tJie divisor^ as in 
Art. 89. Or^ we may vrrite the divisor urtder the dividend, in 
the form of a fraction^ and then cancel equal quantities when 
found in the divisor and in each term of the dividend. 

1SXAM2LES, 

1. Divide 9a'b+^*c^l2ab by 3a. 
OPsaATioir. 
da)9a^b+Mc-'12ab 



3a'3+2a»c— 4b. Ans. 
We find that 8a is a factor in each term of the dividend ; 
we therefore write the other factors under their respective 
quantities. 

2. Divide 8a'^+16a'^— 4aV by 4a'c. 

Ans. 2ab+4£^b—c. 

3. Divide 9a^^— 3a'3+18a»^ by Sab. 

Ans. ^*C'-a'\'Qa*c. 

4. Divide 20a'^+15a5(^— 10a% by bab. 

Ans. 4a^c+S^—2ae. 

5. Divide Ibx'f+SOx^y' by x\ Ans. 

6. Divide 7ax*y2^—14xyz+21xi^ by 7xy, Ans. 

7. Jyrndep^mq-^jfm-'p'^Tnchjp^. Ans. 

8. Divide ^tzz—Sfz+z^ by z. Ans. 

9. Divide 12a-«— 8a'5+16a»x— 10a-»y by 2a^ 

Ans. 6a-*— 43+8aar— 5a-V. 

Case III. 
92, When the divisor and dividend are both compound quan- 
tities. 
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EuLB. Write dotm the quantities in the same Tnanner as in 
the division of numbers in Arithmetic, arranging the terms of 
each quantity so that the highest powers of one of the letters may 
Hand before the next lower. 

Divide the first term of the dividend by the first term of the 
divisor, and set the result m the quotiefU, with its proper sign. 

Multiply the whole divisor by the term thus found; andy having 
subtracted the result from the dividend, bring down as many 
terms to the remainder as are requisite for the next operation^ 
which perform as before ; and so proceed, as in Arithmetic, tUl 
the work isfivisked. 

1. Divide a*+2db+l^ by a+b. 

Va+A quotient. 
«•+ ah 

ah+V" 
ab+l^ 

2. Divide a'+5a'2;+6aa:'-{-^ ^1 a+x. 

4a^X'\'ba3!^ 
4a^x-^-4aa^ 



aa^+a^ 
aa^-^-a?. 
8. Divide a^+4a«^«+165^ by a^^2ah+U\ 
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It may bo verified that £^-{-2a^4~^ ^ ^® ^'^^ quotient, by 
mxdtiplying it by the divisor. It should also be observed, that 
in every stage of the proceeding, the terms involving the hi^est 
powers of a have been placed first on the left, 

4. Divide 43^— 9aV+6a'a:— a* by 2a:»— 3ar+a«. 

6aar*— 9aV+3a;'« 



93» If the divisor be not eziactly contained in the dividend, 
the quantity that remains after the division is finished must be 
placed over the divisor at the right of the quotient, in the form 
of a fraction. 

5. Divide fl*— «' by a-^-x. 

a+x 



fl'-2»| 



(- 



cf+a^x 

—a^X'-af 
^c^x—aa^ 



03^ — af 

91 1 The operation of division may be considered as ter- 
minated when the highest power of the letter, in the first or 
leading term of the remainder, is less than the first term of the 
divisor. 

The division of quantities may also be sometimes carried on 
ad infinitum, like a decimal fraction; in which case a few of 
the leading terms of the quotient will, generally, be sufficient to 
4# 
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indicate tbe rest, without its being necessaiy to continue the 
operation. 

6. Diyide a by a+x, 

fl+X 



(j «.«• «* 



*^-5'*'- 



— x 

—a: 

a 






■J 
a? a* 



7. DiTide a by a—x. 

8. Let a'— 2aa:+a^ be divided by a—x. Ans. a—x. 

9. Divide a'— 3a«3+3ai«— 3» by a— 5. 

iln*. a'— 2a^+3'. 

10. Divide Sa'—^o'i-eai'+Si' by 2a-3. 

Ans. 4a«-3^. 

11. Divide 35»+3a3«-4fl'3— 4fl» by a+b. 

Ans. ^ia'+S^. 

12. Let 2aV— 5ar+2 be divided by 2ac— 1. 

Ans. aa:— 2. 

13. Divide 2W-213' by 7a-73. 

ilTW. 3d*+3a»3+3a«^«+3ai'+33*. 

14. Divide x*- 1/^+2 fz'^-a^ by a^+f-^z". 

Ans. x'^—y^+2^. 
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15. Divide 1+fl by 1— a. 

Ans. l+2a+2a«+2a^+2a^+, &o. 

16. Divide 8ar»— 15y»+23y2r— 2a:y— Sxar— 6z' by 2x—Zy+z. 

Ans, 4r+5y— 6z. 

17. Divide 6a;*-96 by 3a:-6. 

Ans. 2r»+4a;'+8x+16. 

18. Divide (f+(^b^+a*b'+i^b''+b' by a^+t^b+a'^b^+al^ 
+b\ Ans. a^^a^b+a'l^'-^al^+b*. 

DIVISION BY DBTACHSD OOXFFICIXNTS. 

95 • As the pupil has seen in Art. 87 that the operation of 
many questions in Multiplication is facilitated by using de- 
tached coefficients, he will readily perceive that the same prin- 
ciple will apply to Division. 

The terms of the divisor and dividend are to be arranged 
according to the power of the letters, and zero must be inserted 
in the terms that are wanting. 

The first literal term of the quotient is obtained by dividing 
the first letter of the dividend by the first letter of the divisor ; 
and the letters belonging to the other terms are written in the 
same order, as they are found in the divisor and dividend. 

EXAMPLES. 

1. BiyHe c^+Sa'b+Sali'+b^hj a+b. 

1+1 coefficients of the divisor. 



l+S+3+l(j 



vl-j-24-l coefficients of the quotient 

1+1 
2+3 
2+2 



1+1 
1+1. 

a^-T-assza^ first literal term of the quotient. The others will 
therefore be d^-f-^, and these terms annexed to the coefficients 
win be a'+2ab+b\ 
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14.0+0+0-1(^1+0+1 

1 1 A_1 



1+0-1. 

8.Dmde8*'-48by8x-6. ^^^ 

8+0+0+0-48(xq:2+i+8 



8-6 





^^;^^. first literal part. T^^^ --f^^^tS-t^ 
l^^^J+^+'f- Hence the true quouent^ be. x»+2^+ 

4a;+8. 

4. Divide 1-0- by 1+^^ i_«+^_a'+a*-«'+«'-^- 

5.Di.ideV+a^-4xH,-4x.byx+.. ;^-^-^- 

6. Di^de^-8a..-8^^+l««^-«*^^^;+^ri^-4^. 

T. Bi^de ^-^-+^^'^-ir::si+w-:5''' 

.^ 8. Divide a'^"+«^* "* ^ Ans. ar^'-l^'- 
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QUESTIONS TO EXERCISE THE FOBEOOING BULS8. 

1. What is the sum of the following quantities: 12^4-50+ 
17^+133, Sa+12b+lbd+Sc, llc+lba+23b+10d, and 4d+ 
3a+203+18c? A71S. 38a+68^+42c+46rf. 

2. Add together 5a+33— 4c, 2a—bb+^+2d, a—U—'Zc 
+3e, and 7a+43— 3c— 6c. Ans. 15a— 2*— 3c+2(i— 3e. 

3. Find the sum of M+2ab+^li', ba'—Sab+eb^ ^^''-i^bah 
-3^ 18a«— 20a3— 193', 14a«— 3a3+20*S and — 36a»+24a^- 
103^ Ans. 

4. Eequired the sum of 5a«3— 17a'3c— 153V+5, — 4a'i+ 
Sa^^c— lOiV— 4, — 3a«3-3a»^c+205V-3, and 2a»3+12a»3c+ 
5^V+2. Ans. 

5. Add the following quantities : a+5-|-c-f-^> a-\-h-\'C^2di 
a-{-b—2c+d, a—Sb+c+d, — a+i+c+ef, and a— i— 2c— 2rf. 

Ati^. 4a. 

6. Multiply a:»+.2a;4-l by ar»— 2a:+3. ^Itw. 2:*+4a:4-3. 

7. Multiply 1— x+ar*— a:» by l+o;. -4w5. 1— ar*. 

8. Multiply l-2a:+3r»-4a:«+5a:*-6a:»+7«'-8a:^ by 1+ 
2x+a^. Ans. 1— 9a:«— 8a:». 

±^ 9. What is the continued product of a-^b, a—b, fl'+a^4"^» 
'and a^—ab+b^ ? Ans. a^--b\ 

10. Multiply a?+^aoi^-{-^(^z+€f by a:^— 3a2;»4-3a*a:— a^ 

Ans. a:"— 3ar*a:*+3aV— a*. 

11. Multiply ar-^+b'^'^ by oT^^^-b'^K 

Ans. a*»+-"4-a*^-*3'^*— a'*-*3"+'— 5"^". 

12. Divide a:^— a^ by a:— a. iln*. a:*+a^+a'a;*+a^a;+a^ 

13. Divide a:*— 9ar»— Gary— 2/» by a:»+3a:+y. 

Ans. 7? — 3a:— y. 

14. Divide a;*— 4a:'+6a:'— 4a:4-l«by a:*- 2a:4-l, and a;*— 
2aV+16a'a:— 15a* by ar^+2aa;— 3a», and find the difference of 
their quotients. Ans, 2a:— 2aa;— l+5a'. 

15. Divide x^— 16aV+64a« by a;— 2a. 

Ans. a:«+2aa:*+4aV-8aV— 16a*a:— 32^!^. 
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SECTION VI. 

FRACTIONS. 

Abt. 96t Algebraic Fractions are similar to vulgar frac- 
tions in Arithmetic ; thej express a part, or parts, of a quantity 
or a unit. 

97. They consist of two parts, the mirrverator and derumb- 
inatoTt the former being written (ibove the line, and the latter 
belotv it ; and these, when taken together, are the terTns of the 
fraction. , 

98i The denominator shows into how many parts the quan- 
tity or unit is divided ; and the numerator, how many of these 
parts are represented by the fraction. 

99t A proper fraction is one whose numerator is less than 
its denominator ; as, * 

0—3 7 

100* An improper fraction is one whose numerator is equal 
to or greater than its denominator ; as, 

a b+c 7 

101 1 A mixed quantity is a whole number or quantity, with a 
fraction annexed, with the sign either plus or minus ; as, 

a . m .a ^ m,» 

j+y, or -—a:, or y+-, or a:—-, or 7f . 

O 71 C 71 

lOSt A compouTtd fraction is a fraction of a fraction; as, 

f ofiof^; or, J off of A. 
If a 71 

103. A complex fraction is a fraction haying a fraction in its 
numerator or denominator, or in bpth : as, 
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104* The value of a fraction depends on the ratio which the 
numerator bears to the denominator. 

105» The value of a fraction is not changed by multiplying or 
dividing both numerator and denominator by the same quantity. 

106» The greatest common measure of two or more quantities 
is the largest quantity that will divide all of them without a 
remainder. 

107* The least common mtdtiple of two or more quantities is 
the least quantity that can be divided by them all without a 
remainder. 

108. A fraction is in its lowest terms when no quantity, ex- 
cepting a unit, will divide both of its terms. 

109* Quantities are said to be prime to one another when 
their greatest common measure is a unit. 

llOt Prime factors of quantities are ^ose &ctors which can 
be divided by no quantity but themselves or a unit;* thus, the 
prime factors of 35 are 7 and 5. 

Ill* A composite quantity is that produced by multiplying 
two or more quantities together. 

112* A fraction is, in value, equal to the number of times the 
numerator contains the denominator. 

113. A fraction is increased in value either by multiplying its 
numerator or dividing its denominator. 

114. A fraction is diminished in value either by dividing its 
numerator or multiplying its denominator. 
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Cask I. 

115i To find the greatest common measure or divisor of the 
terms of a fraction. 

BuLE. Arrange the ttoo quantities according to the order of 
their powers^ and divide that which is of the highest dimensums 
by the other ^ having first cancelled any factor that may he con- 
tained in all the terms of the divisor, without being common to 
those of the dividend. 

Divide this divisor by the remainder, simplified as before, and 
so on for each successive remainder, and its preceding divisor, 
till nothing remains; and the last divisor will be the greatest 
common measure or divisor required. 

If any of the divisors, in the course of the operation, become 
negative, they may have their signs changed, or be taken affirm- 
attvdy, without altering the truth of the result ; and, if the first 
term of a divisor should not be exactly contained in the first term 
of the dividend, the several terms of the latter may be multiplied 
by any Ttumber or quantity that will render the division com' 
plete. 

EXAMPLES. 

1. Find the greatest common measure or divisor of ^ ^ . 

c-\-x) a'c-|-a'a:(a' 
c^c-^-c^x. 

As 2; is found in both terms of the divisor, we divide those 
terms by x before the operation. 

The greatest common measure of both terms we perceive is 
c-\-x ; that is, it will divide them both without a remainder. 



-»^ , . CX-\-3^ x 
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2. Required the greatest factor of ^ . ^, — —5. 

— 23a*— 2*«a:) 
x+A)ar^+23a:+3'(a:+*. 

^+Jx__ 

te+3' . 

We cancel 23x in both terms of the second divisor, as it is 
oonunon to both. 

As x-^-b is the last divisor, it is the greatest &ctor or com- 
mon measure of the quantities proposed. 

3. Required the greatest common divisor of So* — 2a— -1, and 

4as_2a«-3a+l. 
Sa»-2a-l)4fl»— 2a«-8a+l(4a 
3 






2a«— 6a+3)&r»— 2a-l 
2 



6fl?— 4a-2(3 
&i«— 15a+9 



llo— 11 

a-l)2a"-5a+3(2a-,-3 
2a«-2a 



— 3a+3 
— 3a+3. 



As 11 is common to both terms of the third divisor, it is 
cancelled; therefore a— 1 is the greatest common factor of both 
quantities. 

4. What is the greatest common divisor of a^—c^, and 
x*— a'? Ans. x—a. 

5 ^ ' 
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5. What is the greatest common &ctor of x" — 1, and ax-^-a ? 

Ans. x-\-l. 

6. Required the greatest oonmion &ctor of ^— xS and y^ — 
i/^x--y3^+a^. Am. t/^—x\ 

71 Required the greatest common measure of c^—a^x+ax^ 
—a:", and a*— a^. Ans. a*— a'x+oa:'— a:*. 

8. Required the greatest common factor of a*—a^y and a^4- 
cf2^, Ans. a'4"^- 

Casb II. 
116* To reduce fractions to their lowest terms. 

RuLB. Divide the terms of the Jradion by the prime factors 
coTnmon to both. 

Or^ divide bath terms of the fraction by their greatest common 
divisor. 

117i That fractions affcer reduction have the same value as 
before, is evident from the fact that their numerators retain 
the same ratio to their denominators; for equi-multiples and 
sub-multiples of any two numbers have the same ratio to each 
other as the numbers themselves. 

Letters or numbers common to all the quantities in each term 
of the fraction may be cancelled. 

EXAMPLES. 

Aahc 

1. Reduce ^v to its lowest terms. 

Aahc _ 2g3x2c _ 2c . 
Q^d'^2abX^ad''Sad' 
In this operation we find 2ab to be the largest factor in both 

2c 

terms ; it, therefore, may be cancelled, and the answer is 5—3. 

2. Reduce —7—=- to its lowest terms. 

admny 

Q^xy _^ bx . 
admny dmn 
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In this question we find a and y common to both terms ; and, 
they being cancelled, the result is 



3. Eeduce ^— to its lowest terms* Arts. — . 

mruyjfqx px 

€bhc C 

4. Eeduce ^-rrr, to its lowest terms. Ans, r-r. 

5. Reduce =-r-; — to its lowest terms. Arts. -rj-. 

lobcm bbc 

4aaf' 1 

6. Reduce ^^ to its lowest terms. Ans, q— i 

uOO 3r Max 

7. Reduce 777^7- to its lowest terms. Ans. 7^-. 

36372 63 

8. Reduce =7n — o to its lowest terms. Atis, ^^ - . 

lobmar 19 

9. Reduce 3z ^^ *^ i*^ lowest terms. il?w. 7-5-5. 

a:^— 3'a; 
10. Reduce „ . ^, — r-=^ to its lowest terms. 
ar-\-2bX'\-lr 

In performing this question, we first find the greatest- common 
measure of the two terms of the fraction, which is a;+3y we 
then divide both terms by it. Thus, 



.+*) 



x'-\.2bx+b^'' x+b 



Ans. 



11. Reduce ^ 2 ! -iq^ ■ ^ 1 *o i*s lowest terms. 

Sa-'2x 
Ans. Q , ^ . 

12. Reduce -r . to its lowest terms. . 1 

13. It is required to reduce -^ — ^ to its lowest terms. 

Ans ^'+^y^+y' 
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Gasb in. 

118» To reduce a mixed quantity to the form of a fraction. 

Rule. Multiply the integral part by the deTunninator of the 
fractional part ; to this product annex the numerator of the 
fraction^ prefixing to it the sign of the fraction ; under the whole 
write the deTunninator of the fraction, 

EXAMPLES. 

7 X 5-1-3 88 

1, Reduce 7i to a fractional form. =-^ =-r-. Ans. 



2. Reduce a4 — to the form of a fraction. 

* e 






a^—b^ 

3. Change a-\- to a fraction. 

fn 



aXm+a^—b^ am+a^—b'^ ^ 
' , Arts. 



m in 



4. Change a— — 'IL to the form of a fraction. 



aX« — m+n ae—m—n . 

-— *— = . Ans. 

e e 



6. Reduce x to the form of a fraction. 

m 



xXm-^a—b mx^a+b . 



6. Change a-| to the form of a fraction. 



an+l^^cd 

Ans. — ■ 

n 



7. Reduce 7x ^ — to the form of a fraction. 



66a;— 4n«— 5a 
Ans. o * 
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8. Beduce 15a 3 to the form of a fraction, 

4:m 

Am. 3 ■ — . 

9. Reduce 7a — b 1 — to the foim of a firaction. 

471 

. 2San — 4bn — 7e+m 
Ans, 3 . 

10. Change llm—4nr^ f,^^ ^ to the form of a fraction. 

. 33m°— 22wm'— 12m7i+87i^4-<^ 
^"** 3m-2n« ' 

11. Beduce Sa'-fSy^— JV to the form of a fraction. 

163:«+10a:yg-24aV-15j^-£P-a' 
^'"' 2i=V • 

Cabb IV. 

119* To represent a fraction in the form of a whole or mixed 
quantity. 

Bulb. Divide tic numerator by the denommator for the inte" 
ffralpart, and vrrite the remainder^ if any ^ over the denominator 
for the fractional part ; annex this to the integral part, and it 
vnU represent the quantity required, 

EXAMPLES. 

27 
1. Change -o- to a mixed quantity. 

^=27-=-8=3f. Alls. 



88 
2. Change j? to a whole number. 



QQ 

g=88-Ml=:8. Ans. 



3. Change — ^^ to a mixed quantity. 
ax+c? 



az+a^ -T-xs^a-A — . A/is, 
' X 



5* 
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4. Ohange — r — to a mixed quantity. 



5. Change ' to its equivalent mixed quantity. 

Am, a' — oc-f"^" 



a+x' 

6. Change ^\j to a whole number. An$. a:*— a:y+y*. 

7. Change ^ to a whole number. Ans. 7?'\-xy-\'^. 

9 

8. Find a mixed quantity equivalent to' , 

Ans. ^ , 

a 

Case V. 

120t To reduce a complex fraction to a simple one. 

Bulb. If the nwmeratar or derunnmatory^or both^ he whole m 
mixed quantities, redvjce them to improper fractions. TJien 
muUipiy the denomincUor of the lower fraction into the numerator 
of the upper for a new numerator and the denominator cf the 
upper fractUm into the numerator of the lower for a new 
demmdvator ; or, invert the denominator of the compiex fraction 
when reduced, and place it in a line with the numerator; then 
multiply the two numerators together for a new numerator, and 
the two denominators together for a new denoTninator. 

All fractions in this proposition musA; be reduced to this form, 

a 3 

c 4 

^, or ^, before they can be solved by the above rule. Now, 

b 5 

every fraction denotes a division of the numerator by the 
denominator, and its value is equal to the quotient obtained by 
such a division. Hence, by the nature of division, we have, 
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a 



c a b db 



Bj the preceding rules we are enabled to show all the vari- 
atiouB that can possibly happen in preparing fractions, and also 
the method of reducing them to their lowest terms. 

EXAMPLES. 

1. Reduce | to a simple fraction. |=jXi=H« -^«'' 

3 8 

2. Beduce q7 to a simple fraction. 

7 
8. Reduce - to a simple fraction. 

7 i 
^=±|xf=V=21. Ans. 

4. Reduce ^ to a simple fraction. 

5. Reduce — :— to a simple fraction. 

a a 

"b b a 1 a . 

m'\-n wi+Ti b m-\-n bm'\-bn 
"IT 

6. Reduce to a simple fraction. 

y 

a 

y y 
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7. Beduce to a simple fraction. 

tn 

X 

n 

h ac-^-b 

c c ac+b n acn+bn - 

m nz — m c nx^-m cnz^cm 

X 

n n 

8. Reduce ^ to a simple fraction. Ans. ^f . 

X 

« ,* , ^~^ X . , ^ . .. 6a— 3a: 

9. Beduce — s" to » aunple fraction. Anx, g, . . . 

n 
»*— g 3»t— n 

10. Reduce to a simple fraction. Arts. — 5— 

11. Reduce — =j — to a simple fraction. 8«_8x4-4fl 

Am. gg . 

Casb VI. 

121* To reduce fractions to a common denominator. 

RuLB. Multiply each numerator into aU the deTunnmators 
except its own for a new numerator y and all the denommators 
together for a common denominator. 

Or, find the least common multiple of all the denominators^ 
and it will be the denominator required. Divide the common 
multiple by each of the derumiinatorSj and TraUttply the quotients 
by the respective numerators of the fractions^ and their products 
will be the numerators required. 

HRST METHOD. 

1. Reduce ^, ^, and J, to a common denominator. 

5X 8x4=160, numerator for •iV=ili- 

7X12X4=386, numerator for J =|if . 

3x12X8=288, numerator for f =g§|. 

12 X 8x4=384, common denominator. 
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Eqaimultiples of the terms of a firaction express the same 
value as the faction itself. The terms of -^ are each multi- 
plied bj 8 and 4. Hence ^ff has the same value as |^. The 
same may be observed of ^ and f . 

2. Reduce ~, -=, and — , to a common denominator. 

o a n 

aXdy,n==adn==manQrvAxiii of -7=7^ . 

b ban 

C bCTt 

cX^X''^=^^cn=T0iamen,tOT of -5=7-7-. 

»*X^X^==W»i=numerator of -=-r-r- 

n ban 

^X^X^=^'^=common denominator. 

SBCOND lOBTHOD. 

3. Beduee j, ^, and j^, to a common denominator. 

4)8, 12, 4 



8 

12 

4 



2, 3, 1; 4x2x3=24, common denominator. 
24 



3X7=21, numerator for f =JJ. 
2X5=10, numerator for TV=Jf • 
6x1= 6, numerator for ^ =A. 



4. Reduce j-^ -^, and ^, to a common denominator. 

x)4x, a:*, 8a: 
4 )4, X, 8 
1, Xy 2; 2:X^X^X2=8a;*, common denominator. 
8ar* 



4x 

x" 
8x 



^ ^ a 2ax 

2xy,a^=Yax, numerator to 7- ==5-=.. 
4a; oar 

h 8A 
8 x*=83» numerator to p=5;5' 

3a 3a:r 
a;X^==3aa:, numerator to ^-=o:3-- 
oa; oar 



6. Reduce f , -^, and ^, to a common denominator. 
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6. Reduce^, -^^ ^, and 7, to a common denominator. 

Am, 

7. Reduce J of 7^ and f^ of 5 to a common denominator. 

Ans, 

8. Reduce |f of -j^ of 17 and ^ of 19 to a common denom- 
inator. Ans, 

9. Reduce | and ^ of ^ to a common denominator. 

Ans. ■'^ipj^i xJf fry 

10. Reduce — , — , and 7 , to a common denominator. 

y X b^c 

. Zba^ — Sea:* 4bmy — 4c7ny axy 
hxy^cxy ' bxy — cxy ' hxy—cxy 

11. Reduce -, rr, and , to a common denominator. 

X x—2 y 

. axy^2ay bxy ^— Sa:*— 2dar-|-6x 
x^—2xy^ 3^y — 2xy* a^y—^xy 

12. Reduce , -, and -tq-, to a common denominator. 

X y— -tt lo 

18gy+l%— 36g— 36& 54a;— 18ga? a:V— 7ay— 2ar'+14e 
18a:y-36a: '18a:y-36a;' 18a:y-36z 

13. Reduce = — ^, 7, -, and =-, to a common denominator. 

5—3 b X x—o 

4ab3^—20abx abx^^—^ax^—babx+lbax 



Ans, 



3V-33a:«-5i*r+16te' b^x'-^Sbx'-bb^x+Wbx' 

b''dx^dbdx—bb''d+lbbd ab'x-^b^x-^Sabx+Bb^x 



. bVSbx'—bb^x+lbbx 5V-35ar»-55«a:+15te* 

1 -J to a common denoi 

y— 3 

ar'y — 33:* xy^ — 3xy ay—h 



14. Reduce a:, y, -, and 5, to a common denominator 

X y — o 



Ans, 
15. Reduce a, b, c, d^ and y» ^0 & common denominator. 



xy — 3a;* xy — 3a; * xy — 3a;' a:y — 3a;* 
denominator. 

ab b^ be bd a 
^'"- T T T' T J 
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X X 



^pr6. Change- and -^^ to a common denominator. 



Ans. 77 — and - 



17. Ghanire -- and — to a common denominator. 
^ li x 

Case VII. 

addition ov vbaotions. 

122t To add £ractional quantities. 

B.ULE. Eedtice the fractions to a common denominator, and 
write the sum of the numerators over the common denominator. 

BXAMPLBS. 

1. Add I, f^, and |^^, together. 
Here 7x12x16=1344 n 

5X 8x16= 640 [ the new numerators. 
llX 8X12=1056) 

8040 

=1^. Ans. 

And 8x12x16=1536, the common denominator. 

2. What is the sum of yi j» and -p ? 

da J 

Here aXdXf=adf ) 

cX^Xf=c^f ( the new numerators. 

eX^Xd=ebd ) 
And bXdXf=^^df, the common denominator. 

m. I, adf , cbf ^ ebd adf+cbf+ebd . 
Therefore, ^+^-^+^= ^^^ . Ans. 
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8. Add the following qiuntities, a — r- and b -A . 

o c 

fte* fli— 8a:* ^ . 2ax bc+2ax 

a — r= — I — » H == — • 

bo ' c c 

ab—Sa^Xc=abc^9c3if^ ) 

•i — j-R — > >9 I A « c numerators. 
bc+2azX^^^c+2abz ) 

bXc ss^^f oommon denominator. 

abc—Bcx^ , b^c+2abx abe-dcx'+ii'c+2abz 

-ir-+— JT" = s =^*'* 

r . iWW. 

be 

4. Add together g^, ^, and jj^,. 

84^»4-80rfiytn'+105«fe 

5. What is the sum of i, -j^, and | ? Ans. 1^§, 

6. What is the sum off, ^, and |? Am. 2^. 

7. What is the sum of f , §, f , and -^ ? Am. 2|f . 

8. What is the sum of 8}, 8f , and 7| ? ilnf . 20f 

9. What is the sum of i of 7^, and ^ of 18 ? Am. 18^ 

10. What is the sum off of 1, and i of §? Am. f(. 

11. What is the sum of I and i ? ^ns. i 

7 i\ 

12. What is the sum off of ^ and f of ^? -An*, if^. 

llj 7f 

18. Find the sum of -j- and -s-. ilw. — rj . 

4a 8e 12a6 

14. Find the sum of |, |, |. 4?w. -g^. 

iR T?j*i. p^ ,a— 8 . 23tf— 21 

15. Fmd the sum of -=- and . , Am. — jr^ — . 

16. Find the sum of 477i, — jr — ^ and — ^^. 

. 9fl+24m+87t+l 
Am. g . 
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17. What is the sum of — ^, ^^ , and ^ ? 

O O A 

. 189a— 8 

8 8 ^"- ~W' 

18. Add — T-r and — r together. ^ 

/ 19. Add ^^, ?=|, and ?±^ together. 

JL * 

A-^ 20. Add — J, to TT =-. Am. -5-5^5 — ^ ■* . q., . 

12 8 

Cask VUI. 

subtbaction of fractions. 

128« To subtract one fraction from another. 

Bulb. Reduce the fractiom to a common denommator^ sub- 
tract the numerator of the nibtrahend from the numerator of the 
minuend, and vrrite the difference oner the common denomz- 
nator, 

BZAMPLISS. 

1. From i take ^. 
»7Xll= 

4X 9= 
And 9x11=99, the common denominator. 

Whence |(—}fs:|f Ans. 

2. From ^ take 3. 

a 

Eqtq aXd^=sad ) , 

\^h=he ) ^®^ numerators. 

And by^d:=bd, the common denominator. 

ad be ad-^bc 



Here 7X11=77 ) . 

^ og ( the new nnmerators. 
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3. From i take ^. Am. |^. 

4. From } take f . Am. f . 

5. From 7] take 4f Am. ^. 

6. From 6^ take } of 5. Am. 2^. 

7. From 8f take f of 17 J. Am. 1^. 

8. From f of lli^ take |J of ^. Am. 1^ JJ. 

9. From J of 18f take A: of 7^. Am. 9/^. 

10. From f of 7 take ^ of 17^. Am. 2^. 

11. From 3 take i Am. ^H^. 

2 2 4 

12. Take — n- from =-. Am. 



a+1 a— 1' ' a'— r 

,« „ 7x , 4ar - 29a: 

13. From -^ take y . Am. ■^. 

8a— 23 2a — 43 

14. From — = — take 



8c 63 • 

Am. 



15a3— 6ac--10y+1 2^ 
153c. 

12:r 3a: . 69a: 

15. Required the difference of -^ and -= . Ans. -^. 

16. Subtract ^^^^ from ?±1^. .4^. ^^^ 

ar+y a:— y ar— y* 

17. Subtract a-?=i from 3a+^. il«*. 2a+^. 

da d 

18. Subtract x-^=L from 7«-?^. il«*. 6a:+a+|. 
19.BVom(f^'take(^V ^«,. 4. 

20. From -^ take ^ ^«* ba^+2Qah+W 
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Case IX. 

MULTIPLIOATION OV V&AOTIONS. 

124i To multiplj fractioius together. 

Bulb. Multiply the numerators together for a new numer* 
ator^ and the devjominator$ for a new denammator. 

When the nuTnerator of ome of the fractions and the derurni- 
inator of the other can he divided by some qtunUity which is 
common to each of them^ the quotients may be used instead of the 
fractions themselves, 

AlsOf when a fraction is to be muU^ilied by an integer, it is 
the same whether the numerator is muUijUied by it or the denom- 
inator is divided by it. 

If an integer is to be muUipUed by afraxAvmy or a fraction by 
an integer f the integer may be considered as having unity for its 
denominator, 

A mixed quantity should be reduced to an improper fraction. 

Powers or roots of the same quantity are multiplied together 
by adding their indices, 

1. Multiply f by i. iXi—U' ^i^. 

2. Multiply^ by ^. rX-=^. Ans. 

'^'^ b '^ n b n bn 

3. Multiply — by =-^, — Xrj=^- ^^• 

'^ '^ mn '' bed mn bed nd 

NoxB. — The 6, c and m, are canoelled m both &cton. 

- T^, ,^. , 3<x , ^ da %n 6am . 

4. Multiply^ by 2^ -X-^=^. Am. 

5. Multiply a+^ by-. 

a n 



y fl^+Ay^ d^'\'hy m (ihn-\-hmy . 

I a a n an ' 
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6. Multiply!^ by ^^^ 

x+y ^ x+y 

x+y^x+y'^x'+2xff^' '^'"' 

7. Multiply-^ by ^j^ Ans. ^. 

8. Mdhply -^ by g^. ^«. ^^. 
9.M^t.ply^-j^bygj^ ^«. __. 

ICM^tiply^by^. Ans. ^. 

11. Multiply^ by ^. ^.. 1. 

When the multiplier and denominator of the fraction are the 
same quantity, they cancel each other. 

Sab 

12. Multiply = — by 7mn. Ans. Sab. 

13. Multiply jj— by llab. Ans. Qmn. 

14. Multiply by xy. Ans. 4acd. 

or 

15. Multiply j^ by 17 ai. Ans. 3&«. 

16. Mnltiply 47ai by ^^~. Ans. x. 

17. Multiply -£i* by-*? Ans. ^. 

18. Multiply 5 by ^.. Ar.. i. 

19. Multiply f" by J. Ans. ^. 
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Casb X. 

DIYIBION OV F&A0TI0N8. 

12S. To divide one &aotion by another. 

KniiE. Mtdtiply the deiwrniriatoT of the divis(n' b^ 
ator of the dwidendfor the numerator^ and the numerator of the 
divisor by the denoTrdnator of the dioidendfor the denominator. 

Or, invert the divisor, and proceed as in multiplication. 

Or, divide the numerators by each other, and the denominators 
by each other, when this can be done without a remainder. 

Mixed quantities should be changed to improper fractions. 

1. Dmdejby^. 4"^8 =4X85=l2k=3- ^^• 



2. Divide I by g. 



3g^6c_3g 4^12fli_6ae£ 
23 •4rf"23^6c'"103c""53c' 

^-^^^deg^^by^^. 

2a+b Aa+b _ 8a'+6fl3+y 

. T^. ., 3a: 11 36a: 9a: 

4. Dmde-byj^. ^n,. _=-. 

5. Divide ^ by ^. Ans. ,^=|. 

-^ 15a:* 5 

6.Dmde^by33. ^n,. -g^. 

7. Divide 1^ by 11. Ans. ^. 

8. Divide — by xy. Ans. -r-^ 






6=*<= 
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4x 2 s 2x^+2x 

11. DiTide jr =■ by — r-=. Asa. ^ ' . 

2a:— 1 "^ x+l 2a:— 1 

12. Dmde^^byg^-^. il7«. ^^ . 

20a»-20aA*-20a*i+203* 



Jn5. 



12a*-14a*A-8a''^''+10a^3* 



MXQATITB XXP0NXNT8. 

K we divide a? suooessivelj by a, the following will be the 

quotients : 

,.,,,1111. 
a\ a», a\ a\ 1, -, ^, j, -„ &c. 

By examining the above, we perceive that the exponent of 
each term is one less than the preceding ; therefore the division 
might have been expressed thus : 

a*, a*, a', a\ a", crS o"*, at®, a"^. 

By comparing the last quotients with the former, we find, 

a^=fl*; a'=a'; a'sssa'; a=a*; l=:fl°; -=flr*j — =a *; 

a cr 

We also perceive that exponential quantities are divided by 
subtracting their indices. 

Hence, if at^ be divided by cr^y the quotient will be a~'^= 
fl-3 ; or, ar^ by ar^^z^"^. 

We also infer firom the above illustration that 

«*«'«' J . . 1 1 1 

Again, we see firom the above that any quantity which has 
zero ft^r its exponent is equal to 1. 
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We infer, also, that if similar quantities with negative ex- 
ponents are divided by subtracting their indices, that such 
quantities are mnltiplied by adding their indices. 

Thus, a-8Xfl^=«^, and a'X«^=«"=a°=l. 



EXAMPLES. 




1. Divide AT* by OT^. 




il?M. AT*. 


2. Divide mr^ by rnr^. 




Jw*. ot". 


3. Divide a:* by sr*. 




ilTW. o:". 


4. Divide 7ar* by ar«. 




iln*. 7a:. 


5. Divide 8^ by y*. 




Ans. 8y-^. 


6. Multiply ar^ by Tat*. 




^7». 70-*. 


7. Multiply Swi by m"*. 




Jtw. 8m-". 


8. Multiply 4ar-' by a:". 




il«5. 4ar'. 


9. Multiply fl-» 3-« cr^ by 


a^yc". 


ilTW. a» h c\ 


10. Divide a* by a"*. 




Ans. a^. 


11. Multiply »* by «"*. 




Ans. n"*. 



To free fractions from negative exponents. 

Rule. Transfer the letters which have negatioe exponents in 
the numerator to the denominatorf and those which have negative 
exponents in the denominator to the numerator^ and then change 
the sign of the exponent. 

Note. This rnle impliee the mxiltiplyiiig of all the terms of the numer- 
ator and denominator by the same quantity. Therefore, by Art 121, the 
Talue of the fraction is the same. 

1. Free the fraction -^ — ^ from negative exponents. 

2. Free the fraction — pr^ ^^ negative exponents. 

Ans. — ^. 
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3. Free the fraction "tTai ^^^ negative exponents. 

Ans. ^^(H^, 



4. Free the fraction ^ _^^ ^^,^ fro^i negative exponents. 

5. Free the fraction — =-= from negative exponents. 

6. Free the fraction ^t^^ ., y^ from negative exponents. 



SECTION VII. 

EQUATIONS. 

Abt, 126. The doctrine of equations is that branch of 
Algebra which treats of the method of determining the values 
of unknown quantities by means of their relations to others that 
are known. 

This is effected by making certain algebraic expressions 
equal to each other ; which formula, in that case, is called an 
egtiatian. 

127. The terms of an equation are the quantities of which 
it is composed; and the parts that stand on each side of the 
^^^"^ ^^^ called the two members, or sides, of the equation. 

us, if x^a'\'b, the terms are a;, a, and b; and the mean- 
I°ft^'il ^^Pression is, that some quantity a:, standing on the 
SI e of the equation, is equal to the sum of the quantities 
«">dJ,onthoright8ide. 
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128* A simple equation is one which contaiiis only the first 
power of the unknown quantity ; as, 

rr-f-asslO ; ax-\-bx=c ; or, 4a:+ ^=17 ; 

in which equation z denotes the unknown quantity, and the 
other letters and the numbers the known quantities. 

129t A compound equation is one which contains two or more 
different powers of the unknown quantity ; as, 2^-\-axs=sd ; or, 

130i A quadratic equation is one in which the highest power 
of the unknown quantity is a square. 

131* A cubic equation is one in which the highest power of 
the unknown quantity is a cube ; as, 

a:*=64 ; or, a:*— aa:*+^r=sc. 

132i The root o£ an equation is such a quantity as, being sub- 
stituted for the unknown quantify, will make both sides of the 
equation vanish, or become equal to each other. 

]33t A simple equation can have but one root; but every 
compound equation has as many roots as it has powers. 

]34« Identical equations are those which have the terms of 
the equation the same. 

135* Numerical equations are those which contain numbers 
only in connection with the unknown quantities; as, 
a;2+7a:+5=100. 

136t lAteral equations are those in which numbers are repre- 
sented by letters ; thus, 

a^+px-^apzszr. 

137* To reduce an equation is to discover the value of the 
unknown quantity in it. 

138i The process of reducing equations depends upon the 
following simple principles or axioms ; 
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1. If to equal quantities we add the same, or equal quantitie0, 
the sums will be equal. 

2. If from equal quantities we subtract the same, or equal 
quantities, the remainders will be equal. 

8. If we multiply equal quantities by the same quantity, the 
products will be equaL 

4 if we divide equal quantities by the same quantity, the 
quotients will be equal. 

5. If we extract the same roots of equal quantities, those 
roots will be equal. 

6. If we raise equal quantities to the same powers, those 
powers will be equal. 

189i The known and unknown terms of an equation may be 
combined in various ways. 

1. By addition ; as, x-f-7=16, or a;-f-a=3. 

2. By subtraction; as, a;— 9=19, or x — a=3. 

3. By multiplication; as, 7x3=84, or ax=c. 

4. By division; as, •t=12, or -=d. 

4 a 

5. By a combination of two or more of these rules ; as, 
-j-|-17=Sa:— 5; or, — -f-m=ca:— ti. 

I- 

140« To find the value of the unknown quantity, when com- 
bined with a known quantity, by addition or subtraction. 

1. Let a:-}-7=5l6 ; and it is required to find the value of x. 

Now, as x+7 is equal to 16, it is evident, from the second 
axiom, that, if from each of these equal quantities we subtract 
the same quantity, the two remainders will be equal. We 
therefore subtract 7 from each member of the equation. 

ThiA, 2r+7— 7=16— 7. 

As the plus 7 and minus 7 in the first member of the equa- 
Uon cancel each other, the equation will be 
a:=16-.7=9. 
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Therefore the value of a; is 9 ; but, in the operation, we have 
only transposed the plus 7 from the first member of the equation 
to the second, and changed it to a minus. 

2. Again, let x — 5=12 ; it is required to find the value 
of a:. 

Now, by the first axiom, we find, if equals bo added to equals, 
their sums will be equal ; we therefore add 5 to each member 
of the equation, and we have 

a:-5+5=12+5. 
In the first member of the equation, we have — 5 and -|-5 ; and, 
as they will cancel each other, the equation will stand 
a:=12+5=17. 

Therefore, the value of x is 17. 

All that we virtually have done in the above operation has 
been to transpose the minus 5, in the first member of the equa- 
tion, to the second, and to change it to plus. 

From the foregoing examples and illustrations, we deduce 
the following 

Rule. When a quoTUity is transposed from one member of 
the equation to the other, the signs must be changed, 

3. Given a;+15— 5=86— 8 to find the value of x. 
By transposing, a:=86— 8 — 15-|-5. 

By imiting, a;=68. 

4. Given a;— 29+3=100— 19+3 to find the value of a:. 
By transposing, 2:=100— 19+3+29— 3. 

By uniting, a:=110, 

5. Given a;+12— 3=7— 4 to find the value of a:. 
By transposing, 2:=7— 4— 12+3. 

By uniting, a:= — 6, 

6. Given x— 5— 4=24+7 to find the value of x. 

Ans, a:=40. 

n. 

141« When the known and unknown quantities are combined 
by multiplication. 



72 ALQBBRA. 

7. What is the value of 2 in the equation 5a;-|-18^58 ? 
By transposition, 5j:=58— 18. 

By reduction, 5a?:=40. 

By division, rs=8. 

We say that if 5 times x is equal to 40, it is evident that ^ 
of 5 times x^ that is, a;, is equal to 8. 

142* Hence, if the unknown quantity in any equation he 
multiplied hy any number or quantity, in order to find its value, 
V3e divide the turn of all the quantities^ after being reduced, by 
the coeffiderU of the unknown quajitity, 

8. YHiat is the Value of x in the following equation, 

7a:-28=46+10 ? 

By transposition, 7a:=46+10+28. 
By reduction, 7a:=84. 

By division, a:=12. 

9. Given 4r— 5=71+8 to find x. Ans. 21. 

10. Given 6a:-rl7— 7=0 to find x. Ans. 4. 

11. Given 5a:+28+8=6 to find x. Ans. —6. 

12. Given 7a:— 17+3=100 to find x. Ans. 16f 

13. Given 2ar— 96+1=0 to find x. Ans. 4^. 

14. Given 17a;— 7— 5— 8=4 to find x. Ans. 1^. 
16. Given 9a:=7+8+10 to find x. Ans. 2J. 

16. Given 7ar— 10=5a:+14 to find x. Ans. 12. 

III. 

143t To reduce an equation when the known and onknown 
quantities are combined by division. 

17. Given -7=8 to find the value of ar. 

4 

Multiplying both tonus by 4, we have a;=82. 
Therefore, if both terms of an equation be multiplied by any 
number, their products, by axiom third, are equal. 
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144* If a fraction be multiplied by its denominator, ike 
product is the numerator, and the denominator disappears. 

18. Given -=-=9 to find the value of z. 

o 

Multiplying by 5, Sa;=45. 

Dividing by 3, Xs=15 

19. Given -^=c to find the value of x. 

a 

Multiplying by d, axsscd. 

Dividing by a, ar=— . 

X 2z Sx 

20. Given -J--__=17 to find the value of or. 

Z 6 

Mnltiplying by 2, a;+^_^:=34. 

MultiplyiDg by 3, 3z+4a;-^=102. 

Multiplying by 5, 15a:+20a:— 18x=:510. 

Uniting the terms, 17a:=510. 

Dividing by 17, z=30. 

145t Hence an equation may be cleared of fractions by 
multiplying each term of the equation by the several denom- 
inators. 

^/T* ^0* ^'l* O* 

21. Given -r4-s 5 — Tr:=9 to find the value of ar. 

4 ' o 12 

The least common multiple of the denominators 4, 6, 8, and 
12, is 24; and, multiplying each member of the equation by 
this number, we obtain 

18a;+20a;— 9a;— 2a:=216. 
Uniting the terms, 27xs=216. 

Dividing by 27, ars=8, 

146i Hence an equation may be cleared of fractions by mul- 
tiplying each term of the equation by the least common multiple 
of the denominators. 

7 
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22. A boy being asked how many oents he had, replied, that 
if he had ^ and f as many, in addition to what he now had, he 
should have 62. Required the number he had. 

Let X represent the number. 

Then. ^^+a;=62. 

By multiplying aU the terms of the equation by the least 
common multiple of the denominators, 4 and 6, which is 12, we 
have 

9a:+10a:+12a:=744. 
Collecting the a;'s, 81a;=744. 

Dividing by 31, a;=r 24. Am. 

TXUnOAXION. 

?X?!+^+24=62. 
18+20+24=62. 

23. Given 1^112+3=6 to find x. 

Multiplying by 4, 15— a:+12=24. 

Transposing, 15+12— 24=a:. 

Changing terms, a:= 15+12— 24. 

Beducing, j:=3. 

24. Given ^ ^=1^ to find x. 

Multiplying by 3, 5a:— 4— -^=39. 

Multiplying by 2, 10a:— 8— 3a: +9= 7 8. 

Transposing, 10a:— 3ar=78+8— 9. 

Collecting terms, 7a:=77. 

Dividing by 7, a:^ll. A7is. 

25. Given — ^=3 to find x. 

a 

Multiplying by a, mx^n=:ab. 

Transposing, mx=ab'\'n. 

Dividing by 7», x= — —, Ans. 
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IV. 

U7» Combining the foregoing roles and illustrations, we 
deduce the following 

General Bule for solving all Simple Equations which contain 
only one unknown term : 

1. Clear the equation offractums, 

2. Transpose aU the terms comiawxng the unknown quantity 
to oTie side of the equation^ and all the renudning terms to the 
other side, and reduce each member to its most simple form. 

3. Divide each member of the equation by the coefficient of the 
unknown term. 

19 32 

26. Given 2x-^-r=-r+^ to find x. 

4 4 

Multiplying by 4, 8a;— 19=ar+16. 

Transposing, &r— 3zs=16-j-ld* 
Collecting, 5a;=35. 

Dividing by 5, «= 7. 

27. Given -^^^^^ — = — ; — to find a;. 

a b 

Multiplying by a, 

Multiplying by A, 
Transposing, 

Dividing by a'— ^, 

28. Given ^4-i_^^=A-i to find ar. 

bz ' dx bdx X 

Multiplying by bdx, ad+bc— (a— c) =i(^— W. 

Omitting the parenthesis, ad-^bc—a-^-c^MUix-'bd. 
Changing and transposing, bdhxz=zad'\'bc'\-bd — a-^-c, 

TV -J- X. iji ad +bc+bd—a+c 
Dividing by bdh^ a;= ttt • 
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148i If the terms of the equation contain both simple and 
compound denominators, it will, generally, be found convenient 
to divest it of the simple denominators at first, and afterwards 
of those which are compound. 

29. Given _^+^JE_=_j:» to find x. 
Multiplying by 9, 6a:+7+ ^^+y =6g+12. 

Transposing, _Jt__— 6x-f 12— 6a:— 7=5. 

. Multiplying by 6a:+3, 63a;+117=30a:+15. 

Transposing, 63a:— 302r=15— 117. 
Seducing, 33a:=— 102. 

Dividing, a:s=— 3^. 

QA fi' 2a:+8j 13a:-2 , z 7x a:+16 ^ ^ , 
80. Given _^-__+g=-_^ to find x. 

Multiplying all the terms by 36, it being the least common 
multiple of 9, 8, 12, and 36, we have 

8a:+34-^^^^=J|-f.l2a:==21a:-a:-16. 

T> ^ • * ^n 468a:-72 
Beducmg terms, 60=-^= ^. 

Multiplying by 17a:-32, 850x-1600=468a:-72. 
Reducing terms, 382a:=1528. 

Dividing by 382, a:=4. Ans. 

1. Given 5a:+22— 2a:=31 to find a:, Ans. ar=3. 

2. Given 4— 19a:=14— 21a: to find x. Ans. a:=5. 

3. Given 24a:— 12=240— 12a: to find x. Ans. x=l. 

4. Given 15a:+7:r— 10=12a:+90 to find x. Ans. a:=10. 

5. Given 7a:+2a:==12a:— 36 to find x. Ans.^ a:«=12. 
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6. Given 12xSz—2xz=z^3 to find o^ Ans. z=d. 

7. GiTen a:+?+f =87 to find x. Ans. zz=QO. 

4*5 

8. Given a:~+13=|+40 to find x. Ans. a:=108. 

9. Given |+^=^+22 to find x. Ans. a:=120. 

10. Given a;— 1+20=5+^26 to find> 2:. Ans. x=56. 

7 2*4' 

3a: X 

11. Given 80:+-^ +16=^+41 to find x. Ans. x=S. 

12. Given x — ^4^=8 to find x. Ans. a:=28. 

o 

-.on. ot . 3a:— 11 5a:— 5 , 97— 7x . ^ , 

13. Given 21+ ^ = — g— H 5 — to find x. 

Ans. a;=9. 

14. Given a:-] — ^=12 ^ to find a:. Ans. a;=5. 

15. Given 17z-5^-?^=20x-?^-5 to find x. 

ilnj. a;::i=2. 

16. Given9:c-^+?^=12:c-^-13tofihda:. 

Ans. a:=7. 

17. Givena?+|+|+|+|=2a;+17tofinda:. 

Ans. a:=60. 

18. Given -=3+c to find ar. -An*. x:=j-r--. 

X ' •*+« 

19. Given 8a:— 40=0 to find x. Ans. a:=5. 

20. Givena+-=5+c+-tafinda:. Ans. a:= — j—-. 

^^ ^. 3a:— 3,, 20— a: 6a:-8 4x-4 

21. Given x ^ — \-^=—^ = — | — g— to find the 

value of a;. Am. a;=6. 

7* 
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22. GtiYen a2^+bxs=m3!?+nx to ^i X. Am. 2;= . 

23. Given ax-\^m^=ihz+n to find z. Am, a:= —. 

24. Given ^ =m— c to find x. Am, 2:=-;5 — p-^. 

b c oc—o 

25. Given =15a:+w to fi^^d a:. Am, x^- ^ — . 

a m Im — Ibam 

26. Given — ^ =« — h to find x. 



- 4fl5 — ac-^-ahc — h^c 

Am. x= =-! , 

b—c 

21, Given |-<fc=3a: — to find x, 

^7W. X= r \ — 5 oi • 

3cc+a*e— 33e 

28. Given 5x-^-|i^=m+«-?^^^ to find ;r. 

. 2bcmr\-2b(m — 4ai — 2ac — <d>c 

'*'"• '^ 115c-8c+44 ^* 

29. Gmn-^_4| gg 5z-48_^2 18- 

to find the value of a:. Am, a:=10. 

30. Given f^+J^=?f+l? to find the value otx. 

Ans, a;=6. 



SECTION VIII. 

PROBLEMS. 

1. A gentleman stated that his age was twice that of his old* 
est son, and that the sum of their ages was 72 years. Required 
the age of each. 
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Let X =s the age of the son. 

Then 2x s= the age of the gentleman. 

Therefore, a;+22;=72, the age of both. 

Or, ac=72. 

Dividing, a;=24, the age of the son. 

2x=:49, the age of the gentleman. 
Proof, 24+48=72. 

2. What number is that, to which if ^ of it be added, the 
som will be 99 ? 

Let a; = the nnmber. 

4x 
Then, y+2;=99. 

Clearing of fractions, 4ar+7a;=693. 
Collecting the terms, 112=693. 
Dividing, z= 63, the number. 

3. A's and B's estates are valued at $8240, but B's is only | 
the value of A's. What is the property of each ? 

Let X = A's estate. 

Then, ^ = B's estate. 

Therefore, a:+~=3240. 

Clearing of fractions, 8te+7a:=25920. 
Or, 15a:=25920. 

Dividing, ar=1728, A's estate. 

7X172 8^^^^^^ B.»s estate, 
o 

4. K § of a certain number be added to ^ of it, the sum will 
be 98. Bequired the number. 

Let X =z the number. 

Then, T+l"^'^^- 

Clearing effractions, 42;+^=:588. 

Or, 7!fc=588. 

Dividing, a:= 84. Ans, 
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5. A oertain gmtiemaa dWided hk propertj, oonosting of 
$5300, among his four wms, A, B, G, and D. He gBTO $3&0 
more to B than A; he gave G S400 more tlian B; but he ga^e 
D twioe aa mndi aa he gave A and B. How mudi did eadi 
8on reoeiTe ? 

Let X s= A'a ahare. 

Then x+SdO = B'a ahare. 

And 2+350+400 =G'8 ahare. 

And 2(2x+350)=4r+700=: D'8 ahare. 

Therefore, z+z+350 +2+350 +400+4x+ 700=5300 

Bedacing, 7x+1800=5300. 

Transposing, 7x=5300— 1800. 

Bedueing, 72=3500. 

Dividing, z= 500, A'a share. 

500+350= 850, B'a ahare. 

850+400=1250, Ca ahare. 

2(500+850)=2700, D'a ahare. 

YerificatioD, 500+850+1250+2700=5300. 

6. Di^de $70 among James, John, and Charles; ^ve John 
twice as much as James, and giye Ghailes twioe as mudi as 
John. 

Let X = the snm g^ven to James. 
Then 2x = the sum given to John. 
And 42 s= the som j^ven to Charles. 
Then, by the conditions of the qnestion, 

2+22+42=70. 

Or, 72=70. 

Dividing, 2s=10, the sum given James. 

22=20, the sum given John. 

42=40, the sum ^ven Charles. 
Verification, 10+20+40=70. 

-"^o men fi>nnd a pnrse containing $144, and it was agreed 
™^^ ^ ahonld haye $30 more than X. How many dollars did 
^*^ receive? 
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Let :^= tiie sum A received. 
Then x+^O = the sum B received. 
Therefore, ar+a:+30=144. 
Or, 2a:+30=144. 

Transposing, 2a:=144— 30. 

Or, 2a:=114. 

Dividing, ar= 57, the sum A received. 

2;-f-30= 87, the simi B received. 
Verification, 57+87=144. 

8. My horse and chaise are worth $336, but the chaise is 
worth five times as much as the horse. What is the value of 
each? 

Let X = the value of the horse. 
Then 5a; = the value of the chaise. 
And, a:-f5a:=:336. 

Or, 6ar=:336. 

Dividing, 2:= 56 s= value of the horse. 

52=280 = value of the chaise. 
Proof, 56+280=336. 

9. What number is that whose third part exceeds its fifth 
by 12? 

Let a; = the number required. 

X 

Then its third part will be ~. 

o 



X 

5- 



And its fifth p^rt, 

Therefore, ?— f=:12. 
o 

Multiplying all the terms by 15, we have, 

5a;— 3ar=180. 

Or, 2a;=180. 

Dividing, a;=ss 90, the number required. 

10. John Smith's oldest daughter is 15 years old, and his 
youngest daughter is 11; he has $1728, which he wishes to 
give them. How shall he divide this sum, that each may de- 
posit her share in a bank which pays 6 per cent, simple interest, 
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80 that both shall have an equal sum when they are 21 years 
old? 

Let a; := the sum the yonngest receives. 

And, 1728 — X := the sum the oldest receives. 

Then,a:+arX.06xlO=1728— a:+(1728— 2:X.06x6). 

Or, a:+.ai:=1728— a:+622.08— .36a:. 

Transposing, 2.96a:r=2350.08. ' 

Dividing, a;=$793^, the youngest receives. 

$1728— $793ff =$934^, the oldest receives. 

Let the pupil prove this question. 

11. A man being asked the value of his horse and saddle, 
replied that his horse was worth $114 more than his saddle, and 
that i the value of the horse was 7 times the value of his 
saddle. What was the value of each ? 

Let X = the value of the saddle. 
And x-^-lU = the value of the horse. 
Then, f (2:+114)=72:. 
Or, 2a:+228=:21:c 

Transposing, 19a;=228. 
Dividing, 2;=$12, value of the saddle. 

$12+$114=$126, value of the horse. 

12. A can reap a field in 7 days, B can reap it in 5 days. 
Li what time can they both reap it together ? 

Let a; = the days they would reap it together. 
* A would reap ^ of it in a day, and B would reap -^ of it in a 

1 1 12 

day ; therefore in one day both together would reap ^-\-^ss^ 



7^6 35 

of it. 

But, by the conditions, the field was to be reaped in x days. 

12 
Therefore, ^ : 1 : : 1 day : x days. 

12ar 
Multiplying eztvemes, -^^ = 1. 

Multiplying by 35, 12a;=35. 

Dividing, x=s 2^^ days. Ans. 

13. I have two carriages; the value of one is five times Ubat 
of the other, and the value of my horse is equal to both of my 
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oarriages. The wortii of tbem all is $300. What is the yalue 
of each? 
Ans. First carriage $25, second carriage $125, horse $150. 

14. A gentleman being asked his age, replied that his was 
twice that of his wife, and that his wife was three times as old 
as his daughter, and that the sum of their ages was 120 years. 
Beqnired the age of each. 

E Gentleman's age, 72 years. 
His wife's age, 36 years. 
His dan^ter's age, 12 years. 
^^ , ) whom he gave 77 cents. To 
the first he gave twice as many as to the second; to the third, 
as many as he gave to the first and second ; and to the fourth, 
as many as he gave to the first and third. What sum did he 
^ve each? 

Ans. First 14 cents, second 7, third 21, fourth 85. 

16. A drover has a lot of oxen and cows, for which he gave 
$1428. For the oxen he gave $55 each, and for the cows $32 
each, and he had twice as many cows as oxen. Bequired the 
number of each. Ans. 12 oxen, 24 cows. 

17. A gentleman, at his decease, left an estate of $1872 for 
his wife, three sons, and two daughters. His wife was to receive 
three times as much as either of her dau^ters, and his sons to 
receive each one half as much as one of the daughters. Be- 
quired the smn each received. 

Am. Wife $864, daughters $288 each, sons $144 each. 

18. A boy bought apples, oranges, and pears; he gave two 
cents a-piece for the apples, three cents for the oranges, and 
four cents for the pears. He had twice as many oranges as 
apples, and three times a^ many pears as oranges. The sum he 
expended was $2.24. How many did he buy of each kind ? 

Ans. 7 apples, 14 oranges, 42 pears. 

19 Let 85 be divided into two such parts that one of them 
shall be four times as large as the other. A71S. 17 and 68. 
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20. Divide $100 among A, B, and 0, so that A may have 
$20 more than B, and B $10 more than C. 

Am. A $50, B $30, and C $20. 

21. A prize of $1000 is to be divided between A and B, so 
thut their shares may be in the proportion of 7 to 8 ; required 
the share of each. Am. A's share $4661 , and B's $533^. 

22. What number is that whose 3d part exceeds its 5th part 
by6f? Am. 48. 

23. A laborer agreed to serve for 36 days on these condi- 
tions; that for every day he worked he was to receive $1.25, 
but for eveiy day he was absent he was to forfeit $0.50. At 
the end of the time he received $17. It is required to find 
how many days he labored, and how many days he was absent. 

Am. He labored 20 days, and was absent 16 days. 

24. Out of a cask of wine, which had leaked away j^, 13 
gallons were drawn, and then being gauged it was found to be 
half full. How many gallons did the cask contain ? 

Ans. 78 gallons. 

25. Divide 30 into two such parts that f of the one shall 
exceed f of the other by 6}. Am. 18 and 12. 

26. What two numbers are those whose difference is 3, and 
the difference of whose squares is 51 ? Am. 10 and 7. 

27. Three men, A, B, and C, trade in company ; A put in a 
certain sum, B put in twice as much as A, and C put in three 
times as much as both, and they gain $864. What is each 
man's share of the gain ? 

Am. A's $72, B's $144, C's $648. 

28. James and William have between them 44 apples, and 
James says to William, if you will give me 12 of your apples, 
your number will then )3e only f of mine. William replied, if 
you will give me 12 of yours, your number will then be only f 
of mine. Required the number of eacL 

Am. James had 24 apples, and William 20, 
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29. Let 112 be divided into two saoh numbers that the 
greater shall be to the less as 9 to 7. Ans. 63 and 49. 

30. Lot 19 be divided into two such parts that three times 
the greater shall be equal to four times the less. Eequircd 
those numbers. Ans. lOf and 8|. 

31. There are two numbers whose sum is 24, and if 7 be 
added to the larger, and 4 to the less, their ratio will be as 4 to 
3. Eequired those numbers. Ans, 13 and 11. 

32. The difference of two numbers is 4, and 7 times the 
larger number is equal to 11 times the less. Required those 
numbers. Ans, 11 and 7. 

33. A merchant has two kinds of grain, one at $2.50 per 
bushel, and the other at $2 per bushel. He wishes to make 
a mixture of 80 bushels, that shall be worth S2.10 per bushel. 
How many bushels of each sort must he use ? 

Ans. 16 bushels at $2.50, and 64 at $2. 



34. A man having lost ^ of his money, found he had 
left. Eequired the sum he had at first. Ans. $128. 

35. J. Jones found a certain sum of money, which was equal 
to i of what he possessed; out having spent $40, the remainder 
was ^ of the sum he found. Eequired the sum he at first 
possessed. Ans. $36^. 

36. In my school f of my pupils study grammar, § of the 
remainder read, 10 spell, and the remainder, which is ^ of the 
number that read, study navigation. Eequired the number of 
pupils in the school. Ans, 70 pupils. 

37. A gentleman lent a certain sum of money for 3 years at 
5 per cent, compound interest ; that is, at the end of each year 
he added ^ to the sum due. At the close of the third year he 
lost $15.25, but then there remained due to him $2300. Ee- 
quired the sum lent. Ans. $2000. 

38. A spendthrift spent ^ of the fortune left him by his 
father, and he then earned $124. Soon after he lost in specu- 
lation f of his property, after which he gained $274. His 

8 
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property was now yalued at j^, wanting $86, of his ori^al 
estate. What was the sum left him hy his fitther ? 

Am. $1720. 

39. A asked B how much money he had. He replied, if I 
had 5 times the sum I now possess I could lend you $60, and 
then \ of the remainder would be equal to ^ the dollaES I now 
have. Required the sum which B had. Am, $24. 

40. A gentleman left an estate of $1862 for his three sons. 
He gave his youngest $133 less than his secQud son, and to his 
oldest son he gave as much as to the other two. How much 
did each receive ? 

Am. Youngest son $399, second $532, oldest $931. 

41. A, B and C, found a purse of money, and it was mutu- 
ally agreed that A should receive $15 less than one-half, and 
that B should have $13 more than one quarter, and that C 
should have the remainder, which was $27. How many dollars 
did the purse contain ? Am. $100. 

42. Lent my good Mend S. Jenkins a certain sum of money, 
at 6 per cent., which he kept until the interest was ^ of the 
principal. The sum then due was* $500. Eequired the sum 
lent. Am. $350. 

43. A certain man added to his estate ^ its value, and then 
lost $760. But he afterwards gained $600. His property then 
amounted to $2000. What was the value of his estate at first ? 

Am. $1728. 

44. James said to John, I have 40 shillings more than you. 
Yes, replied the other, and ^ of yours is equal to ^ of mine. 
Eequired the number of shillings that each had. 

Ans. James 72 shillings, and John 32. 

45. A merchant bought a number of barrels of flour, and 
haying sold half the number and 4 barrels more to A, ^and f of 
the remainder wanting 4 barrels to B, he had 20 barrels re- 
maining. Eequired the number the merchant bought. 

Am, 136batrel8. 
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46. Wliat number is that from which, if 7 be sabtracted, ^ 
of the remainder will be 5 ? Am. 87. 

47. It is required to divide 44 into two such numbers that j 
of one of them shall be 6 more than f of the other. 

Ans. 24 and 20. 

: / 48. It is required to divide the number 43 into two such 
/ .parts that one of them shall be 3 times as much above 20 as the 
\^ \other wants of 17. Eequired the numbers. 

Ans. 29 and 14. 

49. John Jones can reap a certain field in 10 days, but, with 

the help of his oldest son, he can do it in 8 days. How long 

would it require his son to perform the labor himself? 

Atis. 40 days. 

♦ 
V 50. A engaged to reap a field for 90 shillings, and he could 

perform the labor in 9 days ; but he took in B as a partner, and 

they supposed it would require 5 days for both to perform the 

labor, but they finished it in 4 days. How much, in justice, 

must A pay to B ? Ans. 50 shillings. 

51. I have two horses, and a saddle worth $30. Now, the 
saddle and first horse are worth f the second horse, but .the 
saddle and second horse are worth three times the first horse. 
Required the value of each. 

Am. First horse $60, second horse $150. 

52. A gentleman let f of his money at 5 per cent., and the 
remainder at 6 per cent., and his interest amounted to $180. 
WKat were the sums lent ? 

Am. $1200 at 5 per cent., $2000 at 6 per cent. 

53. A can do a piece of work in 12 days, B can do the same' 
work in 10 days, and C can perform it in 8 days. How long 
would it require A and B to do it ; how long A and ; how 
long B and C ; and how long A, B and 0, to perform the labor ? 

Ans. A and B 5^ days, A and C 4f days, B and C 4| 
days, A, B »id C, 3^ days. 
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54. Lent $780, at 6 per cent., for 5 years. What prmcipal 
will amount to the sum in 4 years, at 10 per cent ? 

Ans. $724.28f . 

55. Lent my neighbor Jenkins $270 for 4 years, at 6 per 
cent. ; soifte time afterwards, I borrowed of him $500, at 8 per 
cent. How long shall I keep it, to balance the favor ? 

Ans, 1^4 years. 

56. A fox is pursued by a greyhound, and is 60 of her own 
leaps before him. The fox makes 9 leaps while the greyhound 
makes but 6 ; but the latter in 8 leaps goes as far as the former 
in 7. How many leaps does the greyhound make before he 
catches the fox ? 

Ans, The greyhound makes 72 leaps, and the fox 108. 

57. A gentleman gave in charity $46; a part thereof in equal 
portions to five poor men, and the rest in equal portions to 7» 
poor women. Now, a man and a woman had between them $8. 
What was given to the men, and what to the women ? 

Ans. The men received $25, and the women $21. 

58. A man has two farms, and his stock is worth $183. Now, 
the stock and his first farm is worth once and two-sevenths the 
value of the second farm, but the stock and the second &rm is 
worth once and five-eighths the value of the first farm. What ia 
the value of each farm ? 

Ans. First farm,^ $384 ; second farm, $441. 

59. A certain dock has an hour hand, a minute hand, and a 
second hand, all turning on the same centre. At 12 o'clock 
all the hands are together, and point at 12. How long will it 
be before the second hand will be between the other two hands, 
and at equal distances from each? Also, before the minute 
hand will be equally distant between the other two hands? 
Also, befi^re the hour hand will be equally distant between the 
other two hands ? 

Ans. 60^8j<V seconds, 61f|^ seconds, 59f| seconds. 

60. What number is that, the treble of which, increased by 
12, shall as much exceed 54 as that treble is less than 144 ? 

ATis. 31. 
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EQUATIONS OP THE FIBST DEaEBB, CONTAINING TWO 
UNKNOWN QUANTITIES. 

Aex. 149. When the problem contains two unknown qnantities, 
there must be two independent equations inyolving them ; and 
from them an equation may be deduced, which shall contain 
only one of the unknown quantities. 

The process by which one of the unknown quantities is thus 
removed is called elimination; and this may be performed 
in three ways. 

First, by Addition and Subtraction. 

Second, by Comparison. 

Third, by Substitution. 

150* Elimination bt addition and subtraction. 

EXAMPLES. 

( 3a:— 2y=ll ) 
1. Given J g , 5 gY ( to find the value of a; and y, 

1. By first condition, 3a;— 2^= 11. 

2. By secoild « ^x+by= 67. 

3. Multiplying 1st by 2, 6a;— 4y= 22. 

4. Multiplying 2d by 1, 6a:+5y= 67. 

5. Subtracting 3d from 4th, 9y= 45. 

6. Dividing 5th by 9, y= 5. 

7. Multiplying 1st by 5, 15a;— 10y= 55. 

8. Multiplying 2d by 2, 12a;+10y=134. 

9. Adding 7th and 8th, 27x==189. 
10. Dividing 9th by 27, «= 7^ 

! 
VEBIFIOATION. 

3x7—2x5=21-10=11. 
6x7+5x5=42+25=67. 
8* 



90 AIiQXB&A. 

( bx+4y=z2Z ) 

2. Given i q^^^^^io ) ^ ^^ *^® Y^ne ofx and y. 

1. By the first condition, &z+4y= 23. 

2. By the second, 62;— 3y= 12. 
8. Multiplying 1st by 6, 30a:+24y==138. 

4. Multiplying 2d by 5, 80a:— 15y== 60. 

5. Subtracting 4th from 8d, ' 39y=: 78. 

6. Dividing 6th by 39, y= 2. 

7. Multiplying 1st by 3, 15a:+12y= 69. 

8. Multiplying 2d by 4, 24a:— 12y= 48. 

9. Adding 7th and 8th, 89a:=117. 
10. Dividing 9th by 39, x=z 3. 

V£BIFIOATION. 

5x3+4x2=15+8=23. 
6x3-3x2=18-6=12. 

3. A says to B, if I of my age were added to J of yours, the 
sum would be 19 J years. But, says B, if f of mine were sub- 
tracted from I of yours, the remainder would be 18j[- years. 
Bequired the sum of their ages. 

1. By first condition, |+ ^= 19|. 

2. By the second, T""!'" ^^*' 

3. Clearing the 1st effractions, 3a:+10y= 290. 

4. Clearing the 2d, 35a:— 16y= 730. 

5. Multiplying 3d by 35, 105a:+350y=10150. 

6. Multiplying 4th by 8, 105a:— 48y= 2190. 

7. Subtracting 6th from 5th, 898y= 7960. 

8. Dividing 7th by 398, y= 20. 

9. Substituting 20 for y in the 3d, 3a:+200= 290. 

10. Transposing and uniting, 3a:=: 90. 

11. Dividing 10th by 3, x= 30. 

VEBmOAnON. 

80 , 2x20 



5^3 



=6+13i=19i. 



TX30 2X20 

— §- 6-=26i-8=18i. 
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From the operation of the preceding examples, we deduce the 
following 

Bulb. Multiply or divide the given equations by such numr 
hers or quantities as toiU make the term that contains oTie of the 
unkrunon quantities the same in each of them; then add or 
subtract the tivo equations thus obtained, and there will arise a 
new equatuni with only one unknown quantity in it, which may 
be resolved by Art. 147. 

151t Elimination bt gomfamson. 

4. Given J o Hij. { *^ ^^ ^^ values of a: and y. 

1. By the first condition, 2ir-|-3y=17. • 

2. By the second, 5x— 2y=14. 

3. Transposition of the 1st, 2x5=17—%. 

4. Dividing the 3d by 2, x— JLzJ?. 

5. Transposition of the 2d, 5j;=14-|-2^. 



6. Dividing the 5th by 5, 



.14+2y 



As things which are equal to the same are equal to each 
other, we therefore infer that — ^— ^, in the 4th, i» equal to 

— T^ in the 6th ; because they are both equal to ar. 

7. Therefore. 17^^14+% 

8. Clearing of fractions, 85— 15y=28+4y. 

9. Transposing 8th, 19y=57. 

10. Dividing 9th by 19, y=3. 

11. Substituting 3 for the value of ^ in 

the first equation, we have, 2a;=17 — 9. 

12. By reduction, 22;= 8. 

13. Dividing 12th by 2, a:=4. 
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2x4+8x8= 8+9=17. 
6x4-2x8=20—6=14. 
Henoe tlie foUowiog 

Bulb. Observe tohkh of the unkrunon quantities is least tn- 
voivedf and find its value in each of the equations, as in 
Art. 148. 

Let the two values thus found he fnade equal to eaeh other^ and 
there uM arise a new equation, with only one unknown quantity 
in it, whose value may be found as in Art. 147. 

152t Elimination by substitution. • 

5. Two bojB playing marbles, the older said to the younger, 
if you had three times as many marbles as you now possess, 
the sum of yours and mine would be 19. But the younger 
replied, if twice the number of mine were subtracted from four 
limes as many as you have, the number would be 20. Bequired 
the number of marbles that each possessed. 
Let X represent the marbles of the elder ; 
And y the number of the younger. 

1. Then, by the condition of the .question, 2+%=19. 

2. And 42:— 2y=20. 

8. Transposing the let, x=19 — % 

4. Puttiiig the 3d into the 2d, 4(19— 3y)— 2y=20. 

5. Then, 76— 12y— 2y=20. 

6. Transposing and reducing, ^=4. 

7. Putting the value of y into the 1st, ^ a:+12=19. 

8. Transposing and reducing, z=19— 12=±7. 

Ans. The elder had 7 marbles, and the younger 4. 

YEBIFICATIOir. 

7+3x4= 7+12=19. 
4x7-2x4=28- 8=20. 

By the above method of operation, we deduce the following 
Bulb. Fijul the value of either of the unknown quantities in 
that equation in which it is least involved ; then substitute this 
value m the place of Us equal in the other equation, and there 
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wiU arise a new equation^ with only one unknown quantity in 
it ; the value of which may he found by Art. 147. 

EXAMPLES. 1^ 

6. Giyen j|^+J=|Jj Beqnired x and y. 

Ant. 2;=4; 2^=3. 

7. Given \ _ Z^^!! 7 \ ^<1^®^ * «^d y- 

Ans, a;=5; y=2. 

8. Given \ . ^"^ | Beqnired x and y. 

Ans. a:=7; y=5. 

9. Given j - 9 Hqa [ Required a? and y. 

Ans. a:=8; y=2. 

10. Given \ ^ _ ~ q ( Required x and y. 

Ans. x=5; y=7. 

ilTW. xssS; y=il2, 

Ans. x=i2; y=10. 

13. Given ] _ """^^ o/x c to find the value of x and y. 

( 8a:— 2y=: 80 ) ^ 

ilTW. :{;=12; y=8. 

14. Given | 1 o H 04. | *^ ^^ *^® '^^'^^^ ®^^ *^^ y* 

ilw5. a:=:2; y=10. 

15. Given J ^ _99 Z! qo ( *^ ^^ *^® rslae ofx and y. 

ilTW. x=10; y=:b, 

16. Given i - .. ' ^ ^^ <«« c to find the value of x and 7. 

( 10a:— I2y=— 62 ) ^ 

ilw5. a:=7; y=ll. 
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17, Given 





18. Giyen 






3a; ,, 

a:+|=:37 



19. Given 



20. Given 



^ a:+7y=176 

f^^ 2^-191 
■8"9-^^ 

3a:+3y=126 



to find the value of re and y. 

Am. x=sl2; y=18. 

to find the value of x and y, 

Ans, x=35; y=10. 
to find the value of x and y. 



^1. Given 



22. Given 



\^+^^ 38 
a:+12y=146 

7 10 " 



a: 



23. 



|+3y=134 

,+hy. 
'+ny^ 



Ans. a:==28; y=21. 

to find the value of a; and y. 
Am. x=2i; y=18. 

to find the value of x and y. 

Am. x=2; y=12. . 

to find the value of x and y. 



Arts. a;=56; ys=40. 

Given ] ^"r^— ^ | ^ ^^ ^q y^j^^ ^^f ^ g^^^ « 
( mx+ny=sd ) ^ 

bd—nc 



Am. x=z 



I — an* ^ an^hm 



24. Given 



a 3 



« , y 



c ' d 



:=7l 



to find a; and y. 



abcm+acdn bcdn^aSdm 
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25. Given 






-^ ■ 3 -8= V+2^ 



to find the value of 
X and y. 



Am. ar=60; y=40. 



SECTION X. 

ELIMINATION WHERE THERE ARE THREE OR MORE UN- 
KNOWN QUANTITIES INVOLVED IN AN EQUAL NUMBER 
OP EQUATIONS. 

Rule. Find the values of (me of the unknown quantities in 
each of the three given equations^ as if all the others were 
known ; then put the first of these values equal to the second^ 
and either the first or second equal to the third, and there wiU 
arise two new equations vdth only two uriknown quantities in 
them, the values of which may be found as in Art. 147, and 
thence the value of the third. 

Or, the UTtknown quantities may be obtained by multiplying 
each of the three equations by such quantities as toill make one 
of their terms the same in all of them ; then, having sub^ 
traded any two of these resulting equations from the third, or 
added them together, as the case may require, there toill remain 
only tuxf equations, which may be resolved by the former rules. 

Or, toe may find the value of one of the unknown quantities in 
that equation in which it is least involved, and then substitute 
this value for that unknoum quantity in all the other equations, 
and, proceeding hi the same way with these equations, we obtain 
the other u?zknQwn qimntities. 



1. Given 



EXAMPLES. 

1 r^-|_ ^+2z=41^ 

2 a?+3?/+ 2=47 



1+ H» 



to find the value of x, y and z. 
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4. From the 1st equation, a:=41 — y—2z, 

5. From the 2d, a:=47— 3y— z. 

6. From the 3d, a:=20— ^~ 1 

3 2 

7. Equal values of x in 4th and 

5th, 41— y— 2z=47— 3y— z. 

8. Value of y in 7th, y=^. 

9. Equal values of 2; in 4th and 

6th, 41-y-2z=20-??^-l 

10. Value of y in 9th, y=63— ^. 

11. Equal values of y in 8th and 10th, ^=63~. 

12. Reducing, z=12. 

13. Substituting for z its value in 8th, y=:— ^t — =9. 

14. Substituting for y and z their values 

in 4th, a:=41— 9— 24=8. 

1 t 5a;+4y-2z=28 K /• j .i. 
2. Given 2 10a:-6y-f.4z=30 S *^ *^^ *^" ^^^^" ^^ ^' 2^' 
3! 2:.+ yIz=9i ^^^- 

Subtracting the 2d from twice the 1st, we have, 

4. 14y-8z=26. 

Subtracting the 2d from 5 times the 3d, 

5. lly-9z=15. 

Subtracting 14 times the 5th from 11 times the 4th, 

6. 38:?=:76. 

7. z=2. 

Substituting for z its value in the 5th, 

8. lly-18=15. 

9. y=3. 
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Substituting for y and z their values in the Sd, 

10. 2a:+3— 2=9. 

11. z=4. 

/ 3a:_ y— 2z= ^ 
S. Given < 6a;+2y-f 32:=r45 > to find a:, y, and z. 
( 4a:+3y- z=-31 ) 

Ans. a;=4; y=6; i:=s3. 
/ 8a:— 9y— 7z=-36 ^ 

4. Given ] 12a:— y— 32:= 36 > to find a:, y, and z. 

( 6a:-2y- z= 10 ) 

Ans. z=4:; y=6; z=2, 
/ 7x-\-4y— z= 78 % 

5. Given < 4a:— 5y— 32:=— 21 > to find x, y, and z. 

( a:-3y-4z=— 37 ) 

ilTW. a:=8; y=7; 2:=6. 
ra:+y=30^ 

6. Given < x+z=25 > to find a;, y, and 2:. 

( y+z=15 ) 

Ans. a:=20; y==10; z=b. 
i 8a:— 4y=24 — z \ 

7. Given < 6a:+ y= 2:+84 > to find x, y, and 2:. 

( a:+80=3y-f 4:2 ) 

Ans. a:=12; y=20; 2:= 8. 

2+3""4-^^ 

?-?^^=12 
3 4^2 

U^2 3 ' 

Ans. a:=36; y=24; 2:=12. 

'3w+ X+2y- ;?=22^ 



8. Given 



to find X, y, and 2:. 



9. Given - 



to find u, X, y, and z. 



4ar_ y+32:=35 
4K+33;-2y =19 
iStet +%+2z=46j 

Ans. w=4 ; a:=5 ; y=6 ; 2:= 7. 
9 
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EQUATIONS OV THE HB8T DBGBSB, OONTAINIKQ SBYXRAL DH- 
KNOWN QUAmxitiZS. 

1. A says to B and C, ^ve me half of your money, and I 
shall have $55. B replies, if yon two will give me one lliird 
of yours, I shall have $50. But says to A and B, if I had 

* one fifth of your money, I should have $50. B«qaired the smn 
that each possessed. 

Am. A=$20, B=$30, C=$40. 

2. A merchant has three kinds of sugar. He can sell 3 lbs. 
of the first quality, 4 lbs. of the second quality, and 2 lbs. of 
the third quality, for 60 cents ; or,, he can sell 4 lbs. of the first 
quality, 1 lb. of the second quality, and 5 lbs. of the third 
quality, for 59 cents ; or, he can sell 1 . lb. of the first quality, 
10 lbs. of the second quality, and 3 lbs. of the third quality, 
for 90 cents. Eequired the price of each quality. 

Ans. First quality, 8 cents per lb. ; second, 7 cents ; thirds 4 
cents. 

3. A gentleman's two horses, with their harness, cost him 
$120. The value of the worst horse, with the harness, was 
double that of the best horse ; and the value of the best horse, 
with the harness, was triple that of the worst horse. What was 
the value of each ? 

*Am. Harness, $50 ; best horse, $40 ; worst, $30. 

4. Find three numbers, so that the first with half the other 
two, the second with one third of the other two, and the third 
with one fourth of the other two, shall each be equal to 34. 

Ans, 10, 22, and 26. 

5. Find a number of three places, of which Hie digits have 
equal differences in their order ; and, if the number be divided 
by half the sum of the digits, the quotient will be 41 ; and, if 
396 be added to the number, the digits will be inv^?t^. 

Am: 246. 
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6. A &nner has a large box, filled with wheat and rye ; Beren 
times the bushels of wheat id equal to four times the boshelB of 
rye, wanting 3 bushels ; and the quantity of wheat is to the 
quantity of rye as 3 to 5. Required the bushels of wheat and 
the bushels of rye. 

Am. Wheat 9 bushels, rye 15 bushels. 

7. A says to B, if 7 times my property were added to f of 
yours, the sum would be $990. B replied, if 7 times my prop- 
erty were added to f of yours, the sum would be $510. Be- 

"quired the property of each. Ans. A*s, $140 ; B's, $70. 

8. K f of A's age were subtracted from B's age, and 5 
years added to the remainder, the sum would be 6 years ; and 
if four years were added to ^ of B's age, it would be equal to 
■^ of A's age. Required their ages. 

Ans. A's, 98 years ; B's, 15 years. 

9. What fraction is that, if 1 be added to its numerator, its 
value is ^ ; or, if 1 be added to its denominator, its value is ^ ? 

Ans. A. 

10. A says to B, if ^ the difference of our ages were sub- 
tracted from my age, the remainder would be 25 years. B 
replies, if i of the sum of our ages were taken from mine, the 
remainder would be i of yours. Required their ages. 

Ans. A's, 30 years ; B's, 20 years. 

11. There are two numbers, and if ^ of their difference were 
taken from 4 times their sum, the remainder would be 62 ; but 
the difference of their simi and difference is equal to ^ of the 
larger number. Required the numbers. Ans. 12 and 4. 

12. Three men reckoning their money, says the first, if $100 
were added to my money, it would be as much as you Voth 
possess. Says the second, if $100 were added to my money, I 

^ should have twiee as much as you two have. Says the third 
man, if $100 were added to mine, I should have three times as 
much as you both have. How much money had each man ? 
Am. First, $9^^^, second, $45^^, third, $63^. 

13. A, B and 0, speaking of their ages, A said that the sum 
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of their ages was 90. B replied, that if Ids age were taken 
from the sum of the other two, the remainder would be $0. C 
said, if his age were taken from the other two, the remainder 
would be ^ his age. Required their ages. 

Am. A's, 20; B's, 30; C's, 40. 

14. There are 4 men, A, B, and D, the value of whose 
estate is $14,000 ; twice A's, three times B's, half of C's, and 
one fifth of D's, is $16,000 ; A's, twice B's, twice C's, and 
two fifths of D's, is $18,000; and half of A's, with one third 
of B's, one fourth of C's, and one fifth of D's, $4000. Re- 
quired the property of each. 

Am. A's, $2000; B's, $3000; C's, $4000; D's, $5000. 

15. Find four numbers, such that the first, together with half 
the second, may be 357 ; the second, with ^ of the third, equal 
to 476 ; the third, with ^ of the fourth, equal to 595 ; and the 
fourth, with \ of the first, equal to 714. 

Am. First number, 190; second, 334; third, 426; fourth, 676. 

16. If I were to enlarge mj field by making it 5 rods longer 
and 4 rods wider, it would contain 240 square rods more than 
it now does ; but, if I were to make its length 4 rods less, and 
its breadth 5 rods less, its contents would be 210 square rods 
less than its present surfitce. What are its present length, 
breadth, and contents ? 

Am. Length, 30 rods; breadth, 20 rods; contents, 600 square 
rods. 

17. A person exchanged 12 budiels of wheat for 8 bushels 
of barley, and £2 I65. ; offering, at the same time, .to sell a 
certain quantity of wheat for an equal quantity of barley, and 
£3 15*. in cash, or for £10 in cash. Required the prices of the 
wheat and barley per busheL 

Am. Wheat at 8 shillings, barley at 5 shillings, per bushel. 

18. A former, having 89 oxen and cows, found, after he had 
sold 4 oxen and 20 cows, he had 7 more oxen than cowB. What 
number had he of each at first ? Am. 40 oxen and 49 oows. 

19. A andB driving Iheir turkeys to market, A flay« to B, 
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give me 5 of your turkeys, and I shall haye as many as yon. 
B replies, but give me 15 of yours, and then yours will be f of 
mine. What number of turkeys had each ? 

Am, A 45 and B 55 turkeys. 

20. It is required to find two suoh numbers, that if ^ of the 
first be added to ^ of the second, the sum shall be 25 ; but, if ^ 
of ihe second be taken from ^ of the first, the remainder will 
be 6. Ans. 48 and 36. 

21. What fraction is that, if 5 be added to its numerator, its 
value is 2, but if 2 be added to its denominator, its value is ^ ? 

Am. f. 

22. B says to G, if 8 years were taken from your age and 
added to mine, I should be twice as old as you. C replies, if 8 
years were taken from your age and added to mine, our ages 
would be the same. Bequired their ages. 

/> if- ^- * '^ Am. B's age 21, C's age 15 years. 

/ 23. It istrequired to find two numbers, so that f of the first 
added to f of the second shall be 15|, and if ^ of the second be 
subtracted &om f of the first, the remainder shaU be 5|^. 

Am. 10 and 12. 

24. It is required to divide 50 into two such parts that f of 
the larger shall be equal to § of the smaller. 

Am. 82 and 18. 

25. A gentleman, at the time of his marriage, found that his 
wife's age was to his as 8 to 4; but, after they had been 
married 12 years, her age was to his as 5 to 6. Bequired their 
ages at the time of their marriage. 

Am, The man's age 24, his wife's 18 years. 

26. A farmer hired a laborer for ten days, and he agreed to 
pay him 12 shillings for every day he labored, and he was to 
forfeit 8 shillings for every day he was absent, and he received 
at the end of his time 40 shillings. How many days did he 
labor, and ho"^ many days was he absent ? 

' A7iSi He labored 6 days, and was absent 4. 
9=^ 
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27. A gentleman Wnght a hone and dludae for |208, and f 
of the oost of the chaise was equal to f the price of the horse. 
What was the price of each! 

Am. Chaise, $112; horse, $96. 

28. A and B engaged in trade, A with S240, and B with 
S96. A lost twice as much as B; and, npon settling their 
accounts, it appeared that A had three times as much remaining 
as B. How much did each lose ? 

Am. A lost S96, and B lost $48. 

29. Two men, A and B, agree to dig a well in 10 days, but, 
haying labored together 4 days, B agreed to finish the job, 
which he did in 16 days. How long would it have required A 
to complete the kbor ? Am. 9^ days. 

30. A merchant has two kinds of grain, one at 60 cents per 
bushel, and the other at 90 cents per bushel, of which he wishes 
to make a mixture of 40 bushels that may be worth 80 cents 
per bushel. How many bushels of each must he use ? 

Am. 13^ bushels of 60 cents, 26$ of 90 cents. 

31. A &imer has 30 bushels of oats, at 30 cents per bushel, 
and which he would mix with com at 70 cents per bushel, and 
barley at 90 cents per bushel, so that the whole mixture may 
consist of 200 bushels, at 80 cents per bushel. How many 
bushels of com, and how many of barley, must he mix with the 
^^^ ^, , ' M . Am. 10 budiels of com, and 160 of barley. 

32. A drover sold 6 of his oxen and 8 of his cows, and he 
then found he had twice as many oxen as cows. But after he 
liad sold .10 mofe og^his oxen, he found he had 2 more oxen 
thancowB. How nftrfy had he of each at first? 

Ans. 30 oxen and 20 cows. 

33. Four times the larger of two numbers is equal to six 
tunes the less, and ilieir sum is 15. Required the numbers. 

Am. 9 and 6. 
84 A and B can perform a piece of work in 6 days, A and C 
in days, and B and in 12 days. In what time would each 
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of them perform the work alone, and how long would it take 
them to perform the work together ? 

Arts. A would do the work in 9f days, B in 16 days, in 
48 days, A, B and C together, in 5^ days. 

35. A gentleman left a sum of money to be divided among 
his four sons, so that the share of the oldest was j- of the shares 
of the other three, the share of the second ^ of the sum of the 
other three, and the share of the third \ of the sum of the 
other three; and it was found that the share of the oldest 
exceeded that of the youngest by $14. What was the whole 
sum, and what was the share of each person ? 

Ans. Whole sum, $120 ; oldest son's share, $40 ; second son's, 
$30 ; third son's, $24; youngest son's, $26. 



SECTION XI. 

NEGATIVE QXTANTITIBS. 

Abt. 153. The student will sometimes find that, on account 
of his misconception of the question, he has added a quantity 
which should have been subtracted, or that he has subtracted a 
quantity which should have been added. 

This may be illustrated by the following 

EXAMPLES. 

1. The length of a certain field is a, and its breadth is &; 
how much must be added to its breadth that its contents may 
be m? 

Let X ^ the quantity to be added to its breadth. 
Then i-J-a:=the breadtL 

And a(h-\-x)=zm, the contents. 

db-^axzszm. 

a 

a 
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2. Let the length of the field be 10 rods, and its breadth 6 
rods ; how many rods must be added to its breadth, thai the 
contents of the field may be 80 square rods ? 

Let :c = the quantity to be added to the breadth. Then, by 
the above formula, 

tn 80 

xs=: &^r7r-— 6^2 rods, the quantity to be added. 

a 10 

YXBinOATION* 



10x6+2=80 square rods. 

3. Let the length of the field be 10 rods, the breadth 8 rods ; 
it is required to find what quantity must be added to the breadth 
that the contents may be 60 square rods. 

By the formula, 

x=z J^^TT— 8r=— 2 rods. 

a 10 

We perceive by the above that it is —2 rods which are to be 
added, and not -|-2 rods; but we add quantities together in 
Algebra by simply writing them one after the other, with their 
respective signs, so that — 2 added to +8 becomes 8 — 2=6, 
the answer, which is the same as subtracting -\-2 from -{-8. 
And, in general, adding a minus quantity brings the same result 
as subtracting a plus quantity of equal value, and vice versa. 

VEBIFIOATION. 

lOx 8^=60 square rods. Ans. 

4. Suppose the field to be 10 rods long and 8 rods wide, 
it is required to ascertain how much must be subtracted from its 
width that its contents may be 60 square rods. 

To subtract a minus quantity is the same as to add a plus 
quantity. If, therefore, we change the sign of a: in the formula 
first obtained, x wiU then express how much is to be subtracted. 

Thus, -^x^J^^h, 

a 

or, T 'w o 60 ^ , 

xzssb =8— :r7x=2 rods. 

a 10 
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TERIFICATIOir. 



10x8—2=60 sqxiare rods. 

5. If the field were 10 rods long and 8 rods wide, how many 
rods must be taken from its width that its contents may be 100 
square rods ? 

By the formula, 

. m Q 100 ^ , 

x=o =8 — :rjr^=— 2 rods. 

a 10 

That is, — 2 is to be subtracted from +8 ; or, as we perform 
subtraction in Algebra by changing the sign of the subtrahend, 
and thus annexing it to the minuend, we have 
8— (-2)=8+2=10; 
so that, in general, subtracting a minus quantity is the same as 
adding a plus quantity of equal value. 

6. John Smith, at the time of his marriage, was 50 years 
old, and his wife was 40. When will his age be twice that of 
his wife? 

Let x=the time. 

Then, 50+a;=2x40+ar. 

50+a;=80+2a:. 
And, a:=50— 80=— 30 years. 

As the answer is — 30 years, it is evident that he is not now 
twice aa old as his wife, but 30 years ago his age was t¥rice 
hers. 

VEBIFIOATION. 



50-30=40—30x2. 
20=20. 

7. J. Jones is 40 years old, his wife 30. When will they 
both be of the same age ? 
Let 2:= the time. 

Then, 40+ x=30+a:, 

40—30= x—x. 
And, 10=0. 

The answer being zero, it is certain they never will be of the 
same age, but that one will always be 10 years older than the 
other. 
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8. Wkii fiactioB is sa^ tbt if 2 be added to its numerator 
its rtlkae is ^, or if 2 be added to its denaaunator its Talae is |? 

^- Ei2- 

9. Wbat firaetioii is sod^ that if 7 be added to the mnnerator 
its valiie is nptbii]^ bat if 2 be added to its denominator its 
▼aloe is infinite I . — 7 

^^^' —2' 

10. Wbat firaction is sodi, that, if 4 be added to its numer- 
ator its Tahie is nothing, but if 10 be subtracted firom its 
denominator its Talue is 1 ? 

THS cocsnBfl. 
1. Two couriers set out at the same time firom A and C, and 
travel towards each other until ihej meet. The distance ftom 
A to C is m miles. The first courier travels a miles per hour, 
and the second b miles per hour. How &r from A and G will 
ihej meet ? 

A B C D 

Let us Boppose them to meet at B. 

And let x = the distance A B. 

And y = the distance B C. 

Then x+y = AQ = m. 

As the first traTels x miles at the rate of a miles per hour, to 
find the time he wiU travel this distance, we say, - 

As a miles : x miles : : 1 hour : - = the time the first ecu- 

a 
ner will travel the distance A B. 

And,as*mfle8 : ymUes : : 1 hour : ? hours = ihe time 

o 
the second courier wiU travel the distance B C. 

As both couriers set out at the same time, and arrive at the 
same time at 0, 

Therefore f=? 

a y 

And x=J!^ 

b' 
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If we substitute this yalue of x in the first equation, we 
have 



And %y-\'hy:=shm. 

bm 
a+b' 



Hence y =s 



Substituting this yalue of ^ in the equation ^=^> we haye 
d ^ bm ahm dm 



'b'^a+b'^ah+I^''a+b' 

The yalues of x and y in the aboye equation are both posi- 
tive. Therefore, whateyer yalue we may assign to a, & and m, 
it will answer the conditions of the question. 

This may be illustrated by the following question : 

2. Two men, A and B, set out from two places, distant firom 
each other 144 miles, and trayel towards each other. A goes 
12 miles an hour, and B four miles an hour. How &r must 
each travel before they meet ? 

By the above formulae, 

a:=— ^=--^— J- = 108 miles, the distance A travels. 
a-fb 12+4 

And y = _--.=-^_---.= 36 miles, the distance B travels. 
a'\-b 12+4 

VEBIVIOATION. 

108+36=144 miles. 

3. If the couriers were to set out at the same time from A 
and B, and trayel towards 0, both goiug the same direction, the 
first going a miles per hour, and the second b miles per hour, 
and the distance A B being m, how &r would each trayel before 
they meet, suppose at a point ? 

F A B D 

Let X = the distance A C. 
And y = the distance B C. 
Then a:— y=AC— BC=AB=cto. 
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Bj perfoiming the same operation as in the first question, 
we find 

and 2=^. 
o 

Therefore -^— y=m. 

And ay^-hy^hru 

bin 
a—b' 



Whence y=s 



Substitute this last yalue of y in the former equation, and 
we have 

ay a bm abm am 

^~T^b^^^b''a^^~'a^b' 

Here it is eyident that the values of a; and y will not be 
positive, unless a be greater than b ; or, in other words, unless 
the courier which sets out from A travels faster than the one 
that sets out from B, he will never overtake him. 

V ^ 4. Suppose the first courier to travel 9 miles per hour, and 
^ V the second 6 miles per hour, and the distance A B to be 18 

nules, and it was required to find how far each would travel 

before the one overtook the other. 

Then a^9, 3=6, and 97i=:18. 

And, bj the first formula, 

a;= 7=-7T — s-=54 miles, the distance the first courier would 

a — y — • 4f 

travel. 
And, by the second formula, 

y= r= Z/ rt =36 miles, the distance the second courier 

a — o y — o 

would traveL 

We perceive, by the above operation, that the point C, where 
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the coarie;r8 meet, is 54 — 36=:18 miles further from A than B 
is, 'vrhich is equal to the distance m, 

5. Again, let a=6, 3=9, and f7z=:18; or, suppose the first 
courier sets out from A and travels 6 miles an hour, and the 
second sets out at the same time from B and travels in the 
same direction towards C at the rate of 9 miles per hour. What 
distance will each travel before they meet ? 

Bj the first formula, 

x^=. ;=-3 — jr-^— 36 miles, the first travels. 

Bj the second formula, 

a?==r — 7= -5 — jr-=— 54 miles, the second travels. 
a — o 0— y 

Here the values of 1 and y are both negative. Now, how shall 
we interpret this result ? What is the meaning of the negative 
sign, in this case I 

To understand this, we must observe that we began by sup- 
posiiig the parties to be travelling towards C, and any motion 
in this direction would have been indicated in this example, as 
it has been in the preceding examples, by the sign -J-. But, 
when the sign -}- is taken to indicate motion in one direction, 
the opposite sign — must indicate motion in the opposite direction. 
Hence the minus sign, resulting as above, indicates that the 
parties, in order to meet, must travel, not towards C, as wo at 
first supposed, but in the opposite direction, towards F, a point 
36 miles from A, and 54 miles from B, where they will meet. 

6. Again, let a=6, &=6, and 9n=:18; or, we will suppose 
the couriers both to start at the same time from A and B, and 
both to travel in the same direction towards 0, and both trav- 
elling at the same rate of 6 miles .per hour, the distance A B 
being 18 miles. What distance will each travel before they 
meet? 

10 
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By the first formula, x^ — r, or =-?r» 

" a — a — a U 

6x18 108 
«' ^=-6116"= T- 

By the aeoond fomrak, »= — =, or =-;r» 

' ' a—b a— a 

6x18 108 

Ab both couriers are trayelling in the same direction, and at 
the same rate, it is certain they will never meet, but the dis- 
tance between them will continue the same. 

154 • Therefore, the expression -^ or -jr-, or any quantity 

with zero for a denominator, is the symbol for infinity ; for it is 
well known that the value of a fraction depends on the number 
of times the numerator contains the denominator, or the number 
of times the denominator may be taken from the numerator, 
until nothing shall remain. 

It is certain that, if a be greater than b, however small the 
difference, the couriers will eventually meet ; but, if the differ- 
ence between a and b be less than any assignable quantity, then 
X and y may be considered infirnte. 

Again, let a=^, and w=0. 

Then .=^=^4 

a^b 

And V— ^-^-? 

y a-^h~ ""0* 

From the above we infer that x and y are equal, and that 
each is equal to the other. 

Thus, jP^^. 

This is an identical equation, and the values of the unknown 
quantities cannot be known by it. 

And, as wi=0, it is evident, that as both couriers start from 
the same point, and travel at the same rate, and in the same 
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direction, they will always be together, and therefore cannot 
meet. 

We say, therefore, that the %y in this case, is an expression 
of an Indeterminate Quantity, because that z and y may be any 
quantities whateyer. 

But it is not true that the expression % is always the sign of 
an indeterminate quantity. 

155t In fractions, when the numerator and denominator have 
a common factor, and which in some cases becomes zero, and 
makes the fraction assume the form of %, but which, without 
that &ctor, has a definite yalue, the expression is not inde- 
terminate. 

The following fractions are examples of this kind : 
m{m^ — n^) 
n{m — n) ' 

Now, if ?n=7i, the value of the quantity is J. 

But, on examination, wo perceive that both the numerator 
and denominator have the common factor m—n. 

Therefore, by dividing both terms of the expression by «i— ?», 

it becomes ^ "*" , which, if 7?i=n, is equal to 2m. 
n 

x—1 

The value of the expression =-, 

if we divide both terms by x—1, is 1 ; but^if 2s=l, the value 
is*. 

Agam, let x=- 



Then, ifm=n, the value of a:=*. 

But, if we divide both terms by the common &ctor tti— n, its 
value is m^+mn-\-n^, and then, on the supposition that 971=71, 
its value will be Sm^. 

INDETEBMINATION. 

1$6« In investigating the theory of' indetermination, we find 
many curious results and apparent absurdities. 

This will appear evident by investigating the following prob- 
lems. 
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1. If it be admitted that a=l and 2=1, it maj be shown 
that 1 is 2 and 2 is nothing, or any assignable quantity. 
Let assx. 

Multiplying both tenns of the equation by x, we have 

SubtraoUng a* from both members, 

oa;— a'ssz*— a*. 

Resolving both terms into &ctors, 

fl(a:— a)=(x— fl)(a;4-a). 
Diyiding by x — a, 

a=iX-\-a, 
Substituting a for its value x^ 

Dividing both terms by a, 

1=1+1=2, 

Again, we have found above that 

a^^c^ssax — fl^. 

Dividing both terms by the common factor x—a, we have 

ax^a* 

x+as= , 

a;— a 

Now, as X and a by the supposition are each equal to 1, we 

see that 

lXl-1' 

And 2=g. 

Thus it appears that we have clearly proved that 1 is 2, 
and 2 any assignable quantity. Q. E. D. 

The fallacy is this, that if nothing be divided by nothing the 
quotient is any assignable quantity. 

This principle may be further illustrated by considering the 
following identical equation. 

Let 16=16. 

Resolving into terms, 12-f-4=12-|-4. 

Transposing, 4 — 4=12 — 12. 

Resolving second term into £eictors, 4—4^3(4—4). 

Dividing by 4—4, ls=3. 
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Thud it appears that 1 is 3; and, in the same manner, a nnit 
may be proved to be any definite number. 

From yarious articles in the foregoing section, we infer the 
following : 

1. J£ zero be mnltiplied bj zero, or any assignable quantity, 
the product will be zero. 

2. If zero be divided by zero, the quotient may be zero, or 
any assignable quantity. 

8. If zero be divided by any quantity, the quotient will be zero. 

4. If any quantity be divided by zero, the quotient will be 
infinity. 

5. K any quantity be added to or taken from infinity, the 
result will be infinity. 

6. If zero be multiplied by infinity, the product may be any 
quantity. 

. 7. If infinity be divided by infinity, the quotient may be any 
asrignable quantity. 

8. One infinity may be infinitely larger than another. 



SECTION XII. 
Theorem I. 

Abt. 157t If a binomial be multiplied into itself, the pro- 
duct will be equal to the sum of the squares of both terms, plus 
twice the product of the terms. 

Note. — The theorems in the following section may be illustrated by 
diagrams, and it would be well for the pupils to draw them. 

When a number or quantity is multiplied into itself, the product is a 
gquare, 

ETAMPLES* 

1. Multiply a-\-b into itself. 
10* 
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a+b 8+4=12 12 

a+b 8+4=12 12 

a'^+ab 64+82 144 

ab+V 82+16 

^+2aH^ 64+64+16=144. 

We peroeiye, by the above operation, that the Bqoare of any 
Knomial may be readily obtained. 

2. Multiply 8a+23 into itoelf. 

8flX8fl+2x8flX2M-23X23= 
9a'+12ab+W. 



3. Multiply x+2y into itself. 


Am. a*+4ay+4t/^. 


4. Multiply 2ab+m into itself. 


Am. 


5. Multiply 5y+4a: into itself. 


Am. 


6. Multiply 2j?i+8n into itself. 


Am. 


7. Multiply 7d+2e into itself. 


Am. 


8. Multiply 2n+8w into itself. 


Am. 


9. Multiply 5a«+23 into itself. 


Am. 


10. Multiply 1+i into itself. 


Am. 


11. Multiply 3+i into itself. 


Am. 


12. Multiply 2+i into itself. 


Am. 


Theorem U. 





iJISt If the sum of two numbers or quantities be multiplied 
by their difference, the product will be equal to the difference 
of their squares. 
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a+b 8+4=12 12 



Multiply a-\-b mto a— 3, 

a+5 

g-3 • 8—4= 4 _£ 

(^+db 64+82 48 

-03— y —32—16 

"^ H*^ 64 -16=48. 
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^ TmsoBBC m. 

IS9» If the differenoe of two nmnbeis or quantitieB be miil- 
iiplied into itself^ the product will be equal to the sum of their 
squares, miniis twice their product. 









1. Multiply a- 


-b into a- 


-b. 




a-b 






12-8= 9 


a-b 






12-8= 9 


e? — db 






144-86 


-oJ+i* 






-86+9 



81 



fl?-2a3+3^. 144-72+9=81. 

2. Multiply Sa— 23 into Sa— 23. Am. 9a"— 1203+43*. 

3. Multiply hm—n into 6ffi— «• 

4. Multiply 4fl3 — x into 4fl3 — x. 

5. Multiply Srf'-y into &^-3'. 

6. Multiply a?*— ^ into a?* — ^. 

KoiB. '-If the square of the diflbrenoe of two nnmben be eabtncted 
from the sqnaie of thdr sum, the remainder will be eqtial to fimr times 
their product. 

Thus, (a+3)«-(a-3)»=(a«+2a3+y)— (a«-2a3+3^=:4fl3. 

Thbobxm 1Y. 
160* If twice the product of two quantities be subtracted from 
the sum of their squares, the remainder will be equal to the 
sqoare of their difference. 

(rfi+y)-.^==a«-2a3+3'. 
But this expression, by Problem 3d, is the square of their 
difference. 

VEBinOAIIOV. 

Let 9 and 3 be the two numbers. 
Then (9'+30-(2x9X8)=(9-3)». 

(81+9)-(54)==36. 
90-54=36. 

36=36. 
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Thbobxm y. 

1(1, If there be two qiuuititieB, one of which is divided into 
any number of parts, the product of the two qnsntiiies win be 
equal to the product of the undivided number into the several 
parts of the divided number. 

Let the two quantities be a and 3, and let 3 be divided into 
three parts, c, J, and e. 

Then b=ze+d+e. 

And ab^=aC'\-ad+ae» 

YXBinCAXIOV. 

Let the two numbers be 12 and 10, and let 10 be divided 
into the parts 5, 8, and 2. 
Then 10=5+3+2. 

And 12X10=12X5+12X3+12X2: 

120=60+36+24. 
120=120. 

Thmbxm YL 

162* If any quantity be diTided into two parts, the square of 
this quantity will be equal to the sum of the products of this 
quantity into its two parts. 

Let a represent the quantity, and b and c the parts into 
which it is divided. 

Then a=3+c. 

And aXa=a(&+c). 

yXBDICAXIOH. 

Let 12 be divided into two parts^O and 3. 
Then 12=9+3. 

12x12=12(9+3). 
144=108+36=144. 

Thbobbh YIL 

ItSi If any quantity or number be divided into two parts, 
the product of the whole and one of the parts wiU be equal to 
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the product of the two parts, plus ibe sqiuure of the aforesaid 
part. 
Let a represent the whole quantity, and b and e the parts. 
Then a^b'\'C. 

Multiplying both sides of the equation by 3, we have 
ab^zb^'+bc. 
yxBinGAnov. 
Let 12 represent the number, and 9 and 8 the parts into 
which it is divided. 
Then 12=9+8. 

Multiplying both parts of the equation by 9, we haye 
9x12=9(9+3). 
108=81+27=108. 

Thxobeh YUI. 

1(4« If any quantity be divided into two parts, the square of 
the whole quantity will be equal to the squares of the two parte, 
plus twice their product. 

Let a represent any quantity, and b and e the parts into 
which it is divided. 

Then a=ib+e. 

Sy squaring both sides of the equation, we have 
i^=3^+23c+A 

VSKOIOATIOH. 

Let 9 be divided into two parts, 6 and 8. 

Then 9=6+8, 

By squaring both parts of the equation, we have 

9»=(6+8)«. 

81=86+86+9=81. 

Theobbm IX. 

Its. Jf any number or quantity be divided into two equal 
parts, and into two unequal parts, the square of one of the 
equal parts will be equal to the product of the two unequal 
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parts, pltus the square of half the difference of the two unequal 
parts. 

Let a represent one of the equal parts, and b and c the two 
unequal parts. 

Then a=*±f. 

And 2a==b+c. 

We now add —ihc to both sides of the equation. 
And 4a«— 4ic=— 4^+3'^+2^+c». 






4 



YXBIFIOATIOir. 

Let 12 be divided into two equal parts, 6 and 6; and into 
two unequal parts, 9 and 3. 

9»— 2X9X3+S« 



Then 6«=9x3+ 



4 



And 86=27+?i=|i±?. 

86=:27+9=36. 

Thbobbm X. 

166i If any quantity, 2a, be diyided into two equal parts, and 
if any quantity, 3, be added to 2a, the product of 2a+b into b, 
plus the square of a, will be equal to the square of a+b. Then, 
by the proposition, 2a-]-& will be the whole quantity. 

Multiplying by b, we have 

b(2a+b)=2ab+b\ 
By adding a^ to each member of the equation, we have 

b{2a+b) +a«=a'+2ai+ff». 
Therefore b{2a+b)+(f=^(a+b)\ 



THB0EBM8. 119 

TERIFICAXIOK. 

Let a=10, and 3=2. 

Then 2(2x10+ 2)+10'=(10+2)» ; 

144 = 144 

Theorsm XI. 

191 • If any quantity *be diyided into two parts, the square of 
this quantity, and one of the parts, will be equal to twice the 
product of the whole quantity and that part, plus the square of 
the other part. 

Let the whole quantity be denoted by a, and the parts by b 
and c. 

Then as=b+c. 

And a—c=b. 

a»— 2ac+c»=i«. 
a'+c«=2ac+i». 

VEBinCATIOir. 

Let 12=3+9. 



Then 12»+9'=2X 12X9+3'. 

And 144+81=216+9. 

225=225. 

Thsorsm XII. 

168i If any quantity be divided into any two parts, four 
times the product of the whole quantity into one of the parts, 
plus the square of the other part, will be equal to the square of 
the quantity which consists of the whole and the first-mentioned 
part. 

Let a represent the quantity, and b and c the two parts into 
which it is divided. 

Then a=b+c. 

Multiplying both members of the equation by 4&, we shall 
haye Uxa=ibX(b+c). 

4ab=:U^+Uc. 



so 


ALeiBKA. 


We now 
Or 


add 1? to both members. 

4aJ-(-c'=c»-|-4&-|-4i'. 
4ai+c«=(c+2i)». 


Let 
Then 


TmtnoA.noH. 

a— 12, and 4—9, and c— 8. 

12—9+8. 


And 


4xl2x9+8'=(8+2x9)'. 
441 = 441 




Thbobih XI it. 



169* If any quantity be divided into two equal parts, and also 
into two nneqoal parte, the smn of the squares of the two 
unequal parte will be double the square of half the quantity, plus 
twice the square of the quanlity which oonsiste of the difference 
between half the quantity and the larger of the unequal parts of 
the quantity. 

Let 2a represent the quantity, and a =s one of the equal 
parts, and h = half the difference between the equal and un- 
equal parts. 

Then a+h = the larger part. 

And a— 3 = the less part. 

And (a-|-3)'-}-(a— 3)' = the sum of their squares. 

But (a"+2fl3+3«)+(a?-2ai+i»)=2<j?+23^. 

And 2a'4-23' s= twice the square of half the quantity, plus 
twice the square of half the difference between the equal and 
unequal parts ; that is, the difference between half the quantiiy 
and the larger of the unequal parte. 

YSRIFIOATIOK. 

Let 10=7+3; 10-5-2=5; 7-6=2. 

Then (5+2)'+{5— 2)»r:i2x5»+2X^ 

And 49+9=50+8. 

58=58. 
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Thiboium XIV. 

170* If any quantity, 2a, be divided into two equal quantities, 
a and a ; and, if any quantity, b, be added to 2a, the square of 
2a+bf plus the square of b, will be equal to twioe the square of 
a, plus twice the square of a4~^* 

Now (2a+3)«+i«===4a»+4ffl3+&«+«»=4a«+4aft+2y. 
But 4(f+4ab+2b^=2a'+2{a+bY. 

Therefore (2a+i)«+^=:2a«+2(a+i)«. 

VERIFIOATIOK. 

Let a=rlO; and &=4. 

Then (2xl0+4)«+4»=2(10«)+2(10+4)«. 
And 676+16=200+392. 

Therefore 592=592. 



SECTION XIII. 

INVOLUTION. 

Abt. 171* Involution is the raising of powers from any pro« 
posed root; or, the method of finding the square, cube, biquad- 
rate, &c., of any given quantity. 

172. A power is the product of any quantity multiplied into 
itself a certain number of times, and the degree of the power is 
denoted by an exponent written over the root. Thus o^ is the 
third power of a, and a is the root. 

173* The expoTient, or irideXf shows how many times the root 
has been used as a factor. 

Thus, flX«XaXa=a^ and a:X«=«*- 

174* When a quantity is written without any index, its index 
is uni&rmly oonadered a unit. Thus, a=ia\ and x=sa^. There- 
11 
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fore, to raifle any quantity to any reqoired power, the pupil ^ 
see tlie propriety of the following 

Bulb. MuUiply the index of the quantity by the index of 
the power to tehkh it ii to he raited, and the r^ult wiU he the 
'gower requjared. 

Or, multiply the quantity into itsdf as nuxny thnes, less one, 
as is deTwted by the index of the power, and the last product will 
be the answer. 

17Si When the sign of any simple quantity is 4~» ^ ^^® 
powers of it will be + ; and when the sign is — , all the even 
powers will be -f > and ^e odd powers — , as is evident from 
multiplication. 

XXAHPLBS. 

1. What is tiie fifth power of a? Ans. (f, 

2. What is the third power of ox ? Am. aV. 
8. Eequired the square of cA:. Ans. aV. 
4. Required the cube of — W. Ans. —27a*. 
6. Required the fourth power of —o^V. Ans. a*Vc^. 

6. Eequired the square of —- qt-» Ams. -g^. 

7. Required the fifth power of %J?q^. Ans. 32^5*3 V. 

8. Required the sixth power of ^o:". Ans. >^^^^x^' 

9. Required the third power of 2a~^. Ans. 8^. 

10. Required the fourth power of — 3m~". Ans. 81m"" 

11. Required the with power of a". Ans. a"". 

12. Required the fourth power of 2xr. Ans. 16a:*". 

13. Required the third power of -t-jt- -Ans. gT-rw« 

176t Polynomials are involved by multiplying the quantity 
by itself as many times, toanting one, as there are units in the 
exponent of the power. 
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14. Let a+i be raised to the fifth power. 




(a+i)'=a+J 
a+b 


Ist power. 


a'+ab 




a+b 


2d power. 


+«'5+2ai'+fi' 




{a+b)*=cf+3(^b+3aS'+^ 
a+b 


8d power. 


+tfb+S(^b>+3a^+b* 




(a+by—<^+4t^b+6aV+4alP+b* 
a+b 


4th power. 


+afb+4i^V+Q<i'^+4ab*-\-l^ 




(a+J)»=«'+5o*J+10a»J»+10a»*'+5ai«+J» 


6th power. 


Bequired die third pover o£a—b. 




{a—by=a—b 
a—b 


1st power. 


t?—ab 
—ab+& 




a-b 


2d power. 


a»-2a»J-|-ay 





(a- J)»=«'— 8a'i+ So*"- *• 



8d power. 



15. Bequired the fifth power of x — 2y. 

Ans. »«-10a:'y+40zy-80aY+8(tey*-32j/'. 
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16. Bequired the third power of a— 3-f-l. 

Am. a»-8rf'&+&^+8fl^-6a5+3a-i*+34«-34+L 

17. Beqnired the second power of 22^— 3a:+4. 

Am. 42?*-12a:»+25a:«-24a:+16. 

18. Beqnired the sixth power of x— 2. 

Am. a:*— 12a:"+602?*-160a:»+240a;»-.192a;+64. 

2xV^ 

19. Beqnired the second power of KT^fr^- 

An.. ^^ ~ 



9*«-24W+16rf'* 

20. Beqnired the fonrth power of a"*— a". 

Am. a*"— 4fl*^"+6a?'**^"— 4a"^*'4-a*". 

21. What is the second power of 2ar*— aar+i ? 

Am. 4aJ*-.12a:'+lla:»-3a:+i. 

22. What is the third power of a+2&— c ? 

Am. a8+6a«&-3rf'c+12fli«— 12a^+3ac«+8i»-12yc+6W 

23. What is the fonrth power of a+3+c+e2? 

Am. a*+4a«*+6a«i«+4fl^+i*+4fl?c+12<j?3c+12ayc4-4yc 
+4a»(;+12<^M+12ai'i+4yi+6aV+12a^c» + 6W + H^td, 
+24fl^(;+12i»ceZ + 6a«(P + 12flW« + W<P + 4flc» + 12flc»e? + 
12acd»+4<wP+4W+12W»(;+123aP+4W+c*+4c«£? -J- 6c»(P + 

24. What is the second power of a:'+2a?+a:+2? 

ilTW. a:''+4a:«+6a;*+8r^+9a?+4a;+4. 

25. What is the second power of ^-*~? Am^ IS^^^Ti^ 

26. What is the third power of a:»— a:— 1 ? 

Am. a:*— Sx'+Sa;*— 3a:— 1. 

27. What is the third power of a— iJ— 2c«— <f ? 

il?M. a»-3a«*+3fl^-i'^6a«c»+12a3c«-6W— 8a'(P+6aW 
-33'^+12ac*+12ac«^+8aP— 125c^ - 12W»£P- 3W — Sc" - 
12c^cP— 6c'(Z»— <i». 
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SECTION XIV. 

EYOLUTION, OB THE BXIBAOTION OF BOOTS. 

Abt. 177i Eyolution is the reverse of inyolation, being the 
method of findiiig the roots of any given quantity. It will, 
therefore, be necessary to trace back the steps of the operatbn 
in involution. 

Hence, to find any root of a monomial, we adopt the fol- 
lowing 

Bulb. Extract the required root of the coeJidefU for tlie 
coeffidevt of the answer ^ and the root of the quantity subjoined 
for the literal part of the answer, 

1780 If the quantity proposed be a fraction, its root will 
be found by taking the root both of its numerator and denom- 
inator. 

179t The square root, the fourth root, or any other even root 
of an affirmative quantity, may be either plus or minus. 

Thus, V?=+« or —a; and /yb*=ss+b, or —5. But the 
cube root, or any other odd root of a quantity, will have the 
same sign as the quantity itself. Thus /^€f=a; /y^— 0"=:— a, 
and >4^— 0*=— a. 

The reason why -f-^ and —a are each the square root of a^ 
is obvious; since, by the rule of multiplication, (+a)X(+^) 
and (— fl)X(— «) aro each equal to a\ 

ISOi In the case of the cube root, fifth root, &c., of a nega- 
tive quantity, the rule is equally plain ; since, by multiplying, 
we have (— a) x(— a) X (—«)=—«'. 

It may also be stated here that any even root of a negative 
quantity is unassignable ; or, as it is usually called, ima^^ry. 

Thus, V— «^ cannot be determined, as there is no quantity, 
either positive or negative, that, when multiplied by itself, will 
produce —a'. 

11* 
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1. Find ibe square root of 9^. 
Here A/9?B:V9XA/?=8Xa=8a. Am. 

2. What is the cube root of Sx"? 
Here /yB?=s^X^a:'=2x«=2a:. Ans. 

8. It is required to find tbe square root of --p. 

4. What is the ovbe root of —07? ^ 
Here - l^^.'^X^V^ ^_2X^^J^^ j^^ 



N27c'~ ^ 



270* .^^X/^? 3Xe 8c 

5. What is the eqnare root of 16a*i' ? ^ni . 4<^i*. 

6. What is the onbo root of — 125z'^ ? ilm. — Sx^. 

7. What is the fourth root of 81a*d' ? ^»u. 8a2*. 

8. What is the fifth root of ^gg^? i!n*. =-. 

9. What is the sixth root of \!^!^ ? ilfv. -r-- 

, 4096 4 

Nom — Fractions should first be reduced to th^ lowest terms. 

10. Bequired the square root of tt^^ J^'^* -q-* 



EVOLUTION OV POLYNOMIALS. 

181 • To extract the square root. 

Since the square of a+6 is aP-]-2a&+^» in order to obtain 
the square root of a'+2aiH-*'f we must consider by what pro- 
cess the quantity a+6 can be generaUy derived from it. 

Now, in the first phoe, we observe that a, the first term of 
the root, is the square root of a*, the first term of the square * 
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and, in addition to this, there still remains 2a5-|-d', from which 
3 is to be obtained; but 2ab+l^ is the same as (2a+b)b ; and, 
therefore, b will be determined by dividing the first term of the 
remainder by twice the first term of the root. To complete 
the operation, tunce this first term, together with the second, 
must be multiplied by the second ; and, after subtraction, there 
is no remainder. 

1828 If the proposed quantity consists of more terms, it is 
evident that we have only to consider a+b in the place of a, 
and then, by the same process, another term of the root will be 
obtained, and so on ; and hence we have the following 

General Bule. Arrange the terms in the order of the mag-' 
nitudes of the indices of some one quantity. 

Find the square root of the first term, and subtract its square 
from, the proposed quantity. 

Bring down the next tvx) terms, and find the next term of the 
root by dividing this last quantity by twice the first, and affix it, 
with the proper sign, to the divisor. 

Multiply tins result by' the second term of the root, and bring 
down to the remainder as many terms as make the number 
equal to that of the next completed divisor ; and thus continue 
the process, tiU the root, or the requisite approximation to it, be 
obtained. 

See National AsiTHMEnc, page 248. 



EXAMPLES. 

1. Pind the square root of a:*— 6a:*^+%*. 



183f If the terms had been arranged in the reverse order, 
as 9y* — Qsi^if+a^, the root would have been found by a similar 
process to be Bif^a^, which differs in its sign from the former. 
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Tbe reason of thiB is, iliat the square root of a qnantity may 
be either positive or negative, agreeably to Art. 179 ; and in 
the first case we have one sign, in the second the opposite. 

2. Find the square root of 4a;*— 42;'— 3a;»+2a;+l. 
4a^-4|4i_3a:»+22:+l(2x»-a;— 1. 



43J»-x)-4^-ai:« 
-42;'+ a^ 



43J»-2a:-l)-4a;»+2a;+l 
-4a:«+22:+l 

3. Extract the square root of 16 (a*+l)— 24a(a«+l)+4W. 

Having arranged the terms according to the dimensions of a, 
we have 

16a*-24fl»+41a«-24a+16(4a«— 3a+4. 
16fl* 



8a«-8a)-24a'4.41a« 



8a«-6a+4)32a»-24a+16 
32a'-24a+16 



4. Bequired the square root of 

4a»— 16aM+16aM+20aVc*— 40A*yM+25cy* 

4a»-16aM+16a*a;*+20a*yM— 40aMy*c*+25cy3. 

4fl» (2a^-4aM+5yM, 

4a*_4a*a;*)-16a*a;*+16aM 
— 16aM+16aM 

20a^yM-40aMyM+25cyi 
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5. Eztisct the sqoara root of <^-f-z*. 



tf+a^ta-i 



«o. 



^2a Se^^ieo' 128a" 



^2aya?+_£^ 

2a+^_^VZ 
^a 8a»y 4a» 

4a« 8tf«"*"6© 

«• , a;* «» 
iT 



8a*^16a* "64? 









64a* 128a»' 



6. What is the square root of z*— ar^+ae"— 2a;+l ? 

-Atw. ar*— ar+l. 

7. "What is the square root of a^— 2a:"+a:*4.2a:'— 2a:'+l ? 

8. What is the square root of fl*+4a'i+10a?i''+12a^'-j-9i* ? 

9. Extract the square root of tf*— 2a?4-2a'— a+^. 

Ans, a*— a+i. 

10. What is Ihe square root of AcM^l^epT^^lZcM—^d'x 
+«•? Ans. 2a3:«-8a»a:+a». 

11. What is the square root of ^-^H^?? 
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lYOLnnON BY DEXAOHSD OOBFTICIENTS. 

1. What i8 the square root of 4i?*— 4a:»+13a*— 6a:+9 ? 
4_4+18-6+9(2-l+3= 

4_l)-4+18 

-4+1 



4-2+8)12—6+9 
12-6+9. 



2. What is the square root of 9a:'— 24a^+12a:»+16a:»— 16a: 
+4? 

9+0-24+12+16-16+4(8+0-4+2= 

9 3a:'+0a;»— 4a;+2= 

6+0— 4)+0-24+12+16 3a:'-4ar+2. 

_24— 0+16 

6+0—8+2)12+ 0-16+4 
12+ 0-16+4. 

3. What is the square root of 4a;»— 4a:'+12**+a;'— 6x+9 ? 

4+0+0-4+12+0+1-6+9(2+0+0-1+8= 
4 2a?*+0a:»+0a?-a:+3= 

44.0+0-l)+0+0-4+12+0+l 2a:*-x+8. 
+0+0-4— p— 0+1 

4+0+0-2+8)12+0+0-6+9 
12+0+0—6+9 

The pupil will perceive that the 5th power of a; in the second 
question, and the 8d, 6th and 7th power of x in the third 
question, are wanting; therefore their place in the operation 
must be supplied by zero. 

4. What is the square root of 4a*— 160^+240"— 16a+4 ? 

Ans. 2a2-4a+2. 
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5. Whut is the square root of 4i;*°--12a:"— 12a:»+9a:«+18a: 
+9? Am, 2ar'— 3a;— 3. 

6. What is the square root of 16a:*+24a:'+89a:'+60a:+100 ? 

Am. 4r'+3x+10. 

7. What is the square root of 9a/^— 12a;^+10a:*— 28r'+17a:' 
— 8x+16? Ans. aar*— 2a;'+a;— 4. 

2 1 

8. What is the square root of m'4-2m— 1 1 — 5? 

Am, »i+l • 

KXTSACTION OH THE SQUASB BOOT OV NUMBERS. 

184t As numbers are not expressed in the same manner as 
algebraic quantities, it is evident that the same rule for ex- 
tracting the square root of algebraic quantities will not apply 
to extracting the roots of lumbers without additional con- 
siderations. But, if the foregoing rule be assisted by the 
"Method of Pointing," it will enable us to extract the square 
root of numbers. 

185t Since the square root of 1 is 1 ; 

the square root of 100 is 10 ; 

the square root of 10000 is 100 ; 

the square root of 1000000 is 1000, &c., 
it is evident that the square root of a number of figures less 
than three must consist of only (me figure ; that of a number 
more than two figures and less than five, of two figures ; that 
of a number more than four figures and less than seven, of three 
figures, and so on. Whence it follows, that, if a dot be placed 
over every tdterruUe figure, beginning at the unit's place, the 
number of such points will be the same as the number of figures 
in the root. 

The same rule may be extended to decimals^by first making 
the number of decimal places even, and then commencing at the 
unit's place and pointing towards the right hand over every 
alternate figure, as before ; and the number of such points will 
be the same as the number of decimal places in the root. 
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1. Extract tiie square root of 273529. 

lOSX. nMBOSEOAL lOBM. 



273529(523 
25 


273529(500+20+3 
500*1 11250000 


102)235 
204 

1043)3129 
3129. 


?X500+20»1020)23529 
20400 

SSX(50O+20)+3«=1043)3129 
3129 



Hie pupil will peroem that both these operatioiis are per- 
formed bj Art. 182. 

2. Extract the square root of 45796. Ans. 214. 

3. Extract Ihe square root of 106929. ^ Ans, 327. 

4. Extract Ihe square root of 36372961. Ans. 6031. 

5. Extract Ihe square root of 22071204. Ans. 4698. 

6. Extract the square root of 33.1776. Ans. 5.76. 

7. Extract the square root of .9409. Am. .97. 

8. Extract the square root of .0029997529. Am. .05477. 

9. Extract the square root of .001234. Am. .035128+. 
10. Extract the square root of 32176552.863844. 

Am. 5672.438. 

CUBE BOOT. 

186. Investigation of a rule for extractmg the Oube Boot of 
a compound algebraical quantity. 

Since (fl+5)'^a'+3a"5+3ay+y, we must have the cube 
root of the latter quantity == a+3 ; and our object is to deter- 
mine how it may be deduced from it. 

Now, the first term a of the root is the cube root of a', and 
the first term of the proposed quantity ; hence, taking away 
a', we have Mb+Zdl^-\-l^ left to enable us to find h; but 
3a'5+3a3'^+5'=(3fl«+3a^+5^)5. It is, therefore, manifest 
that b will be obtained by dividing the first term of the re- 
mainder by three times the square of a ; and, to complete the 
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divisor, we must add to Sa^ three times the product of the two 
terms, or Sab, and also the square of the last, b\ Thus, the 
second term being found, the repetition of a similar process will 
evidentlj lead to the root, whatever number of terms the ex- 
pression may contain. Hence the following 

Rule. Arrange the terms according to the powers of some 
letter, and extract the root of the first term, which must be a 
cube, or some power of a cube ; place this root in the quotient, 
subtract its cube from the first term, and there unll be no re^ 
mainder. 

Bring down the three next terms for a dividend, and put 
three times the square of the root just found in the divisor's 
place, and see haw cften this is contained in the first term of the 
dividend, and the quotient is the nesct term of the root. 

Add three times the product of the two terms of the root, phis 
the square of the last term, to the term already in the divisor's 
place, and the divisor imll he completed. 

Multiply the complete divisor by the last term of the root; 
subtract the product from the dividend, and to the remainder 
connect the three next terms, and proceed as before, 

BXAMPLES. 

1. Find the cube root oi c^+Mb+^ah^+bK 
a^ 



Z(^^Zah+1^+Z(^b+Zah^+h^ 

2. Extract the cube root oi a^^^-^ba^—^x—l. 

:jf^ 

3a;4-.ac»+a:8)-.3ar64.5a:«-3a: 



3a^— 6ar'+3a:+l)-3a;*+62;«-3a;-l 
— 3a;*+6a:'-3a:— 1. 



12 
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The first divisor is found thus : 

And the second thus : 

8(««-a;)«+3(a:»— x) (-l)+(-l)«=3a:*— 6a:»+aa:+l. 

3. Extract the cube root of a:*— ftr^+lSa;*— 20x»+15a*— 
6x+l. 






ai^-12aJ»+15a:»-6z+l)3a^-12x»+16a:«-6x+l 
&c*-12x»+16a:»— 6ar+l, 

4. Extract the cube root of a^+9a^+27x+21. 

Ans. x+S. 

5. Extract the cube root of 1— 6y-J-12y»— Sy'. 

Ans. 1— 2y. 

6. Extract the cube root of a*— 6a^+40fl»— 96a— 64. 

Ans, fl?— 2a — 4. 

7. Extract the cube root of e^+Sa'b+dal^+l^+Scfc+Qabc 
+3«»c+3ac»+3&*+c«. Ans. a+b+c. 

BT DETACHED COEFVICIENTS. 

\ 

1. What is the cube root of a:«+6a:"— 40a:»+96a:— 64 ? 





14.6+0-404-0+96-^64(1+2—4 

1 


l'X3 = 


3) 6 


(1+2)' = 


1+6+12+ 8 


l'X3 = 


3)_12_48 



1+6+ 0-40+0+96—64, 
Hence, 1+2— 4=a;«+2a:— 4. Ans. 
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2. What is the cube root of Sa:*— 86a;^+54i:'— 27x' ? 
8+0-364-0+54+0-27(2+0-8. 

8 



2«X3= 12)+0-36 



8+0-36+0+54+0—27. - 
Hence, 2+0—Z=^2a^+0a^'-Sx=2a^^dx. 

3. What is the fourth root of aJ*+8a:»+24a:*+82a:+16 ? 

Am. x+2. 

4. What is the cube root of a:*- Sai'y+Sa:'^- y"? 

Ans, a:*- y. 

187t Reasoning analogous to that employed in Art. 185 will 
show, that, if a point be placed over every third figure, begin, 
ning at the unites place, the number of points thus placed will 
be the number of digits in the cube root ; and attention to • 
Art. 186 will furnish ^e following operation : 

1. Extract the cube root of 1860867. 

. . . a + b +c 
1860867(100+20+8=123. 
a' = 1000000 = first subtrahend. 



3a' = 30000)860867 = first remainder. 

3a«3= 600000 

3a^ = 120000 

3» = 8000 



728000 = second subtrahend. 



B{a+b)'^ = 43200)132867 = second remainder. 

B{a+bYc = 129600 

3(a+3)c« = 3240 

C»=: 27 

132867 =x third subtrahend. 

This process is the origin of the Bule given on page 248 of 
the Author's National Asrswdsno, to which the pupil is re- 
ferred. 
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a +b+c 

1860867(100+20+3 

(100)»=: 1000000 [=123. 



3(100)»+8(100)2+(20)»=36400)860867 

728000 



3(100+20)«+3(100+20)3+3«=44289)132867 

132867. 



2. What is the cube root of 31255875 ? Am. 315. 

3. What is the cube root of 37259704 ? Am. 334. 

4. What is the cube root of 116930169 ? Am. 489. 

5. What is the cube root of 508.169592 ? Am. 7.98. 

6. What is the cube root of .724150792 ? Am. .898. 

188t To extract any root of a compound algebraical quantity. 

Since (a+a:)'"=:a"*+7wa"*-*a:+ &c., it is obvious, that when 
the quantities are properly arranged, and the first term of the 
root is found, the second term of the mth. root will be obtained 
by dividing the second term of the proposed quantity by wia"^\ 
or by m times the first term, raised to the {m — l)th power. 

And, if the root thus found be raised to the mth power, and 
the result be subtracted from the quantity proposed, and the 
process be repeated when necessary, any root of a compound 
quantity may be determined. 

The similarity of the processes employed in this and the pre- 
ceding articles will be immediately noticed, it being observed in 
the former, the complete powers of a monomial, binomial, tri- 
nomial, &c., are subtracted from the proposed quantity by (me, 
tivo, three, &c., operations ; whereas, in the latter, the subtrac- 
tion of the same quantities is effected at OTice. Hence the 
following 

General Eule. 1. Arrange the terms so that the highest 
power shall stand in the first term, and let the next higher occupy 
the second place, 

2. Find the root of the first term, and place it in the quotient ; 
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andj having raised this root to the required power, suhtract it 
from the first term, and then bring down the second tertfi for a 
dividend, 

8. Involve the root last found to the next inferior power, and 
multiply it by the index of the given power for a divisor. 

4. Divide the dividend by the divisor, and the quotient will be 
the next term of the root, 

5. Involve the whole root thus found to the required power, 
which subtract from the given quantity, and divide the first term 
of the remainder by the same divisor as before, 

6. Proceed in this manner for the next term of the root, and 
so proceed until the work is finished. 

See page 255 of the Author's National ABiTHHxno* 

EXAMPLES. 

1. Beqnired the square root of <t*— 2a'a;+8aV— 2ax'+:B'. 
a* 



2a«)-2a«a: 



a*— 2rf'x+aV 



2a')2aV 



2. Eequired the cube root of a:*+6ar^— 40a:'+96a:— 64 
a:«-j.6a:»— 40a:»+96a:— 64(a:»+2a:— 4. 

7^ 



Z7^)^a^ 



a?+^+12x^+%3? 



8ar*)— 12a:* 



aJ»+6ar«— 40a:»+96ar-64. 



8. Required the fourth root of 16a?*-96a:'y+216a;y— 216x^ 
+8V. 

12* 
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162:*-9Ga:V+216aY-2iea!y"+81^(2a:-3y. 



82a:»)— 96ar»y 



16a:*-96a:»y+216aY— 216x2/^+8^. 

4. Required the cube root of w'— 6m"+40OT'— 96»i-- 64. 

Ans, w'— 2ot— 4. 

5. Required the fifth root of Z2a^'^SOx*+SOa^-'40x^+lOx 
—1. Arts. 2a:-l. 



SECTION XV. 

SURDS, OR RADICAL QUANTITIES. 

Art. 189t Surds, or radical quantities, are roots whose values 
cannot be exactly obtained, being usoally expressed by means of 
the radical sign, or fractional indices ; in which latter case the 
numerator shows the power to which the quantity is to be raised, 
and the denominator its root. 

Thus, VSj or 8*, denotes the square root of 8. /^^ or a*, 

is the cube root of the square of a; and ^, or X)^^ is the nth 
root of the 97»th power of a. 

190t The quantity V^> or V?, is an irrational quantity or 
surd, because no number, either whole or fractional, can be 
found, which, when multiplied by itself, will produce either 2 or 
3 ; but their proximate values may be found, to any degree of 
exactness, by the common rule for extracting the square root 

Pboblsh I. 

191 • To reduce a rational quantity to the form of a sard, or 
radical quantity. 
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Bulb. Boise the quantity to a power correspoTiding to the 
index of the suard to uhkh it is to be reduced^ and over this new 
quantity place the radical sign^ or proper index, and it will be 
the form required. ' 

1. Let 5 be reduced to the form of a square root. 
Here 6x5=5«=:26; whence V^ST. Ans. 

2. Beduce 2z^ to the form of the cube root. 

Here (2rO»=:8a:«; whence >^/E?, or (8a:^*i or sM. Ans. 
8. Let —2a: be reduced to the form of the cube root. 
Here (—2a;)'=—8a:»; therefore /y^=^g?. Ans. 

4. Let 3a' be reduced to the form of the square root. 

Ans. a/S^. 
x^ 

5. Let ^ be reduced to the form of the cube root. 

6. Beduce 3? to the form of the fifth root. Ans. tsH^* 

7. Let be reduced to the form of the fourth root. 

8. Let {X'—'f) be reduced to the form of the square root. 

Ans. ({X'-ff^. 

lS2t If a rational quantity be joined to a surd, it may be 
reduced to the form of a surd by raising the rational part to the 
required power, and multiplying it by the surd. 

9. Let 5/\/7 be reduced to a simple radical form. 
5vT=a/5xBx>\/7=a/55Xa/7=VT75'. Ans. 

10. Let 8 Va be reduced to a simple radical form. 

8A/a=A/5x8x\/a=A/5a; Ans. 
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11. Let 3>^3 be reduced to a simple radicftl fonn. 

12. Let iVa be reduced to a simple radical form. Am. a/^*- 
18. Let i^yV be reduced to a simple radical form. 

14. Let Z^m be reduced to a simple radical form. 

Am. /!/2rm. 

x+\ \x 1 

15. Let --i-=- I— TT b® reduced to a simple radical form. 

x+1 \x-l_ l/x+iy/g-lN l^T^E^— 
ar-lJx+l^^U-l/ Wl/ \|«'-a:'-a:+l— 

16. Let -jr \j^ be reduced to a simple radical form. 



Am. I-^. 



Pkoblem n. 



19S« To reduce quantities of different indices to others that 
shall have a given index. 

BuLE. Divide the indices of the quantities given by the index 
under wMch the quantities are to be reduced^ a/nd the quatiefits 
vnll be the new indices for those quantities. 

Then, over the quantities with their new indices place the 
given index f and they will be the equivalent quantities require. 

BXAMPLES. 

1. Reduce 4^ and 8^ to other quantities of the same value, 
each having the common index ^. 
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Here J-^J=JXf =1=3, the first index. 

And J-T-i=iXf =f =2, the second index. 

Whence '(4')*=4* ; and (8»)*=8* Ans. 

194. The truth of this rule will be evident; for if 4 be raised 
to the 8d power, and the 6th root extracted, that root will 
be equal to the square root of 4. 

Thus, 4X4X4=64; >^/B4=2; Vi=2. 

And, if 8 be raised to the 2d power, and the 6th root extracted, 
the result will be equal to the cube root of 8. 

Thus, 8x8=64; .^64=2; y^8=2. 

2. Beduce 3^ and 5^ to the common index ^. 

Ans. >^=y^9; y^=4/125. 

3. Eeduce c? and a^ to quantities that shall have the common 
index ^. Ans. ti/lf and fifcf. 

4. Beduce 8a^ and 2a^ to the quantities that shall have the 
common index \. Ans. 34/? and 24/?. 

5. Beduce 5^;^ and 6^^ to quantities having the common 
index ^. Ans. h^l? and ^^y. 

6. Beduce a" and ^ to quantities having a common index ^. 

a»==a«'^'=a"'; and ^=5'^"=^"'. 

» J. ^ 1 

Therefore ffl«=(a"'0"'; and b'^zifr^Y^. 

Problem m. 

195t To reduce surds to a common index. 

BuLE. Reduce the indices of the quantities to a cmrnmn de- 
nominator, and then involve each quantity to the power denoted 
by its numerator. 
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1. Reduce 8^ and 4^ to quantitieB having a common index. 

We first reduce the fractional indices, ^ and i, to a common 
denominator, and find them to be f and §, which have the same 
value as i and ^. 

Hence 8*=3*=:(3')*=27* or ^^TT. 

And 4*=4*=(4*)*=16* or ^^IB". 

2. Beduoe 4^ and 6* to equal quantities, that shall have the 
same index. 

J and i = A and T^. 

Therefore 4*=r4^=(4*)T^=:(256)T^ or 5^25(5: Am. 
And 6*^=6^=(6«)^=(216)T^ or 55/215; Am. 

3. Reduce 2^ and 3^ to equal quantities having a common 
index. Am. >^jaB"and /^Sf. 

4. Reduce a^ and b* to equal quantities having a common 
index. Am. /J/S^and/C^ 

5. Reduce z"* and t^ to quantities having a common index. 

Am. "*">s/5" and ""y^^- 

PB0BI.EM lY. 

196* To reduce surds to their most simple form. 

RuLB. Besclve the given quantity into two factors, one of 
which shall he the greatest corresponding power cantairved in it, 
and set the root of this power before the remaining factor, with 
the proper radical sign between them. 

Note. — When the given sard contains no &otor which is an exact 
power, it is already in its most simple form. Thus j^lb cannot be re- 
duced lower, because neither of the &ctors 6 or 8 is a square. 

EXAMPLES. 

1. Let \/38 be reduced to its most simple form. 
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We divide 48 iaifi two Actors, 16 and 3, 16 being the great- 
est power of the required root. We therefore extract the 
square root of 16, and write its root, 4, before the other factor, 
haying the sign prefixed to the surd. 

Thus V48=a/I5xS=4V^. Ans. 

2. Let >^108 be reduced to its most simple form. 

In this question we find the factors of 108 to be 27 and 4, 
27 being the largest possible &ctor of which the cube root could 
be extracted. The operation, therefore, is 

Thus //IUg=/^^^7x3=3/y4: Am. 

3. Let VtS be reduced to its most simple form. 

Am. bA/^. 

4. Let >v^80 be reduced to its most simple form. 

Am. 2/y^. 

5. Reduce V27a'x" to its simplest form. 

Here V27a«a:'=V9a'^X3aa;==^/5^5'X^/^a«=3aa:*A/35i. 

6. Reduce /^bic^z* to its simplest form. Ans. Sax/^2a^z. 

Problem Y. 

197* When any number or quantity is prefixed to the surd, 
that quantity must be multiplied by the root of the &ctor, as in 
Art. 196, and the product must then be joined to the other part, 
as before. 

EXAMPLES. 

1. Let 2a/^ be reduced to its most simple form. 
Here 2v^=2a/I5x2=2x4V2=8V2: Am. 

In performing this question we first find the fisu^tors of 32, 
which are 16 and 2. 

We then extract the square root of 16, and multiply its root, 
4, by the number prefixed to the surd, and find the product to 
be 8, to which we subjoin the surd 2. 

198t This and all similar questions might have been per-p 
formed by squaring the number prefixed to the surd, and then 
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multiplying this number by the surd. Let this produot be 
divided into two factors, as before, and the square of the former 
prefixed to the latter will give the answer. 

Thus, 2VE2=V2X2X32=vTE8=VMx2=8V2. Ans. 

2. Let b/y^ be reduced to its most simple form. 
Here 6>iy2i=5/^^'5x3=5x2Aj^=10y^ 

Or 5y^24=Ay6x5x5xii4==.,^'S{M=/^1000xS=10ye/3: 

3. Reduce 2/^1? to simple terms. Ans. 4y4^ 

Pboblem VI. 

199* A fractional surd may be reduced to a more convenient 
form by multiplying both the numerator and denominator by 
such a number or quantity as will make the denominator a com- 
plete power of the kind required, and then proceeding as be- 
fore. [Art. 198.] 

EXAMPLES. 

1. Let >v/f be reduced to its most simple form. 

V|>a===V5?=//Sx¥=ivT^. Ans. 

2. Let /y^he reduced to its most simple form. 

3. Let >v/^be reduced to its most simple form. 

Ans. 'f vT5. 

4. Let /J/y be reduced to its most simple form. 

Ans. i/Y50. 

5. Let /^ be reduced to its most simple form. 

Ans. ^A^^. 

EXAMPLES TO EXEBOISE THE FOBEaOINQ RULES. 

1. What is the most simple form of //I5B ? Am. ^a/F. 

2, What is the most simple form of VSOaV? 

Ans iaxA^^. 
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8. What is the most simple form of /^TSSa'Pc^l 

Am. ^obA/l^. 

4. What is the most simple form of TVBD ? Am. 2^^/51 

5. Wliat is the most simple form of ^/s/\ ? Am. A V5« 

6. What is the most simple form of Aa/^ ? Am. ^a/T. 

7. Let a/W^s? he reduced to its most simple form. 

Am. 4axA/^ 

8. Let f/^56ar*+642r* be reduced to its most simple form. 

Am. ^4/(7x*+S^. 

Problem VII. 
200. To add surd quantities together. 

1. When the radicals are similar, annex the radical part to 
the sum of the coefficients. 

EXAMPLES. 

* 1. Add 7/v/2 to 5 V2: Am. 12^27 

2. Add Sa/oJ to 3 Vai. Am. Sa/oI. 

3. Add aA/xy to lA/xy. Am. {a'\-b)A/xy. 

4. Add Ia/o^ to yV?=y. Am. (7+y)A/a'^ 

n. When the radical parts are dissimilar, make them similar 
by Art. 197, and proceed as above. 

But, if the surd part cannot be made the same in all the 
quantities, they can only be added by the signs + and — . 

5. Add a/T5 and a/S2 together. 

First vTS=a/ 9X2=3V2. 

And V^=a/IBx^=4V2. 

Then 3a/2+4V2=7a/2; Am. 

6. Required the sum of a5^^75 and aJ/TSS. 
First y^^375 =/^ 125 X '6=bj^, 
And /^/T52=>^ 64X3=4^ 
Then 5>e^+44^3=9A5^. Am. 

18 
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7. Required the sum of a/27 and a/55. Ans. 7V3". 

8. Required the sum of A/SCand V72. -Aw*. 11 V2. 

9. Find the sum of a/I8D and a/IDS: -An^. ISa/E 

10. It is required to find ibe sum of y^Wand /J/TSS. 

Am. 5yyJ. 

11. Find <he sum of 4^/51 and 5a!/T28. -Atw. 32/5/2: 

12. Find the sum of >^and j^. Ans. i4/^. 

13. Required the sum of SV^Tand bz/lMh. 

Ans. (3a+20a»)AA 

Problem VIIT. 

SOL To find the difference of surd quantities. 

RuLB. When the radicals are, or have been made, smSar, 
annex the common radical part to the difference of the rational 
parts. 

But, if the quantities have no common surd, they can he std- 
traded only by changing the sign of the subtrahend. 

EXAMPLES. 

1. From VSSlTtake VSD: 

First VS2lF=VBix5=8V57 

And //■^=VTBxo=4V5^ 

Then 8a/5— 4V5'=4V5r Ans. 

2. Find the difference between >^128 and a/ST. 
First Aja28=,^/BIx2=44/2; 
And A/Ta=>^^27x2=34/2: 
Then 4>^— 3^=/^. Am. 

3. Required the difference between 2 V5C and a/TS. 

Am. 7a/2: 

4. What is the difference between 2a/35D and 3/1^35 ? 

Am. 2^h, 
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5. Required the difference of a/75 and V^IB". Ans. a/W. 

6. Kequired the difference of 4/^55 and /^^ 

Ans. 2/^ 

7. Required the difference of /^ and y^/f^ 

Ans. i/^. 

8. Required the difference of y^f and y^^ 

Ans. ^^^/Th. 

9. Find the difference of ^,</?5"and 1/^3^ 

, . /15a 14a'\ ,,. 

10. From V^fla^take 3arV5«- -Aw*. —Ixa/oI 

Problem IX. 

202* To multiply surd quantities together. 

Rule. When the surds are of the same kind^find the product 
cfthe rational parts^ and the product of the surds ; and the tux> 
joined together, with the common radical sign between them, vnU 
give the whole product required, which may he reduced to its 
most 'svmpLeform by Art. 199. 

203. If the surds are of different kinds, they most be reduced 
^ to a common index, and then multiplied together, as before. 

204* Powers and roots of the same quantity are multiplied 
by adding their exponents. 

EXAMPLES. 

1. Find the product of Sa/B and 2^8. 
Here 3a/5 
Multiplied by 2^/3 

Gives 6VI?=6V(16x3)=24a/^ Ans. 

2. Find the product of ^^/f and f ^/f 
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Here i^ 

Multiplied by j^ 

Gives tAyi= i^ (f Xf ) = iA/ iW = 

S^(2VXJ,t)=(iXi)/yi5=iA&T5: Am. 

3. Multiply 2* by 3* 

Here 2*=2*=(2')*==8* 

And 3*=:3^=(3«)*=9* 

72*. Ans. 

4. Multiply 5 VS by d/^ 

1 3 

Here 5A/a=5a^=5a\ 

And 3>yj=3a*=3af 





15a'= 


=lbA/7. Am. 


5. Multiply 4vTS by 3V2. 




Ans. 24V5i 


6. Multiply 3 V2 by 2a/8: 




Am. 24. 


7. Multiply ij^ by f/J/IZ 




Am. i^. 


8. Multiply 4VI by A VF 




Am. fViV- 


9. Multiply 7/^aB by 5/^17 




Am. lOyV^. 


10. Multiply i^ by VV>yT7: 




Am. ^A/m- 


11. Multiply 2a^ by a* 




Am. %^. 


12. Multiply (a+3)* by («+*)*• 




Am. ^(fl+5)". 


13. Multiply ar— Viy+y by ^/x+A/y. 




By expressing the surds with fractional indices, we have 


z^z^yi+y. 






^+y^ 






x^—xj^+x^l 


1 




+xyi-x^y+yi 




J 


+y^ 
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14. Multiply a^+a'b^+ah^+ab+ah^+b^ by a*— ^i 

gi^bi 

c^+ah^+a'b^+ah+ab^+ah^ 

^ah^-a^^-Jb-ab^-ah^—^ 
^ ^\ Am. 

15. Multiply A/a+/s/l+A/c by a/a+V^— /v/cl 

Ans. a+^— c+2/v/2r. 

Problem X. 
205* To diyide one surd quantity by another. 

EuLE. When the surds are of the same kind, find the quotient 
of the rational parts, and the quotients of the surds, and the ttco 
joined together, with the common radical sign between them, vnU 
give the whole quotient required. 

But, if the surds are of different kinds, they nmst be reduced 
to a common index, and be divided as above. 

The quotients of different powers or roots of the same quantity 
are found by subtracting their indices. 

1. Divide 6//5B by Sa/K 

Here ?^=:2>vA2=2A/lx3=(2x2)V^=4yv^ Ans. 

2. Divide 8//IDS by 2VB; 

Here ?^^=4VT8=4/s/9x2=(4X 3)^2=12^2. Ans. 

3. Divide SA^rsm by 4/^2: 

Here ?^?^=2AS^25B=2,$/^IXl=8y^ Ans. 
13* 
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4. Divide 12 limos ihe cube root of 280 by 8 times the cube 
root of 5. 

Here ^?p^=4,y5B=4>y5><7^8AyT. Ans. 

5. Divide 6a/51 by 3^/21 Am. Qa/S. 

6. Divide 4>iJ/72 by 2,^/W. Ans. 2/^. 

7. Divide 4v^5D' by 2a/5: Ans. 2a/W. 

8. Divide Q^/TSO by B^. Ans. 2aJ^. 

9. Divide //Wi+z/U by a/S+a/ST Ans. 2. 

10. Divide 32fV5'by 13f a/K ^tw. |^(^)* 

206i Since the division of sards is performed by subtract- 
ing their indices, it is evident that the denominator of any 
fraction may be taken into the numerator, or the numeratoi 
into the denominator, by changing the sign of its index. 

EXAMPLES. 

1. Let - be expressed by a negative index. 

a 1 

2. Let — be expressed by a negative index. 

o" 1 

3. Let -J b« expressed by a native index. 

b bar* . . 

4. Let -J be expressed by a negative index. 
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5. Let (T^ be expressed by a positive index. 

6. Let [-37- be expressed by a negative index. 

Ans, (a4-a:)""i. 

7. Let fl(a' — a;*) » be expressed by a positive index. 

8. What is the value of ^ ? 

?Q=fl'»-«=a'»=l. 
a"* 

Whence it follows that a" is a symbol equivalent to unity; 
consequently 1 may always be substituted for it. This, how- 
ever, has been demonstrated in a previous article. 

Pboblem XI. 
207. To involve or raise surd quantities to any power. 

Let aF represent a surd quantity ; then, by Art. 204, its 
square will be 

Therefore, to involve a surd to any required power, we adopt 
the following 

Rule. When the surd is a simple quantity^ multiply its 
index by 2f(n' the square^ 3 for the cube, ^c, and it tvill give 
the power of the surd part, which, being annexed to the proper 
power of the rational parts, will give the whole power required. 

If the surd be a compound quantity, multiply it by itself the 
requisite number of times. 

EXAMPLES. 

1. What is the square of 3a* ? 

3a*><*=3a*=9/5/fl^ Ans. 
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2. What is tbe cube of }V3? 
Here(W3)'=2VV27=/rV{9x3)=|>v^. Am. 

3. Eequired the Bqiiare of 3/^3. Ans. Qy^Sl 

4. Required the cube of 17 VST -Aw. 103173 V21. 

5. What is the fourth power of ^//B"? Am. ^. 

6. Eequired the cube of V^« Am. Sa/K 

7. Required the third power of ^V^ Am. ^a/W. 

8. Required the fourth power of i V^ -4n». ^. 

1 * 

9. 'What is the with power of a" ? Ans. a". 

10. Required the square of2+A/W. Am. 7+4^/3: 

r S. ^ 

11. What is the -th power of a» ? ^n*. a". 

Problem XTL 
208« To find the roots of surd quantities. 

Rule. When the surd is a simple quantity, multiply its 
index by ifor the square root, by ifor the cube root, ^c, and it 
win give the root for the surd part, which being amvexed to the 
root of the rational part, tnU gvoe the whde root required. 

The truth of this rule may be illustrated by the Allowing 

EXAMPLES. 

1. What is the cube root of the square root of 64 ? 

The square foot of 64==VM=64*=8. 

And the cube root of 8=a5^=8*=2. Am. 

209* The same result would have been obtained if we had 
multiplied the index {^) of the given quantity by the index of 
the required root (^), the product of which is ^Xi=i ; «uid i£ 
we had considered this (^) the index of the root to be extracted 
of the given quantity 64, the operation would have been thus : 

A/Bi=2. Am., as before. 
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2. Beqaired the cube root of tbe square root of a. 

aiXi=:a*. Ans. 

3. Required the fourth root of V^ 3*^^=3^. Ans. 

4. What is the square root of 9>^? 

Here (9y,y3)*=9*x3*><*=9*X3*=3yy3: 

5. What is the square root of 10^ ? 

1()»====1000 ; a/I5S(J=10VT15. Am. 

6. What is the cube root of | Ja/o"? Ans. J/yS". 

7. What is the square root of^^l Ans. {a^/i/al 

Tbobleu XTTT. 

210* To find factors that shall cause any surds to become 
rational. 

L When the surd is a monomial, multiply it by the Bs^e 
quantity, with an index such as when added to the index of the 
given quantity will make it a unit. 

The quantity sfaor c? is made rational by multiplying it by 
sTa or a*. 
Thus, VaxV^I or <^Y^<^=a. 
And it will be rational if d^ be multiplied by a* thus, 

Also, if a* be multiplied by a* it will be rational ; thus, 
fl*Xa*=a. 

EXAMPLES. 

1. What &otor will make 2:^ rational ? Am. x* 

2. What fector will make y^ rational ? Am. 'tp. 

3. What factor will cause ar^ to become rational ? 

Ans. a\ 
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n. When the sard is a binomial or residual qnantitj, and 
both the torms are even roots, to find a &ctor that will make the 
qnantitj rationaL 

In Art. 158 we have shown that the product of the sum and 
difTereDce of any two quantities is equal to the difference of 
their squares; therefore, when one or both of the terms are 
even roots, we nmltiplj the giren binomial or residual by the 
same quantity, with the sign of one of its terms changed. 

KoTB. — It Is HomHimca naoeBmy to rqwat the operation. 



1. To find a multiplier or fiictor that shall make 4-}-a/^ 
rationaL 

GiTen surd, 44-^v/S 

Multiplier, 4 — //^ 

16+4V5 
— 4V5-5 

Product, 16 — 5=11 rational quantity. 

2. Find a fiu^r that shall make isfa'\-sft rationaL 

a — h rational quantity. 

3. What fiiotor will make 1+ V^rational ? 

1-VB 

1 — 3= — 2 rational quantity. 
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4. What factor will make /v^ — V^ rational ? 

5-V5 
+V5-1 

5 —1=4 rational quantity. 

5. Find multipliers that shall make /y5-}~>C^ rational. 

-/C/T5-A/8 

a /5 +a/5 

5-a/TB 
+a/T5— 3 
5 —8=2 rational quantity. 

6. What multiplier will make ys/5— V^rational ? 

a/5— //S 
//5+A/ap 

5— V5i 

+a/55 — X 
5 —a; rational quantity. 

ITT. A trinomial surd may be rendered rational by changing 
the sign of one of its terms for the multiplier. 

EXAMPLES. 

1. To find multipliers that shall make ^7+^^— ^U 
rational. 
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7+/^/21-V14 
+A/21+3-VB 

8+2a/2I 
— 8+2>s/21 

-64-16yi/21 
+16A/21+84 
84—64=20 rational quantity. 

2. Find a factor that will make a/^—a/I—a/^ rational 

a/^+a/1+a/S 

8-.A/8-V21 
+/I/8-1-V3 

+V24-V3-3 

4— 2VS 
4+2VS 



16-8//S 

+8a/3-12 
16—12=4 rational quantity. 

QUESTIONS f OR EXERCISE. 

1. Find a multiplier that shall make sT^—sf^ rational. 

Am. V^+a/2. 

2. Find a multiplier that sliall make a/I+a/^ rational. 

Ans, VT— V^. 

3. Find a multiplier that shall make V^^^V^ rational. 

Ans. vTC+a/^. 
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4. Find multipliers that shall make A/a-^-z^b-^-A/c rational. 

Ans» a/o"— VT— a/cJ and (a— i— •c+2V2c). 

5. Find multipliers that shall make /y^—/^ rational. 

Am. (a/S+4^)(V5+VI). 
Peoblbm XIV. 

Abt. 211* To reduce a fraction, whose denominator is a 
surd, to another that shall have a rational denominator, without 
changing its value. 

EuLE 1. W/ien the proposed fraction is a simple one, nudtiply 
each of its terms by the denominator. 

2. If U he a compound mrdyfind such a midtiplier by the hut 
Art. as toill make the denoT/dnator rational, then multiply both 
the vumercEtor and denominator by it. 

EXAMPLES. 

1. Beduce —— to a fraction whose denominator shall be 

rational. X^^=-^^. Ans. 

\/a Va « 

2 Reduce to a fraction whose denominator shall bo 

rational. X^^^ — =^-^ — • -A^- 

>^ a5^ « 
2 

3. Eeduce the fraction — to another whose denominator 

V5 

shall be rational 2 2 V5 2a/5 . 

= X-'^ — ==—!—• Ans. 

a/I V5 V5 5 

4. Bedaoe to a fraction vhose denominator shall 

VS-V2 
be rational. 



a/5"-V2 VF-V2 VS'+V^ 5-2 



14 
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6. Eztn«st tiie square root of {. 

6. Bedace __ ^ to a fraction whose denominator sluin be 

rational. 

Here ^ ^ '^ 3+a/2^8V2+2_8V^2 ^ 
8_V2 3-vT5 8+V2 9-2 7 

7. Bedaoe — ^ to a fraction that shall have a rational 

denominator. Am, ^ . 

8. Bednoe r r^ to an equivalent fraction having a ra- 

rn 

tional denominator. Arts, -^• 

9. Bedace the fraction to an equivalent fraction 

having a lational denominator. Ans, ^ . 

10. Reduce the fraction to an equivalent fraction 

having a rational denominator. Am, = . 

11. Eeduce «- . — t= to a fraction that shall have a ra- 

V5+//7 

tional denominator. Am, ^ ^—' 
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Q 

12. Reduce the fraction to an equivalent fraction 

that shall have a rational denominator. 

Am. i =V5+//2; 

Probleu XV. 

212* To change a binomial, or residual surd, into a general 
surd. 

B.ULE. Involve the given birumddl, or residtudf to a power 
correspoTiding tmtk that denoted by the surd; then write the 
radical sign of the same root over it. 

EXAMPLES. 

1. It is required to reduce 2+>v/5 to a general surd. 
Here, (2+VS)«=4+4V5+3=7+4^/3: 
Therefore, 2+V^=V(7+4V3). 

2. Reduce a/^-\-a/E to a general surd. 

Here, (^-^-^)2==2+2ys/B-f 3=5 + 2a/B. 

Therefore, >l/2+V3=V(5+2^/By. 

3. Reduce ^v^+zv^ to a general surd. 

Here, (>^+y^«= 6+6/^2 +6,^. , 

Therefore, /^+ /§a=,iyB(I+^+,^. 

4. Let 8 — a/5 be reduced to a general surd. 

Ans. a/{U-Qa/5). 

5. Let ^/2'+2>\/B"be changed to a general surd. 

Ans. V72B+8v^). 

6. It is required to change 4— yv/7 to a general surd. 

Ans. //(23-8V7). 

7. Let 7/yF— 3^^/9 be changed to a general surd. 

Ans. ^(786-1323/5^-J-567>4/S). 
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"\.^^ Pboblxm XVI. 

TO SZTRAOT TEOI SQiUARB BOOT OV A BINOMIAL 8UBD. 

SIS* A binomial sard is one in which one of the teims, at 
least, is irrational ; as adb/\/^ or A/<^db>s/^ 
To extract the sqnare root of a+v^, we put 

And A/(a^Ai/S^=m — n. 

Bj squaring both of these equations, 

We have a'\-A/J^n^-{-2mn+n\ 

And a—js/lssm? — 2m9i+n'. 

By addition, 2a =2m* +2n\ 

And a^m'+n*. 

Multiplying the two first equations together, 
We have A/(a+A/T)XV{a—//F)={m+n)X{m—n). 
And f^(<^^h)^=m^—n\ 

Having both the sum and difference of m^ and n^, we obtain, 
by addition and subtraction, the following equations : 

Therefore. n,=v(''+^f "'^ ), 

Oonfleqnently, j^{a+A/b)-Ay( °'^^^^~^^ )+ 

It is certain that both a and ^{c^—h) must be rational, in 
order that the expressions within the parentheses may be 
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rational, in which case each of the above values will be either 
two snrds, or a rational and a surd. 

The above formulae will apply to any particular values for a 
and b ; observing that if h be negative, the signs of 6 in the 
formulse must be changed. 

EXAMPLES. 

1. What is the square root of II+a/72? 
Here, a=ll, and 3=72. Therefore, 

v(d:^^)=v("+^'"'-")=8. 

Therefore, V(ll^->v/72)=3+^/2; 

2. What is the square root of 10— /^/M? 
Let a=10, and 3=96. 

Then v(g±^--!=^)=v(^0+^f'-««))=V5: 

And ^(gzVEzJ)) =v( ^»-Va^-««) )=.2. 

Therefore, V(10-A/S5)=ys/^— 2. 
. 3. What is the square root of 6+^/20 ? Am. 1+a/^. 

4. What is the square root of 6-f*2>i/5'?') Am, a/5+1- 

5. What is the square root of 12+2,V^- -^^- a/5+a/7. 

6. Eequired the square root of 36±10V11« 

Am. Sdivn: 

7. What is the square root of 7— 2a/TD ? Am. f/5—fs/^. 

8. What is the square root of l+4y^— 3 ? 

il?t5. 2+//=3, or 2-^^=B. 
14* 



162 ALaBBBA. 

SECTION XYI. 

IMAGINARY QUANTITIES. 

Abt. 21 1* As eyeiy algebraical symbol hitherto considered, 
whether it be affected with the sign + or — > when raised to 
an even power gives a positive result, it follows that na even 
root of a negative quantity can be either positive or negative. 
The even roots of negative quantities having, therefore, no sym- 
bolical representation in accordance with the views of Algebra, 
so far as we have yet considered it, can only be indicated or 
expressed by means of the radical sign, or corresponding 
fractional index. Hence arises a new species of symbolical 
expressions, called Imaginary or Impossible Quantities. 

Thus the square root of — a' is neither -^a nor — a, but is 
written \/^^, and is equivalent to V^*X( — l)=/s/«V — 1 
=±«V — 1> which is said to be impossible, or imaginary, in 
consequence of involving the symbol V— !• 

By Art. 78 we learn that the product of real quantities, that 
have like signs, is always pZiLS ; and, if the signs are unlike, the 
product is minzis. We, therefore, infer, that the product of two 
imaginary quantities, that have the same sign, is equal to 
minus the square root of their product, considering them as real 
quantities. 

Hence, (+ V —«)(+// — a)=— V«'=— «• 
(— V — a)(— V— fl^) = — Va'=— a. 

215* If the two imaginary quantities have different signs, 
then, it is evident, their product will be equal to pitcs the square 
root of their product, considering them as real. 

Thus, (+VZ:5)(-V^=3)=:-t-//^ 
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EXAMPLES. 

1. Multiply 4V=3 by 2a/=5. 

2. Multiply 4+ V'^=3 by S-zv/'^B: 

4+>v^=3 

12+3V^=3 
-4V:=5•+^/I5 

12+3/v^=5— 4V=5+//T^. 

3. Multiply 3V^=I by 7/vr=^. Ans. -21^5: 

4. Multiply — T^/^Tby ^3>v/=F. ilw*. — 21>v/T2; 

5. M^tiply 4+ V:=7 by //=2. ^Itm. 4^/^=^- VI?. 

216* If one imaginary be diyided by another, haying the 
same signs, the quotient is equal to plus the square root. 

But, if the 'imaginaries have different signs, it is evident that 
their quotient will be equal to minus the square root of their 
quotient. 

EXAMPLES. 

6. Divide 6V=3 by 2a/=4: Ans. BA/i. 

7. Divide 2v^"=I0 by -5>v/^=2: Ans. -f VF. 

8. Divide -a/^=T by -7//^=^. Am. +^A^' 

a 



9. Divide -|-V— ^ ^J +V— ^« Am. + V >• 

10. Divide —A/'^Ia by — V— ^' -^^' +Vt' 



3 

11. Divide 4+ V^^ l>y 2— V=2. ilw. 14->i/^=:2. 

12. Divide l+V^=Tby I-a/^I. -Atw. V^=T. 

13. Divide 2V^:^ by — 3V^=:5. il?i5^. — fvT 
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SECTION XVII. 



QUADRATIO EQUATIONS, OB EQUATIONS OF THE SECOND 
DEGREE. 

Abt. 317* A quadratic eqiution is one in which the un- 
known quantity rises to the second power. 

Qnadratics are of two kinds : those which contain only the 
square of the unknown quantity are called pure quadratics, and 
those which contain both the first and second powers of the 
unknown quantity are called affected quadratic equations. 

The following are examples of pure quadratics : 

KXAHPLES. 

1, Given 4a:*— 7=29 to find x. 
Conditions, 41^—7=29. 
Transposing, 4a:»=29+7=36. 
Dividing, 3^=9, 
Extracting square root, a:=s±3. 

2. Given a3f^+bh=c to find x. 
Conditions, aa:*-)-&=c. 
Transposing, a3^=ic — b. 
Dividing, a^s=c — b, 

a 

• 

Hence, to find tiie value of the unknown term, we have the 
following 

EuLE. Transpose and reduce the eqtuUion, so that the un- 
known quantity may be positive, and the first member of the 
equation. Divide both members of the equation by the coefficient 
of the unknovm quantity; then extract the square root of 
bath members. 
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8. Given 5a:»+5=3a:*+55 to find x. 
Conditions, 5a:'-f-5=3a:«+55. 
Transposing, 5a:' — 3a;'=s55 — 6. 
Keduoing, 2a:'=50. 
Dividing, a:^=25. 
Extracting square root, x=±b. 

4. Given 2a:«+8=3a;»— 28 to find x. 
Conditions, 3a:«— 28=2a:«+8. 
Transposing, 3a:«— 2z»=28+ 8. 
Eeducing, 2:'=:36. 
Extracting square root, xzs±%. 

5. Given Ta:'— 5=3a:»+ll to find z. Am. a:=±2. 

6. Given 4a:»+15=i7x'— 417 to find x. Am. a:=±12. 

7. Given 3a;«+7=-j-+35 to find x. Am. x=±4. 

a 

9. Given x'^—ab=d to find ar. ilTW. ar=±//3+aiS. 

10. A lady bought a silk dress for £8 15;., and the number 
of shillings she paid per yard was, to the number of yards, as 
4 to 7. How many yards did she purchase for her dress, and 
what was the price per yard ? 

Let X = the number of shillings paid per yard. 

7ar 
Then -^j- = the number of yards. 

And the price of the whole, 'T'^^ ^'^^ shillings. 

Clearing of fractions, 7a;'=700. 

Dividing, 3:'=100. 

Extracting the square root, ar=10;., price per yd. 

7x 
Therefore, -^=17^ yards. Am. 



i. 
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11. I have 10 acres of land. K it were a square field, what 
would be the length of one of its sides ? Ans. 40 rods. 

12. A and B lay out money on speculation ; the amount of 
A*B stock and gain is $27, and he gains as much per cent, on 
his sto^ as B lays out. B's gain is $32 ; and it appears that 
A gains t|ppe as much per cent, as B. Bequired the capital of 
each. »' Ans. A's capital, $15 ; B's, $80. 

13. There are two square fields, the larger of which contama 
25,600 square rods more than the other, and the ratio of their 
sides is as 5 to 3. Bequired the contents of each. 

Ans. Contents of the larger, 40,000 square rods. 
Contents of the smaller, 14,400 square rods. 

14. I have three square house-lots, of equal size ; if I were to 
add 193 square rods to their contents, they would be equivalent 
to a square lot whose sides would measure each 25 rods. Be- 
quired the length of eaqh of the sides of my three house-lots. 

Atis. 12 rods each. 

15. A farmer has a square field, and the number of rods 
round it is -^ the number of square rods of its contents. Be- 
quired the number of acres in the field. Atis, 10 acres. 

16. John Smith has a field, which is a right-angled parallel- 
ogram ; its sides are in the ratio of 4 to 3 ; a diagonal, passing 
from one comer to its opposite, is 100 rods. Bequired the 
contents of the field. ^^ ^ ^ ^ Arts. 30 .acres. 

17. Two workmen, A and B, engage to work for a certain 
number of days, at different rates. At the end of the time. A, 
who had been absent 4 days, received 75 shillings ; but B, who 
had been absent 7 days, received only 48 shillings. Now, if 
B had been absent only 4 days, and A 7 days, they would have 
received exactly alike. How many days were they engaged for, 
how many did each work, and what had each per day ? 

Ans. They were engaged to work 19 days. A worked 15, 
and B 12 days ; A received 5 shillings, and B 4 shillings per 
day. 
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18. Two numbers are to each other as 4 to 5, ancC the smn of 
their cubes is 1512. What aro those numbers ? 

Am. 8 and 10. 

19. A bushel qieasure contains 2150^ cubic inches, and I 
wish to make a box that shall contain 50 bushels. Its length 
is to be to ita'breadth as 3 to 1, and its height f its breadth. 
What are its dimensions ? 

Ans. Length 108.84+, breadth 36.28+, and height 27.21+ 
inches. 

20. What must be the dimensions of a cubical box that shall 
contain 100 bushels ? 

Am, Height, length, and breadth, 59.9+ inches. 

21. Two numbers are to each other as 3 to 7, and the differ- 
ence of their cubeftis 2528. What are those numbers ? 

Atis. 6 and 14. 

22. Bought a house-lot for $5184. Its length is to its breadth 
as 3 to 1. I gave as many dollars per square rodt|LS the lot is 
rods in breadth. What were the dimensions of the lot ? 

Ans, 36 rods long, 12 rods wide. 

Problems. 

23. Let m be divided into two parts, whose squares shall be 
to each (plher as w to ;?. 

Let z = the greater. 
Axx^m — X = the less. 
Then x^ : {m—xY : : n : p. 
Multiplying extremes, pa^=n(7n — xY. 
IJyolution, Xs/v-=^±fs/n{rn^x). 

Keducing, x^ p:=ms/n—xj^/nl 

Transposing, xsfp'\'Xf,/n^==^m/,/n, 

Dividing, a:=: the greater. 

V^+Vw 

Subtracting, m -^ = — the less. 



168 ALQBBSA. 

If we take the minus sign, we have 

Multiplying, xjs/p^=^ — ntf^n+x^s/ri 

Transposing, a:>»/p— a://n=— wV« 
Changing signs, x,^^Xfi/p^^m^n. 

Dividing, x=z '^ ' the greater, 

CI i_x X- rriA/n — twa/^ ,, . 
Subtracting, m = ^— the less. 

24. Divide 18 into two such parts that the square of the 
larger part shall be 25 times the square of the less. 
Let ar =s the larger ; then 18— a: = the less. 
Then we have ^^ : (18— a:)' : : 25 : 1. 

Multiplying extremes, a;'=25(18— a:)^ 
Evolution, z=5(18— a;). 

Multiplying, z=90— 5a:, 

Transposition, 6a;=s90. 

Dividing, ^ a;=15, the larger. 

18—15=3, the less. 

VEBinOATIOK. 

15«=25(3)=. 
Involving, 225=225. 

THB THEOBY OV TBJS LIQHTS AND ATTBACTIOK. 

218* To apply the foregoing problems, we premise the fol- 
lowing principles of Natural Philosophy. 

1. The intensity of light emanating from any luminous body 
is inversely as the square of the distance from that body ; that 
IS, if the earth were twice the distance from the sun that it now 
IS, it would receive only one-fourth part of the light and heat 
that it now does ; and, if it were removed to ten times the 
distance, it would have only one-hundredth part of the Hght and 
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2. The quantitj of light emanating from a cdoBtial body is 
directlj as the square of its diameter. 

Hence, if the earth were four times the diameter of the moon, 
an inhabitant of that luminary would receiye sixteen times as 
much li^t from the earth as he would receive firom the moon 
if he were on the earth. 

3. The laws of attraction are similar to those of light, for all 
bodies attract each other inversely as the squares of the dis- 
tances firom their centre, and directly as the masses of matter 
which compose those bodies. 

APPLICATION OP THE ABOVE PRINCIPLES. 

25. The moon is 240,000 miles from the earth, and the 
quantity of matter in the earth is 80 times that of the moon. 
At what distance from the earth, in a direct line towards the 
moon, must a body be placed to be equally attracted by each, so 
that it will remain at rest as it respects those bodies ? 

Let d = the distance between the moon and earth. 

e ^ the quantity of matter in the earth. 

m = the quantity in the moon. 

a: = the distance fix)m the earth to the point required. 

Then d — x = the distance firom the moon. 

We have then the following proposition : 

As a^ : {d'-xf : : e : m. 

Therefore, 7n3^=e{d^zY. 

By evolution, Xfs/mx=.sfe{d'-'X\ 

Beducing, x/^m^n^d^T^xs/T, 

Transposing, xsfm-\-x\fe^=idfsfe. 

Tw .J. dfsfT 
Dividing, a;= . 

Substituting the value of dy e and m, we have 
240,000 V 80 2146624.8 



"" V^O+a/I ""8.94427+1 
tance firom the earth. 
15 



=215865.4 miles, = the dis- 
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240,000— 215865.4==24134.6 mHes, = the distance &om tlie 
moon. 

If we take the negative sign, we shall find the point beyond 
the moon where the attraction of the two bodies will be equal. 

Taking the minns sign, XA/m='-^j^{d—x). 
Reducing, xj^ m= — df^-^-xs/T. 

Transposing, xt^e^Xh/m^^sT^* 

TV 'A' ^^^ 

Dividing, a:= . 

Substituting the values of d^ e and m, we have 

2146624.8 
a?=s. ^=270,210 miles from the earth's centre, and, 

therefore, 270,210—240,000=30,210 miles beyond the moon. 

26. Bequired the distance from the earth, in a direction tow- 
ards the sun, where a body would remain at rest, the distance 
of the earth being 95,000,000 miles from the sun, and the 
quantity of matter in the sun being 333,928 times greater than 
that of the earth. 

Let S represent the quantity of matter in the sun, E the 
quantity of matter in the earth, and D the distance between the 
earth and sun, and x the required distance from the sxm. 

Then, substituting these letters for those in question 28, we 
have the following formula : 

__ dA/T" _ 
"^""//F+Vl"" 

?^?^^^!!5^=94,835,885; 
V 333,928+ a/T 

95,000,000-94,835,885=164,115 miles. Am. 

27. The diameter of Venus is 7700 miles, its distance from 
the sun is 68,000,000; the diameter of the earth is 7912 miles, 
and its distance from the sun, as stated above, is 95,000,000 
miles. How much greater, therefore, is the intensity of light at 
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Yenos than at the earth, and what is the comparative quantity 
that each receives from the sxm ? 

Ans. The intensity of light at Yenus is 1.95-}- times greater 
than at the earth. Yenus receives from the sun 1.84-f- times 
more light than the earth. 

28. Mercury is 37,000,000 miles from the sun. How much 
greater, therefore, is the intensity of light and heat at Mercury 
than at the earth ? Ans, &]^3^ times. 

29. Jupiter is 490,000,000 miles from the sun, and its diam- 
eter is 89,000 miles. Saturn is 900,000,000 miles from the 
sun, and its diameter is 79,000 miles. How much more light, 
therefore, do we receive from Jupiter than from Saturn, when 
they are in opposition to the sxm ? 

Let a = the distance of Jupiter from the sun. 

b s= the diameter of Jupiter, 
c = his distance from the earth. 
d == the distance of Saturn from the sun. 
e = the diameter of Saturn. 
A = his distance from the earth. 

The distance of these planets from the earth is obtained by 
subtracting the earth's distance from the sun from their dis- 
tance from the sun. 

The surface of Jupiter is to the surfiice of Saturn as the 
squares of their diameters ; and as the quantity of light which a 
planet receives from the sun is as the square of its diameter di- 
rectly, and inversely as the squares of its distance from the sun, 

Therefore, if ^ = the surface of Jupiter, 
and e^ =s the surface of Saturn, 
and a and d their respective distances from the sun, 
then the intensity of light at Saturn will be to the intensity 

of light at Jupiter as ^^ is to — . And as the light which each 

of these planets gives to the earth is in intensity inversely as 
the squares of their distances from the earth, 

therefore, if -i^ = the quantity of light at Saturn, and -^ = 
a cr 
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the quantity of light at Jupiter, then -^ = the quantity of 

li^t which Satum gives to the earth, and ^ = the quantity 

which Jupiter gives. 

Therefore, to find how much more light we receive from 
Jupiter than from Satum, we use the following proportion: 

^« • ^ • • ^ • ^• 

dVfV 
Therefore, ^'^^' 

If we substitute for these letters their numerical values, we 
shall have 

900«X805'X89« 



■79*X490''.X395« 
810000X648025X7921 . 

6241X240100X156025 "^" 

That is, we receive more than seventeen times as much light 
from Jupiter as we do from Satum. . 

In the above operation, we have cancelled the ciphers in the 
distances and diameters of the planets. 

ATVECTED QUADBATIO EQUATIONS. 

219* An affected quadratic equation is one containing the 
first power of the unknown quantity in one term, and the sqiiare 
of that quantity in another term. 

Every equation of this kind, having any real or positive root, 
will fell, when properly reduced, under one of the four folloiriDg 
forms: 

1. 3^'\'az:=. by where ar=— -±a/( T+^j- 

2, a:*— az= b, where a;=+2±V \T^^ )' 

3. a:^-j-aa:=— 3, where a:=— ^zfcV ( ^— * !• 

4, a^—axsn^b, where a;=4-QzfcV ( j — ^)« 
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229. No exact root can be taken of a binomial ; but, if the 
first term of a binomial be a square of the unknown quantity, 
and the second term the quantity itself, with 1, or any other 
quantity, for its coefficient, the square of half the coefficient of 
the second term, added to the binomial, will make the whole 
q[iiantity an exact square. This may be illustrated by the fol- 
lowing examples. 

Let x^'\-^ be the binomial, then 2 is half the coefficient of 
the second term, and it« square is 2X^=4. This we add to 
the binomial, and the result is a:2+4a;+4, and this quantity is 
an exact square, and its root, by Art. 183, is X'\'2. 

If the binomial be a^- f-oo;, and we add to it the square of 

half the coefficient of x, t, the sum will be a^4-az+T, the 
4 4 

a 
exact root of which is a^+n* 

Again, if the binomial be a^—^abx, we have only to add the 
square of half the coefficient of ar, which is . , to the bino- 

mial, and the sum will be an exact square, a^—dabx-] — j— . 

. „ . , 9aW\i Sab 

For 



/ 9aW\i Sab 

(x^^Sahx+^^^x^^. 



221. K, therefore, there be any binomial whose first term is 
an even power of the unknown quantity, and the second tern 
half that power, and we add the square of half the coefficient of 
the second term to the binomial, the result will be an exact 
square. 

222i To solve an affected quadratic equation, we adopt the 
following 

KuLB. Bring aU the unknown terms to am side of the equa- 
tion, and the kmnvn terms to the other, observing so to arrange 
them that the term which contains the square of the U7i9tmmn 
quantity shall be positive, and stand first in the equation, and the 
term which contains the first power of the unknown qyantity the 
second term of the equation. 
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DMde each tide of the equation by the coefficient of the un- 
knaum square. 

Add the square of half the coefficient of the second term to each 
side of the equation^ and the unknown side wHl he a complete 
square. 

Extract the square root of each side of the equation, and from 
the result the value of the unknaum quantity may be obtained. 

Given a:'-|"^=^ *® ^^^ *^® values of a:. 

Here, by the qnestion, a:'4-8x=84. 

Completing the squares, a:'4-8a;4-16= 84+ 16=100. 

Extracting the square root, a;-f-4=:10. 

Whence, :t=10 — 4. 

And, a:=6. Ans. 

In solving this question, we first add the square of half of 8, 
that is, 16, to both sides of the equation ; we then extract the 
square root of a:'+8a:+16, and find the result to be a;+4, and 
the square root of 100=10. Therefore, a;+4=10, that is, 
a:=10— 4=6. Ans. 

223. It may also be demonstrated, by the following diagram, 
that if the square of half the coefficient of the second term be 
added to the first member of an equation, it will be a complete 
square. 

Let X represent one side of the 
square ABCD ; then a:^ will represent 
this square. To this square we must 
add 82;, and this quantity must be ap- 
plied equally to the two sides AB 
and BC, or the figure would not be 
a square. Therefore 42:, which is half 
of 82:, will be applied to either side. 



If this quantity, 42:, be divided by a:, the quotient, 4, will repre- 
sent either of the distances EA or BG. Having added the two 
equal parallelograms EABF and BGHC to the square ABCD, 
we find our figure needs the small square FBGL to complete the 
square. The contents of this must be equal to the product 01 
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¥B and BO, that is, 4 multiplied by 4, or the square of 4 ss 
16 ; but 4 is half the coeflSioient of the second term. We add 
this quantity to a^+^j and the sum is a^'\'^x-{'16, and its 
square root is x-|-4, by Art. 182. 

224t A quadratic may be solved by the following 

BuLG. Having transpose the wnknawn terfns to one side of 
the equation, and the known to the other^ multiply each side by 
4 times the coefficient of the square of the unknmen quantity. 

Add the square of the coefficient of the first power of the unr 
known quantity to both sides of the equation^ ami, the uvknmion 
side wiiJl then be a complete square, 

Esctract the root of both members, and the value of the unr 
known quantity is obtained as before, 

1. Given 3ar'+4a;— 7=88 to find the values of a:. 
Conditions, 3a;"+4a;— 7=88. 
Transposing, 3a:'+4a;=88-f7=95. 
Multiplying by 4 times 3, 86a;*+48a:=1140. 
Completing the square, 36a:»+48a:+16=1140+16=1156. 
Evolving, 6a;+4=±34. 

* Transposing, 6z=±34— 4=30, or —38. 

Dividing, a:=5, or —6^. 

2. Given 2r»— 10a;+7=— 5 to find the values of a:. 
Conditions, 2a:*— 10a;+7=— 5. 
Transposing, 2a:*— 10a:=— 5— 7=— 12. 
Multiplying by 4 times 2, 16a:*— 80a:=— 96. 
Completing the square, 16a:«— 80a:+ 100=— 96+100=4. 
Evolving, 4a:— 10=zt2. 
Transposing,* 4a:=it2-j-10=12, or 8. 
Dividing, a:=3, or 2. 

3. Given 8a:'+5x— 8=34-to find the values of a:. 

, Ans. a:=3, or — 4J. 
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4. Given 2^-\'Qx+4^22'-'Z to find the values of z. 

Ans. x=z2f or — 9. 

5. Given Sz* — 7a:+6=171 to find the values of ar. 

Ans. a:=5, or — -^. 

6. Given ^^l^^II^+lOz -20=175 to find tlie values of ar. 

X 

Ans. ar=:7, or — 5. 

7. Given 2^— 62+12=4 to find the values of 2. 

Ans. 2=4, or 2. 

8. Given 82''+ 322=360 to find the values of 2. 
Conditions, 82''+322=360. 
Dividing, 2^+42 =45. 
Completing the square, 2'*-j-42+4=45+4=49. 
Evolving, 2+2=±7. 
Transposing, 2=:±7— 2=5, or — 9. 

9. Given 2*— 82+50=98 to find the values of 2. 
Conditions, 2«— 82+50=98. 
Transposing, 2«— 82=98— 50=48. 
Completing the square, 2^— 82+16=48+16=:64. 
Evolving, 2— 4=±8. 
Transposing, 2=it8+4=12, or —4. 

10. Given 2^+02=5^ to find the values of 2. 
Conditions, 2'+a2=3. 

Completing the square, 2'+a2+-j=3+-2-. 
Evolving, "^+1===^ J (^+t)' 

Transposing, ^"^^^ J V"^ 4 ^^t' 

11. Given 32*— 32+6=5 J to find the values of 2. 
Conditions, 32'— 32+6=5^. 



QUADRATIC EQUATIONS. . 177 

Transposing, 3a:*— ai:=5i— 6=— f. 

Beducing, a;" — a;= — f. 

Completing the square, a:* — a:-j-^=s — f + J= +gV' 
Evolving, ^— i=zti. 

Transposing, a^==fci+i=S, or ^. 

12. Given -^ — |+20i=42f to find the values of a:. 
Conditions, ^— |-|-20i=42J. 

Transposing, ^-|=42? -20^=22^ 

2x 
Clearing of fractions, a^ — =■ =44^. 

o 

Completing the square, a:* — _-f.-=44^_|- — . 

1 20 
Evolving, a:-_=-t.-3-=±6§. 

Transposing, a;=±6|-|-^==7, or — 6J. 

13. Given aa^-^-bxzssc to find the value of a:. 
Conditions, as^-^-hzs^c. 

Dividing, a?-] =:-. 

bx 
Completing the square, a;*-f 



Evolving and transposing, z=dz j f — f-j-, )— «-• 

14. Given aa;*— te+c=(f to find the values of a:. 
Conditions, ax^ — bx-\'C=d, 

Transposing, ax^ — bx=id—c, 

^. .,. 2 bx d—c 
Dividing, x* = . 
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Completii^ the ■qaare,z«— — +^=-1:-+— . 
Evolvbg. .-.^=±J(^+^). 

Transposiiig, x=^J(^_-+j-,j. 

Reducing. ^=^±i J [4«(^-c)+^«]. 

225* If the equation contains two powers of the unknown 
quantity, and the exponent of the one is double that of the 
other, it may be resolved like a quadratic. Thus, 

15. Given x*+42*=117 to find the values of a:. 
Conditions, a:*+42*=117. 
Completing the square, :t*+^+^=H7-f ^=^121. 
Evolving, a;»+2=±ll. 
Transposing, a;*=±ll— 2=9, or —13. 
Evolving, z=3, or V— 13. 

16. Given a;*— Saj'sslG to find the values of a:. 
Conditions, a:'— 6a:^=16. 
Completing the square, a:'— 6z»+9=16+9=25. 
Evolving, ar*— 3=db5. 
Transposing, a^'^iS+SsS, or — 2. 



Evolving, a;=2, or >v^— 2. 

17. Given —^=22^ to find the values of ar. 
2k o 

a* a* 
Conditions, ^ — q =22|. 

2z* ,, 
Clearing of fractions, x g- =44^. 
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2a:*^ 1 ,., , 1 400 
Completing the square, x 3"+9=**i+9=*"9~' 

X \ 20 
Evolving, « — g=±-g-- 

X 20 . 1 21 ^ 19 

Transposing, x =±-g-+g=-g-=:/, or — ^. 

. 361 
Involving, a:=49, or +-9-- 

18. Given 3ar^— 2a:"=25 to find the value of a;. 

Conditions, 3a*— 2a:"=25. 

_ 2a:" 25 
Dividing, ^"^ — §"^^"8^' 

22:" 1 25 1 76 
Completing the square, a:^ — 3""^9'^'3"''9^ 9"' 

1 V7R 2vt:^ 

Evolving, ^~3^^~"3"^ — 3 — * 

^ 1 2a/59 1+2A/Tg 
Transposing, 3^ 3""^^ 3 '' 

Evolving, x=y ^ ^ y. 

19. Given V4a:+lt)=12 to find the value of a:. 
Conditions, V5i+IB=12. 
Squaring both sides of the equation, 4a:+16=144. 
Transposing, 4a:=144— 16=128. 
Dividing, a:==32. 

20. Given >y2a:+3+4=7 to find the value of a:. 
Conditions, >^2J+3+4=7. 
Transposing, ^5^2^+3=7— 4=3. 
Involving both sides, 2a:+3=27. 
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TraMpoBuig, 2a:=27-3=24. 

DiTiding, a:=12. 

21. Given V 12+x=2+ VFto find the value of a:. 
Conditions, //I2+i=2+A/^ 
Squaring botfi sides, 12+a;=4+4A/i+x. 
Transposing, &c., 8=4a/F. 
Dividing, 2=A/ir 
Involving, 4=0:. 

22. Given ^^+55=10— V5 to find the value of a?. 
Conditions, s/l^+^^zKi—j/x. 
Squaring both sides, a:+ 40=100— 20^/^+0:. 
Transposing and reducing, 20/^=60. 
Dividing, /\/^= ^* 
Involving, ^^ ^* 

23. Given A/5^=A/^-"iV« to find the value of a:. 
Conditions, V^J— «=Va:— iV^ 
Involving, a? — a^a; — v^w:+t« 

Transpoang, 

Involving, 

Dividing by a, 

24. Given 3a:* — |-=z=— 592 to find the values of a;. 
Conditions, 3a:* — ^=—592. 




Changing the signs, &c., -| — 3a:*=592. 

Multiplying by I, ^*~=^. 
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r. 1 *• *i. * 6a:* , 9 1184^ 9 6929 

Completing the square, x^ — _+_=_-4._=___. 

4 Q "TIT 

Extracting the root, a;^— -=±— . 

m^ ' . * . 77 , 3 _ 74 ' 

Transposing, a;^=±-^-+^=lD, or — g-. 

Evolving, a;= 8, or r — g- j * . 

21 
25. Given V2a:+l+2//i'=-7==: to find the values of ar. 

V2a:+1 

# 21 

Conditions, V2a:+l+2A/i= 



yv/S+l 



Clearing of fractions, 2a:+l+2//2?+J=:21. 

Transposition, 2V5?^=:20— 2a:. 

Division, V2?+5=10— a:. 

Squaring both sides, 2a:*+a:=100— 20a;+a;*. 

Transposing, a:»+21a;= 100. 

441 441 841 

Completing the squares, a:*+21a:H — -^^=^\^^-\ — j-=--r-. 

21 29 
Evolution, a:+-o-==tro"' 

29 21 
Transposition, a?=±-o — "o"=^' ^' —25. 

26. Given 2VJ=?+3/s/2x=-^i^ to find the values of x. 

Conditions, 2yv/5=a+3//2i=-7=^- 

Multiplying, 2a:— 2a+3V2?=2fli=7a+5a;. 

Transposing, 3/>/ 2ar*— 2aa;=9a-f- 3a: 

Dividing, yv^2ar*— 2aa:=3fl+a:. 

Involving, 2a:^— 2fla:=9a24"^^'^+^' 

Transposing, a:^— 8aa:=9a^ 
16 



1836 ALOSBRA. . 

Completiiig tbe Bqnaies. z*— 8a2;+16<^=25a'. 
SrolTing, a:— 4£i=:±5«- 

Tnnspoffiog, 2=±5a4-4a=9a, or — a. 

27. Giyen x+5=V«+5+6 to find the values of a;^ 

w4jtf. x=4, or — 1. 

28. Given //5FFI0= V5i+2 to find tiie value of x. 
Conditions, A/5ar+10r=v^57-f2. 
Squaring both sides, 5a;-|-10^5x-f-4yv^5x-j-4. 
Transposing, &c., 6=4>v/^. 
Dividing, 3r=2>v/$i. 
Involving, 9s=20ar. 
Dividing, &c., 3;=^. 

29. Given V^2g ^ A/z+4g ^ ^^ ^^ ^^^ ^^^ 
Conditions, A/S+2a^^g:^, 

Multiplying both sides of the equation by Vx^-^ and V^+^> 
we have 

Reducing, &c., (2a— 2i)XA/F=2a3. 

Dividing, a/S"= r. 

a — b 

Involving, ar= ( j . 

1 1 n I 4 () 

30. Given -+-=^ U + -o:3+-t to find the value of a;. 

Conditions, 5+J=J^.+>I5+l 

Squaring both sides, ^+^+^,=^ J^+J- 
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Transposing, &o.. _+_:=^_^+^. 

1 2 fi — S" 

Multiplying by ar, _+^=:^_+-. 

Squaring both sides. ^+_ +- -_+^. 



1=- 
ax a^' 

1_2 
a x' 

Transpofing, &c., x=2a. 



Eeducing, &c., 
Dividing, &c., 



31. Given a:=A/a*-f^V^+^— ^ *o ^^^ *^® value of a;. 

^— 4a» 
ilTW. a:= — ' — , 
4a 

32. Given ^1^^=:^ to find the value of a:. 

a/x X 

Am. x=r . 

1— a 

33. Given a:«+12a:— 16=92 to find the values of a:. 

Ans, x=6, or — 18. 

34. Given a:^— 3a:=10 to find the values of a:. 

Atvs, a;=:5, or — 2. 

35. Given a;^—a:+ 3=:45 to find the values of ar. 

Atvs. a:=7, or —6. 

36. Given 5a:^-f-a;=s4 to find the values of ar. 

Atvs. a;=-, or — 1. 

37. Given 2a:'— a;=21 to find the values of a:. 

Atvs. a:=-, or —3. 

38. Given 5a;»+6a:— 3=60 to find the values of ar. 

^ Q 21 

Atis, a:s=3, or — =-. 



89. Given (a;— 12)(x+2)=0 to find the values of a:. 

Am. a;=12, or —2. 
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40. Giyen at*— 14a;+15=0 to find the values of x. 

Arts. a;=3, or 1}. 

41. Given ox^— ^rssc to find the values of x. 



2a 

42. Given 4z»— 6ar^l08 to find the values of a;. 

Aru, xss: 6, or — 4j^. 

14— :c 

43. Given 4a; — =-s=:14 to find the values of x. 

x+1 

7 
Ans. a;=s4, or — — . 

44. Given -5 — s=— to find the values of a:. 

X 3r y 

A Q 21 

Arts. a:=3, or zpr. 

45. Given a:+V5a:-}-10=8 to find the values of x. 

Arts, x=18, or 3. 

46. Given x ■|-V10a:+6=9 to find the values of x. 

Ans, a;=:25, or 3. 

47. Given 3««+2a;— 9=76 to find the value of a;. 

Ans. xz=bj or — 5§. 

48. Given a:»— 10a:=--r25 to find the value of a:. 

Ans. x=5. 

49. Given 3««—a;— 140=0 to find the value of a:. 

Ans. x=Iy or ^ 

7x 

50. Given 5a:"-j-— =7a^— 51 to find the value of a:. 

Ans. ar=:6, or —5 J. 
due of a;. 
Ans. x=z4:y or \. 

52. Given ^+20a:=3a:^— 80 to find the value of a:. 

Ans. z=10, or — 2f . 

53. Ka:*+8a;=65, what are the two values of a: ? 

Ans. xsab, or — 13. 



4^—4 
51. Given 23:" jr — =7* to find the value of a:. 
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54. K 6a^-~x=92, what are the two valaes ofz? 

Ans. a:=4, or — 3-. 
o 

65. K 3ar'+4a;=340, what are the two values ofx? 

Am. a:=10, or — 11^. 

56. If a:^— 10x=— 21, what are the two values ofz? 

Am. a;=7, or 3. 

X 

57. If 5a;'— 5=78, what are the two values ofx? 

Am. a:=4, or — 3^^^. 

58. K lla:«— 100a;=— 201, what are the two values of a;? 

Atis. a:=3, or Q^. 

59. If 3a:«— 17a:=2a:»+84, what are the two values of a:? 

Am. a;=21, or —4. 

60. Given a;+16— 7V5+IB===10— 4A/i=p[B to find the 
values of x. ' Am. a;=9, or —12. 

61. Given 9a:+VIB?+S5i?=15a:»-4 to find the values 

of a:. Am. a:=o, or — ^. 

o o 



12+8a:' 

62. Given a:= — i— =— to find the values of a;, 
a;— 5 



i 

to find the values 

Am. a:=9, or 4. 

63. Given («"— ^) +(^—3) =— ^ ^^^ *^® ^*^^® ^^^• 

Am. x=±a I — H — . 

2 ^ 

64. Given a:— 1=2-1 — 7 *o ^^ ^^ values of a:. 

A71S, a: =4, or 1. 

65. Given /J/a;* — c^^szx—h to find the values of x. 



Am. x\ 



=H^ 



123 



^^/Er-l-2. 4— V^ 
66. Given zz=s — t=— • to find the values of a;. 

4-]~^^ar ^/a? 

64 
Am. a;sa4, or-^. 

16* (See Key, p. 119.) 
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67. Given V^'— 2/^^— a:»sOVa? to find the yalues of a:. 

Ans, a:s=4, or 1. 

68. Giyen V?4"V^=^Vi to find the values of a:. 

Ans. a;s=2, or — 3. 

69. Given ?=22J+^ to find the values of or. 

A Aa 861 

An$. xs=49, or -rr-. 

70. Given = A==0 to find the values of a:. 

Ans. a:=49, or 25. 

71. (Hven a:*+x*=756 to find the values of a:. 

Ans. a:=243, or —28^. 

72. Given a:»— a:*=:56 to find the values of a:. 

AnS'. a:=4, or ^49 

^ , 15 

78. Given /Jb+z+/^=z ^y-r^ to find the value of a;. 

Ans. a:=4. 

74. Given ^x+li^+4/x+VZz=zQ to find the values of a:. 

Ans. 4, or 69. 

n 

75. Given a:"— 2a:?=3 to find the values of a;. 

a^ 

Ans. rc={a±V «'+*)"• 

76. Given 3a:* — ^=:— 592 to find the values of x. 

^ 3 

Ans. a:=8, or f — ^ j . 

Fboblbms. 
1. A merchant bought a number of pieces of two kinds of 
silk, for £92 3; . There were as many pieces bought of each 
kind, and as many shillings paid per yard for them, as a piece 
of that kind contained yards. Now, two pieces, one of each 
kind, together measured 19 yards. How many yards were there 
in each ? 
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Let z =i the number of yards in one piece ; it will also 
equal the number of pieces, and also the nnmber of shillingii 
per yard ; and 19— a; =s the number of yards in the other 
piece. 

Therefore, a;8-J-(19— a:)«= the value of both kinds. 
And a:»+(19-a:)»=1843. 

Or 57a:«— 1083ar+6859=rl843. 

By transposition, STa:*— 1083a;=— 5016. 
Or 2:8—190?=— 88. 

Completing the square, a:*— 19a:-j — j- = -7 — 88s=-r. 
Evolution, X— -^ =±^. 

19— a:=8 or 11. 
Both values answer the conditions of the question ; therefore 
there were 11 yards in one, and 8 in the other. 

2. The plate of a looking-glass is 18 inches by 12, and is to 
be framed with a frame all parts of which are of equal width, 
and whose area is to be equal to that of the glass. Required 
the width of the frame. Ans, 3 inches. 

3. A grazier bought as many sheep as cost him £60, out of 
which he reserved 15, and sold the remainder for £54, gaining 
two shillings a head on them. How many sheep did he buy, 
and what was the price of each ? 

Am. 75 sheep, at 16 shillings each. 

4. A merchant sold a quantity of flour for $39, and gained 
as much per cent, as the flour cost him. What was the price of 
the flour? Ans. $30. 

5. There are two numbers, whose difference is 9, and whose 
sum multiplied by the greater is 266. What are those num- 
bers ? Am. 14 and 5. 

, 6. A an4 B gained, by trade $18; A's money was in the 
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finn 12 months, and he received, for his principal and gain, $26. 
B'b money, which was $30, was in the firm 16 months. What 
money did A put into the firm ? Am, $20. 

7. A merchant bought a quantity of flour for $72, and he 
found that if he had bought 6 barrels more for the same money, 
he would have paid $1 less for each barrel How many barrels 
did he buy, and what was the price of each ? 

Am, He bought 18 barrels, at $4 per barrel 

8. A square court-yard has a gravel-walk around it. The 
side of the court wants 2 yards of being 6 times the breadihof 
the gravel-walk, and the number of square yards in the walk 
exceeds the number of yards in the perimeter of the court by 
164 yards. Required the area of the court. 

Am. 256 square yards. 

9. Given ---L--s=x to find the values of ar. 

(l+a:)» ^ 

Am. a;=2, or J. 

10. Given 2;*—2z'-f 3;s=:182 to find the values of x. 

l±>s/=33 
Ans. — 



11. Given 9a?+VTB?+5B?'=15a^— 4 to find the values 
of a:. Am, a:=t, or — f 

12. It is required to find two numbers, the first of which may 
be to the second as the second is to 16, and the smu of the 
squares of the numbers may be equal to 225. 

Ans. 9 and 12 

QUADBATIOS WITH TWO OB HOBE UNKNOWN TEBH8. 

1. Given a:+ys=10 ) 

And aws=16 J ^ ^^^ *^® values of a; and y, 

(1.) First equation, 2;4^y=:10. 

(2.) Second equation, 0:^=1^. 

(3.) Squaring the 1st, a:«-4-2a:y+y8=100. 

iA,) Multiplying (2) by 4, ^y =:64. 



QUADRATIC KQUATI0N8. 189 

(5.) Subtracting 4th from 3d, a:^— 23:y+y»=:36. 

(6.) Evolving 5th, a— ^=±6. 

(7.) The 1st, a:+y=10. 

(8.) Adding 6th and 7th, 2a:=16, or 4. 

(9.) Subtracting 6th from 7th, 2y=4, or 16. 

(10.) Dividing the 8th by 2, a;=8, or 2. 

(11.) Dividing the 9th by 2, y=2, or 8. 
Hence, a:=s8 or 2, and y=s2 or 8. 

This method may be adopted whenever the sum and product 
of two imknown quantities are given. 

2. Giveno;— «=3 ) , , , 

And a;v=10 ) ^ values of x and y. 

(1.) First condition, a:— y=3. 

(2.) Second condition, a:y=10. 

(3.) Squaring 1st, a^'-2xy+f=z=^9. 

(4.) Multiplying 2d by 4, 4a:y=40. 

(5.) Adding 3d and 4th, a^+2xy+f=:^. 

(6.) Evolving the 5th, a?+y=±T. 

(7.) The 1st, a:— y=3. 

(8.) Adding 6th and 7th, 2a;=10, or —4. 

(9.) Dividing 8th by 2, a:=5, or —2. 

(10.) Subtracting 7th from 6th, 2y=4, or —10. 

(11.) Dividing 10th by 2, y=2, or —5. 

Hence, a:=:5 or —2, and y=2 or —5. 

We may proceed in the same manner whenever the difference 
and product of two unknown quantities are given. 

3. Given a; +y = 20 ) ^ , , 

And a:Hy2^208 S ^ ^^ *^® ^^^^ ^^^ ^""^ 2^' 

(1.) First equation, a:+y=20. 

(2.) Second equation, a;»4-j^=:208. 

(3.) 2d multipUed by 2, 2«8+2y»=416. 
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(4.) Square of the Ist, a^+2xy+f=iO0. 

(5.) Subtracting 4tfi from 8d, a:*— 22y+^=16. 

(6.) Evolving 6th, x — y=zfc4. 

(7.) First equation, a:-}-y=20. 

(8.) Sum of 6tfi and 7th, 2a:=24, or 16. 

(9.) Half of the 8th, x=zl2, or 8. 

(10.) Subtracting 6th from 7th, 2^=16, or 24. 

(11.) Half of 10th, yz= 8, or 12. 

Hence, a:s=12, or 8 ; y=8, or 12. 

4. Given x —y = 8 ) ^ , , 

And ar'-4-t/*=sll7 J *^ values of a: and y. 

(1.) First equation, a:— y=3. 

(2.) Second equation, a:'+y*=117. 

(3.) The 2d multiplied by 2, 23?+2f=2B4:. 

(4.) Square of the 1st, a:«— 2a:y+y2=9. 

(5.) Subtracting 4th from 3d, a^+2xy+f=225. 

(6.) Evolving the 5th, a:+y=±15. 

(7.) The 1st, x—y=zS. 

(8.) Sum of the 6th and 7th, 2a:=18, or —12. 

(9.) Dividing 8th by 2, a;=9, or —6. 

(10.) Subtracting 7th from 6th, 2y=12, or —18. 

(11.) Dividing 10th by 2, y=6, or —9. 

Hence, a:=9, or —6 ; y=6, or —9. 



Given V«"+y'=10 ' » ^ „ , » ^ 
And a»-j^=28 tofind the valuesofa: andy. 


(1.) First equation, 


A^x'+y'=10. 


(2.) Second equation, 


3^-y'=28. 


(8.) Square of the 1st, 


x'+y'=100. 


(4.) Sum of 2d and 8d, 


2z»=128. 


(5.) Half the 4th, 


a:*=64. 


(6.) Square root of 5th, 


x=8. 
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(7.) Subtract 2d firom 3d, 2^=72. 

(8.) Half the 7th, y«=36. 

(9.) Square root of 8th, y=6. 

Hence, a;=8, and y=6. 

^ 6. Given x +y = 5 ) ^ , 

And Q^A-'t?=!^h \ ^ *^® values of x and y. 

(1.) First equation, a:+y=5. 

(2.) Second equation, a:'*+y^=35. 

(3.) Square of the 1st, a^+2xy+f=z25, 

(4.) The 2d divided by the 1st a^—xy+f^l. 

(5.) Subtracting 4th from 8d, ary=18. 

(6.) Dividing 5th by 3, xyz=Q. 

(7.) The 4th, x^—xy+f=:7, 

(8.) The 6th, xy=Q. 

(9.) Subtracting 6th firom 7th, a^—^xy+f^l. 

(10.) Evolving the 9th, a;— y=l. 

(11.) The 1st, a:+y=:5. 

(12.) Smn of 10th and 11th, 2ar=6. 

(13.) Half of 12th, x^B. 

(14.) Subtracting 10th firom 11th, 2y=4. 

(15.) Half of 14th, y=2. 
Hence, a; =3, and y=2. 

7. Given a^+f:=20 ) ^ ^ ^ , 

And a;2— ^— 12 ) *® values of a: and y. 

Ans. a:=4; y=2. 

8. Given x+v=6)^,,^ 

And a:3^^^26 J ^^®® ^^ "^ ^^ ^' 

Ans, a:=5, and y=l. 

9. Given a;2+2^=74 K ^ ^ .t. i 

. , ^ rt f to find the values of x and y. 

And a:— y == 2 ) ^ 

ilTW. a;==7, and y=:5. 

10. Given a:2U_v»-,i49 ) ^ , , 

1^ , ' 1 7 \ *^ "^^ ^^ values of a: and y, 

Ans. a:=10, and y=7. 
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. , ^^ -„ ? to find the valaes of x and y. 
And a:+y=17 > 

J.9W. a;=ll, and y=6. 

12. Given x —y =2 ) ^ « , ^, , « , 

» -I « « /.« f to find the values of a: and y. 
And 2:8—^=98 ) ^ 

iln<. 2=:5, and y=3. 

13. Given 10a:+y=aiw K - , ,, , « , 
« c to find the values of a: and y. 

y— a:=2 ) ^ 



And y— ars 



1 5 

ilnj. ar=2 or — 5, and y=4 or + q. 



BXAMPTiBH OV ONB OB MOBB UNKNOWN TEBMB. 

1. A says to B, The sum of our money is 18 dollars; B re- 
plies, But if twice the number of your dollars were multiplied 
by mine, the product would be $154. How many dollars had 
each ? Ans. A had $7, and B had $11. 

2. The difference of two numbers is 5, and the sum of their 
squares is 193. What are those numbers ? Ans. 12 and 7. 

8. A and B have each a small field, each of which is an 
exact square, and it requires 200 rods of fence to enclose both. 
The contents of these fields are 1800 square rods. What is the 
value of each, at $2.25 per square rod ? 

Ans. A's field. $900; B's, $2025. 

4. A lady wishes to purchase a carpet for each of her square 
parlors, one of which is 8 feet longer than the other, and it will 
require 85 square yards for both rooms. Mr. Ames has good 
carpeting, which is 40 inches wide, which he will sell at $1.75 
per yard. What will it cost the lady to carpet each of her 
rooms ? Ans. For the larger room, $77.17^ ; smaller, $56.70. 

. > 5. There are two piles of wood, each of which is a perfect 
cube ; the sum of their lengths is 20 feet, and their contents 
are 2240 cubic feet. What is the value of each pile, at $6.25 
per cord? 

Ans. Value of the larger pile, $84.37^; the smaller, $25. 

6. There are two square buildings, that are paved, with stones 
a foot square each. The perimeter of the larger buUding ex- 
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ceeds that of the smaller by 48 feet, and both their pavements 
together contain 2120 stones. What are the lengths respect- 
ively ? Am. 26 and 38 feet. 

7.' A sets out &om Boston for Portland, the distance being 
105 miles. B sets out at the same time from Portland for 
Boston. A arrives in Portland in 9 hours, B arrives in Boston 
in 16 hours, after they meet. In what time does each perform 
the journey ? Arts. A in 21 hours ; B in 28 hours. 

8. Divide 60 into two such parts that their product shall be 
to the difference of their squares as 2 to 3. Ans. 40 and 20. 

9. There are two numbers whose product is 77, and the 
difference of whose squares is to the square of their difference 
as 9 to 2. Eequired the numbers. Arts. 11 and 7. 

10. I have two house-lots, the contents of which are 225 
square rods, and the area of the less is to the area of the larger 
as 9 to 16. Eequired the contents of each lot. 

Ans. 81 square rods in the less, and 144 in the larger. 

11. The product of two numbers is 48, and the difference of 
their cubes is to the cube of their difference as 37 to 1. Ee- 
quired the numbers. Ans. 8 and 6. 

12. There are two numbers whose product is 196, and if the 
greater be divided by the less the quotient is 4. What are 
those numbers ? Ans. 28 and 7. 

13. A, B and C, can perform a piece of work in a certain 
tune ; A can perform it in 6 hours, B in 15 hours, and C in 10 
hours. How long would it take them all to perform it ? 

Ans. 3 hours. 

14. A grazier bought a certain number of oxen for $240, and 
having lost 3, he sold the remainder at $8 a head more than 
they cost him, thus gaining $59 by his bargain. What number 
did he. buy ? Ans. 16. 

15. The paving of two court-yards cost £205 ; a square yard 
of each cost ^ as many shillings as there were yards in a side 

17 
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of the other ; and a side of the greater and less together measore 
41 yards. Beqoired the length of a side of each. 

Ans, 25 and 16 yards. 

16. Divide 145 into two such parts, that the sum of their 
square roots shall be 17. ^ ^ ^ Ans. 81 and 64. 

17. Sold an ox for $56, and gained as niuch per cent, as the 
ox cost. What was paid for him ? Ans, $40. 

18. Divide the number 14 into two parts, so that the snm of 
their cubes shall be 728. Ans. 8 and 6. 

19. My farm ia a rectangle, and the length is twice its breadth ; 
but, having enlarged it two rods on all sides, I find its contents 
increased 496 square rods. Of how many acres does my &rm 
at present consist ? Ans. 23 acres, 16 rods. 

20. There are two numbers whose product added to the sum 
of their squares is 109, but the difference of whose squares is 24. 
Eequired those numbers. Ans. 5 and 7. 

21. What number is that to which if 40 be added, and the 
square root extracted, this root shall be less than the original 
quantity by 16 ? Ans. 24. 

22. Two gentlemen, A and B, speaking of their ages, A said 
that the product of their ages was 750. B replied, that if his 
age were increased 7 years, and A's were lessened 2 years, their 
product would be 851. Required their ages. 

Ans. A's 25 and B's 30 years. 

23. John Smith's garden is a rectangle, and contains 15,000 
square yards ; and he, bemg a man of taste, has surrounded it 
with a walk 7 yards wide, the contents of which are 3696 square 
yards. Required the length and breadth of the garden. 

Am. Length 150, breadth 100 yards. 

24. A gentleman purchased a farm for $5600, but if his farm 
had contained 10 acres more it would have cost him $10 less 
per acre. Of how many acres did his farm consist? 

Ans* 70 acres. 

25. A man purchased a farm in the form of a rectangle, 
whose length was four times it« breadth. It c6st ^ as many 



QUADBATIG EQUATIONS. 195 

dollais per acre as the field was rods in length, and the number 
of dollars paid for the farm was fonr times the number of rods 
round it. Bequired the price of the farm, and its length and 
breadth. 

Ans. Price $1600. Length 160 rods, breadth 40 rods. 

26. Two men, A and B, set out from the same place at the 
same time to travel to Boston, it being 39 mOes distant. A 
travelled ^ of a mile an hour faster than B, and arrived at 
Boston an hour sooner. Bequired the rates of travelling. 

Ans. A 3^ and B 3 miles per hour. 

27. What two numbers are those whose difference multiplied 
by the less produces 42, and by their sum 133 ? 

Ans. 13 and 6. 

28. A certain company agreed to build a vessel for $6300 ; 
but, two of their number having died, those that survived had 
each to advance $200 more than they otherwise would have 
done. Of how many persons did the company at first consist? 

Ans. 9 persons.. 

29. I have a rectangular field of com, which consists of 6250 
hills, but the number of hills in the length exceeds the number 
in the breadth by 75. Of how many lulls does the length and 
breadth consist ? Ans. 125 hills the length, 50 the breadth. 

30. A man bought 10 ducks and 12 turkeys for $22.50. He 
bought 4 more ducks for $6 than turkeys for $5. What was 
the price of each ? 

Ans. The price of a duck was 75 cents, and of a turkey 
$1.25. 

31. What number is that to which if 24 be added, and the 
square root of the sum extracted, this root shall be less than the 
original quantity by 18 ? Ans. 25. 

32. A has two gardens, each of which is an exact square. 
They contain 208 square rods. It requires 80 rods of fence to 
enclose both ^rdens. Bequired the contents of each. 

Ans. 144 square rods ; 64 square rods. 

33. A has two square gardens, and it requires 80 rods of 
fence to enclose them. The larger contains 80 square rods 
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more than the other. How suioj square rods do both gurdens 
contain ? Ans, 208 square rod& 

34. A has two square gardens, and the side of the one exceeds 
that of the other by 4 rods, and the contents of both are 208 
square rods. How many square rods does the larger garden 
contain more than the smaller ? Ans. 80 square rods. 

35. I have two blocks of marble which are exact cubes, and 
whose united lengths are 20 inches, and they contain 2240 cubic 
inches. Required the sur&ce of each. 

Ans. Larger, 864 inches ; smaller, 884 inches. 

86. A merchant sold a bale of doth for $75, and gained as 
much per cent, as the clot)i cost him. What was the price of 
the doth ?(/ , Y-- -7^; /o"''^^ ^^' *5^- 

87. There are two numbers whose difiference is 12, and whose 
sum multiplied by the greater is 560. What are those numbers? 

Ans. 20 and 8. 

88. The plate of a looking-glass is 86 inches by 12. inches. 
It is to be framed with a frame all parts of which are of equal 
width, whose area is 448 square inches. What is the width of 
the frame ?^y ^ '^ / y ^ Y" " ^ / . ^ '^Ans. 4 inches. 

39. Divide 100 into two such parts that the sum of their 
square roots shall be 14. Ans. 64 and 36. 

40. A square court-yard has a rectangular gravel-walk around 
it. The side of the court wants one yard of being six times the 
breadth of the gravel-walk, and the number of square yards in 
the walk exceeds the number of yards in the perimeter of the 
court by 340. What is the area of the court and width of the 
walk? ^ •• ' " ' ' ' J' ^> • .,y^ //v'-->^' ' 

Ans. Area of the court, 529 square yards; width of the 
walk, 4 yards. / 

41. A merchant bought 54 bushels of wheat, and a certain 
quantity of barley. For the former he gave half as many 
shillings per bushel as there were bushels of barley, and for the 
latter 4 shillings per bushel less. He sold the mixture at 10 



-i' 
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shillings per bushel, send lost £28165. by his bargain. What 
was the price of the barley ? 

Atvs. 36 bushels of barley, at 14 shillings per bnshel. 

42. I have 165^ square feet of plank, 8 inches in thickness, 
with which I intend to make a cubical box. Required its con- 
tents in cubic feet. Ans, 125 cubic feet. 

43. I have a small globule of glass, (me indi in diameter. 
How large a sphere may be made of it, if the glass is to be only 
^ of an inch in thickness, taking it for graafUed that all spheres 
are to each other as the cubes of their diameters ? 

Ans. Inside diameter, 1.775-f- inches; whole diameter, 
1.875-|- inches. 

44. John Smith has two cubical boxes, whose united lengths 
in the clear are 20 inches, and their solid conttfdts are 2240 
cubic inches. What is the difference of their contents ? 

Ans. 1216 cubic inches. 

45. I have two house-lots, which contain 6100 square feet, 
and the larger contains 1100 square feet more than the less. 
Required their dimensions. Ans, 50 and 60 feet square. 

46. Two men, A and B, bought a farm of 200 acres, for 
which they paid $200 each. On dividing the land, A says to 

B, If you will let me have my part in the situation which I shall 
choose, you shall have so much more land than I that mine shall 
cost 75 cents per acre more than yours. B accepted the pro- 
posal. How much land did each have, and what was the price 
of each per acre ? 

Atis. a had 81.866 acres, at $2.443+ ; B had 118.133+ 
acres, at $1,693+. 

47. A and B/engaged to reap a field for 90 shillings. A 
could reap it in 9 days, and they promised to complete it in 5 
days. They found, however, that they were obliged to call in 

C, an inferior workman, to assist them the last two days, in con- 
sequence of which B received 3^. ^d, less than he otherwise would 
have done. In what time could B and C each reap the field ? 

Ans. B could reap the field in 15 days, and C in 18 days. 
17* 
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SECTION XVIII. 

CUBIC AND HIGHEB EQUATIONS. 

Abt. 226« A Cobio Equation is one in which the highest 
power of the unknown quantity is the third power. 
As, a^^aa^-^-bxsssc, 

227t A Biquadratic is an equation in which the hi^est 
power of the udmown quantity is the fourth power. 

As, «*— aa:"+ia;'--ca:=rf. 

228« An equation of the fifth degree *is one in which the 
hi^est power of the unknown quantity is the fifth power. 
As, 2^—aai^-^ba^ — ca^'\-dz=e. 

And so on, for all other higher powers. 

There are many particular and very prolix rules given fi)r the 
solution of the above-mentioned equations ; but they all may be 
readily solved by the following easy 

RxTLB. 1. Findj by trials ttvo quantities as near the true root 
as convenient, and substitute them separately, in the given equjo- 
tion, instead of the unknovm quantity, and find hmo muxh the 
terms collected together, according to their signs -^ or — , differ 
from the known members of the equation, noting whether these 
errors are in excess or deficiency, 

2. Multiply the difference of the tux) quantities found, or taken 
by trial, by either of the errors, and divide the product by the 
difference of the errors when they are dike, but by their sum 
when they are unlike. Or, we may say, as the difference or sum 
of the errors is to the difference of the ttvo assumed quantities, 
so is either error to the correction of its supposed quantity. 

3. Add the quotient last found to the quantity belonging to 
that error when its supposed quantity is too little, but subtract 
it when too great, and the result unU give the true root nearly. 

4. Take this root, and the nearer of the two former, or any 
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other that rnay he found nearer y ani^ by proceeding in like 
manner as above^ a root vnll be obtained nearer than before. 
Proceeding in the same manner , toe may obtain the answer to 
any degree ofeacactness required, 

NoTB 1. — It is best always to employ two assumed quantities, that 
shall differ from each other only by unity in the last figure on the right, 
because then the difference, or multiplier, is only 1. It is also best to use 
always the less error in the above operation. 

Note 2. — It will be convenient, also, to begin with a single figure at 
first, trying several single figures, till there be found the two nearest the 
truth, the one too little, and the other too great ; and, in working with 
them, find only one more figure. Then substitute this corrected result in 
the equation for the unknown letter ; and, if the result prove too little, 
substitute also the number next greater for the second supposition ; but, 
if the former prove too great, then take the next less number for the second 
supposition ; and, working with the second pair of errors, continue the quo- 
tient only so fiur as to have the corrected number to four places of figures. 
Then repeat the same process again with this last corrected number, and 
the next greater or less, as the case may require, carrying the third cor- 
rected number to eight figures, because each new operation commonly 
doubles the number of true figures. Proceed in this manner to any extent 
that may be wanted. 

EXAMPLES. 

1. Find the root of the cubic equation a^+a^-\'X=zlQO. 
We Bee that x lies between 4 and 5. We assume, therefore, 
4 and 5 as the two yalues of 2;. 







BWOBD aupposmon. 


4 = 


X 


= 5 


16 = 


x* 


=: 25 


64 :s 


3^ 


= 125 


84 




155 


100 


bat should be 


100 



—16 errors -^-bb 

Sum of the errors, 55-4-16=71. 
Then, 71 : 1 : : 16 : .2. 
Hence, a;=4+.2=4.2 nearly. 
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A^ain, letzs 


.iJ2 and 4.8. 
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4.2 






X 


4.8 


17.64 






«• 


18.49 


74.088 






a? 
Sams 


79.507 


95.928 


102.297 


100 








100 



-4.072 
Sum of the errors, 4.072+2.297=6.! 
Afl 6.369 : .1 : : 2.297 : 0.036. 
Hence a;=4.3— .036=4.264 nearly. 
Again, let z=4.264 and 4.265. 



+2.297 









4.264 


X 


4.265 


18.181696 


x' 


18.190225 


77.526752 


a? 


77.581310 


99.972448 


100.036535 


100 




100 



0.027552 0.036535 

Smn of the errors, .027552+.036535=.064087. 
As .064087 : .001 : : .027552 : 0.0004299. 
Hence, 2:=4.264+.0004299=4.2644299 nearly. 
2. Find the root of the equation a:*— 15a^+63a;=50. 
Here it is evident that the root is more than 1. We then 
assume the two values of x to be 1.0 and 1.1. 
Then 63.0 = 63a; = 69.3 

-15 = -152:» -18.15 

1 = z» 1.331 



49 
50 



sums 



— 1 errors 

Sum of the errors, 1+2.481=3.481. 



52.481 
50 

+2.481 



CUBIC XQUATIONS. 



201 



As 3.481 : .1 : : 1 : .03 
Add 1.00 

Hence x = 1.03 nearly. 

Again, let a:=1.03 and 1.02. 
Then 



* 84.89 


63a; 


64.26 


— is.oi'Ss 


-15a« 


-15.6060 


1.092727 


i» 


1.061208 



50.069227 
60 

+.069227 
.284792 



sums 



errors 



49.715208 
50 

-.284792 



.354019 : .01 : : .069227 : .0019555. 
Hence a:=1.03— .0019555=1.02804 nearly. 

3. Find the value of a; in the equation a:'-fl0a:'+5ar==260. 

Am. a:=4.1179857. 

4. Find the value of x in the equation ar^— 22:=s50. 

Am. a;=3.8648854. 

5. Find the value of a; in the equation or*— 3a:^'-75a;=10000. 

Am. a:==10.2609. 

6. Find the value of a; in the equation a:*-f-2a:*4-3a;'+4a:'+ 
5a;=54321. Am. a:=8.414455. 

7. I have a cubical block of marble, and if the superficial 
contents were added to its solid contents, the sum would be 432 
feet. What is the length of the block ? Am. 6 feet. 

8. Five times the cube of a certain number exceeds ten times 
its square by 45. Eequired the number. Am. 3. 

9. The fourth power of a certain number exceeds ten times 
its square by 375. Required the number. Am. 5. 
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SECTION XIX. 

RATIOS. 

Abt. 229« Batio is the relation which one quantity bean 
to another of a simikr kind, with respect to its magnitude. 

230. The magnitude or value of a ratio is estimated by 
stating how often one quantity or number contains or is con- 
tained in another. Thus, in comparing 16 with 2, we observe 
that it has a certain relative magnitude with respect to 2, which 
it contains 8 times ; and, if we compare 16 with 4, we observe 
that it has a different relative magnitude, for it contains 4 only 
4 times. Hence, 16 is less relatively, when compared with 4, 
than it is when compared with 2. 

231. The general method of expressing the ratio which one 
quantity or number bears to another is by placing two points 
between them. Thus, 

The ratio of 12 to 4 is expressed by 12 : 4. 
" 19 to 9 «» " by 19 : 9. 

« a to i " " by a : h. 

232* The first term of a ratio is called the Antecedent^ and 
the last term the Consequent, The antecedents in the preceding 
ratios are, therefore, 12, 19, and a, and the consequents 4, 9, 
and h, 

233i Batios may, therefore, be represented in the form of 
fractions, by making the antecedents the numerators, and the 
consequents the denominators ; thus, 

12 19 ^ a 
-j,-5-,aDdj, 

express the ratios of 12 to 4, of 19 to 9, and of a to 5. 

234* A ratio is said to be of equality when the antecedent 
is equal to the consequent. 

Thus the ratio of 12 : 12, or of a : a, is a ratio of equality. 
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23$« A ratio is of greater inequality when the antecedent is 
greater than the consequent. Thus, 

The ratio of a+b : a, or of 12 : 6, is a ratio of greater 
inequality. 

236« A ratio of less inequality is when the antecedent is less 
than the consequent. Thus, 

The ratio of a : a-{-d, or of 6 : 12, is a ratio of less ine- 
quality. 

Note. — It is oTident that the ratio of equality may always be repre- 
sented by imity. 

GOMPASISON BY RATIOS. 

237* K the terms of a ratio are both multiplied or both 
divided by the same quantity, the value of the ratio is not 
altered. 

The ratio of a : ^ is expressed by the fraction -^^ Let both 



terms of this fraction be multiplied by n, and it becomes — . 

fib 
4 
The ratio of 4 : 8 is expressed by the j&action ~ ; and, if the 

terms of this fraction be multiplied by 3, it becomes -q-=q« 

Now, since the value of a fraction is not altered by multiplying 

both the numerator and denominator by the same quantity, 

a 7ia 

Y=-T> or ^6 ratio a : 3 is the same as the ratio na : nb, and 

o no 

the ratio of 12 : 9 is the same as 4 : 3. Thus the ratio of 

16 : 12, both terms being divided by 4, is the same as 4 : 3. 

The ratio of 5 : 7, both terms being multiplied by 3, is' the 

same as the ratio of 15 : 21. And the ratio of c^ : a3, by 

dividing by a, is the same as the ratio of a : b, 

238. Ratios are compared together by reducing the fractions 

which represent them to a common denominator. 

Thus the ratios of 7 : 9 and 10 : 13 are represented by the 

7 10 91 90 

fractions ^ and — , which are equivalent to tpp= and r^ ; and 



204 ALaiBBi 

91 90 

since Yyf is greater than =^7* we infer that the ratio of 7 : 9 

18 greater than 10 : 13. 

239* When the antecedents or consequents are the same in 
two or more ratios, we immediately compare those ratios to- 

17 

gether by expressing them in a fractional form. Thus, since -^ 

17 
is greater than -^, the ratio of 17 : 5 is greater than 17 : 9 ; 

and, since — r-. is less than -r^, the ratio of a : oA-b is less than 
a : b. 

240* A ratio of greater inequality is diminished, and a ratio 
of less inequality is increased, by adding the same quantity to 
both terms. 

Let - represent any ratio, and add n to each of the tenn& 
o 

then these two ratios will be - and 74--» which are equivalent 

b b-\-n ^ 

to -,, , ^ and -^, , > . Now, if a be greater than 3, -=- is a 
b{b+n) b(b'{-n) ^ b 

ratio of greater inequality, and ytti — \ ^ greater than _ _ , , , 

therefore ~ is diminished by adding n to each of the terms. 

But, if a be less than 3, then t is a ratio of less inequality, and 

— ~^^—T is less than -^- . , ; therefore, r is increased by the 
n) b(b'\-n) b '' 



b(b+', 

addition of n to both terms. 



COMPOUND KATIOS. 



241 • Ratios are compounded by multiplying their antecedents 
together to form a new antecedent, and their consequents to 
form a new consequent. The resulting ratio is called the sum 
of the compounding ratios. 
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Thus, the ratio of a i bla eompoanded with the ratio o£e : d 
hj multipljing the antecedents a and c together for a new ante- 
cedent, and the consequents b and d together for a new conse- 
quent, and the resulting ratio ac : bd is the sum of the com- 
pounding ratios a : b and c : d. 

If the ratios 4 : 7, 6 : 11, and 7 : 9 are compounded to- 
gether, the resulting ratio is 4X6X7 : 7X11X9, or 168 : 693, 
which, reduced to its lowest terms by dividing both terms by 
21, becomes the ratio 8 : 33. 

242. When any ratio, a : 3, is compounded with itself twice, 
thrice, or any number of times, denoted by n, then the resulting 
ratios are a' : 3^ a? : ^, (t* : b\ &c., and are called the dupli- 
cate, triplicate, quadruplicate, &c., ratios of the primitive. 

Ab the indices or exponents, 2, 3, and n, express the number 
of times the ratio of a : b Is compounded of itself, they are 
called the meamres of these ratios. 

Since the index may be any quantity, either integral or frac- 
tional, let the fraction be ^r, 77, -j, — , &c. ; then, 
2 3 4 991 

The ratio of a* : b^ is the square root of the ratio of a.: b. 

" « a^ : b^ is the cube root of " " of « : b. 

" « a^ : b^iB the fourth root of " " of a : b. 

11 1 

" " a5? : i» is the ^ root of " " ofa:b. 

243. The ratios of a^ : b^, a^ : b^y a^ : i*, &c., are also 
called the subduplicate, subtriplicate, subquadruplicate, &c., 
ratios of a to 5. 

PROPORTION. 

244« Proportion consists in the equality of ratios. 

a c 
Thus, if the ratio of a : bis equal to that of c : tf, or t=^» 

then a, by c, dy are said to be proportumd. The numbers 3, 12, 

3 14 1 
4, 16, are proportionals, for To=4» ^^^ 16^^4* 

18 
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This equality of ratios is expressed by writing the four quan- 
tities thus, a : b : : c : d, and is read, is to 3 as c to ^. 

245* In algebraic investigations the quantities are generally 
expressed like firaotions, thus -r^-j' 

d c 
In the proportion a : b : : c ' d, 01 -7=^9 a aud d are the 

extremes, and b and c the means. The first term is also called 
the first antecedent, and the second the first consequent, the 
third term the second antecedent, and the fourth term the second 
consequent. 

246* If in a series of proportional quantities each consequent 
is identical with the next antecedent, these quantities are said 
to be in continued proportion. Thus, a : b : : b : c : : c : d 
: : d : e : : e : f, &c., the quantities a, b, c, d, e, f, &c., are 
said to be in continued proportion. 

247* When the second and third terms are identical, as in 
the proportion a : b : : b : c, then b is said to be a mean pro- 
portional between the extremes a and c, and c is called the third 
proportional to a and b. 

248t The product of any number of ratios, of which the con- 
sequent of each ratio is the antecedent of the succeeding one, is 
the ratio of the first antecedent to the last consequent. 

Let the ratios he a : b, b : c, c : d, d : e^ e : f, then the re- 
sulting ratio is aXbXcXdXe : bXcXdX^Xf, or the ratio of 
abcde : bcdef^ which, reduced to its least terms by cancelling 
the same letters in each term, becomes a : /, or the first ante- 
cedent and thg last consequent. 

Again ; let the ratios be 2 : 3, 3 : 4, 4 : 5, 5 : 7, 7 : 10, 
then the resulting ratio is, 

2X3X4X5X7 : 3x4x5x7x10, or 840 : 4200, 
which reduced is, 7 : 35, or 1 : 5. 

249t Any ratio compounded with a ratio of greater inequality 
is increased, and compounded with a ratio of less inequality is 
diminished. 
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r 

Let a+b : a represent the ratio of greater inequality, and 
a : a-\-b of less inequality. Then the ratio of a-^b : a, oom- 
pounded with that of c id, gives ac+bc : ad, which is evidently 
greater than the ratio of c : d; and the ratio of a : a-\'b, 
compounded with that of c : d, gives ac : ad+bd, which is 
evidently less than the ratio of c : d. 

Hence the ratio of c : d\a increased by compounding it with 
the ratio of a-^b : a, and diminished by compounding ii with 
the ratio of a : a-|-5. 

APPBOXIMATION OF RATIOS. 

250t The ratio of the powers or roots of two quantities whose 
difference is small with respect to themselves is found very 
nearly by multiplying that difference by the index or exponent 
of the power or root. 

PBOPOSmONS. 

Pboposition I. If four quantities are proportional, the pro- 
duct of the extremes is equal to the product of the means, and 
conversely. 

Let a I b :/, c I d,OT t= j* 

o a 

Multiplying both by bd, we obtain ad^bc. 

Conversely. If the product of any two quantities is equal to 
the product of any other two, these four quantities are propor- 
tional, the factors of either of the products being made the 
extremes, and the factors of the other the means. 

Let ad=bc, dividing • both by bd, we obtain ^=3, or jS=-r ; 

a do 

whence a: b : : c : d, or c : d: : a : b, 

Pbop. IL If three quantities are in continued proportion, 
the product of the extremes is equal to the square of the mean, 
and conversely. 

Let a: b : : b : c; aXc=bX^f or ac=li^. 

Conversely. If the product of any two quantities is equal to 
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the Bqnare of a third, the third is a mean proportional between 
the other two. 

Let ac^l^; and, dividing both by be, we obtain -=-, or 

o c 

a : b : : h : c. 

Paop. in. Of four proportionals, any three being given, the 
fourth may be found. 

Let a : b t : c : d; then ad=^bc. 

_ be , ad ad , be 

Hence, fl=-j-; b= — ; c=:^-; a=:— • 

a e o a 

Hence, of three proportionals, any two being given, the 
third may be found; for ad=b^t therefore bz=A/aSf A=--r» and 

a 

Prop. IY. Quantities which have the same ratio to the same 

quantity are equal to one another, and conversely. 

a c 
Let a : b : : c : bj then t=^; and, multiplying each by 3, 

we obtain a=c. 

Conversely. Quantities which are equal to one another have 
the same ratio to the same quantity. 

Let assze, and let d be a third quantity; then, dividing both 
by b, we obtain 

£L C 

r-s=-., therefore a : b : i e i b. 



Prop. Y. Batios that are equal to the same ratio are equal 
to one another. 

Let a: b : :e: ff and e: d: : e :f; then, also, a : b : : c : d. 

Since T=:?i a^d 3=7:, it is evident -r=:;, and therefore a : b 
of ^ J a 

• • c • A. 

Or let 2 : 4 : : 8 : 16, and 3 : 6 : : 8 : 16. 

Then 2 : 4 : : 3 : 6 ; for |=|, and |=|. 

Pbop. YI. If four quantities are proportionals, they will also 
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be proportionals when taken inversely ; that is, the second will 
have the same ratio to the first that the foorth has to the third. 

Let a : b : : c : dt then b : a : : d :c. 

Since by Prop. I. bc=sady 

And, dividing by ac, we obtain -=-, 

a c 

Hence, b : a : : d : c. 

Peop. Vn. If four quantities are proportionals, they will 
also be proportionals when taken alternately ; that is, the first 
will have the same ratio to the third that the second has to the 
fourth. 

Let a: b : : c : d; then, also, a: c : : b : d ; 

As -7=^, if we multiply each quantity by -, we obtain 

o (t c 

7— =-t; which, reduced, is -=:-t, therefore a: c : : b : d, 
DC ca c a 

This may be illustrated by numbers ; thus. 

Let 2 : 4 : : 3 : 6, then 2 : 3 : : 4 : 6 ; 

2 3 4 

As T=s> if we multiply each side of the equation by ^i ^© 

2434 8 12 24 
resultwiUbejX5=gX3; j2=i85 3=6' *^'''^^'^ ^'^ 
: : 4 : 6. 

Pbop. Vin. If four quantities are proportionals, they will 
also be proportionals when taken jointly ; that is, the sum of the 
first and second will have the same ratio to the second that the 
sum of the third and fourth has to the fourth. 

Let a: b : : c : d, then a+i : b : : C'\-d : d, 

CL C CL C 

Since t= j> we add 1 to each quantity, and obtain --j-l^-= 
o a o a 

+1, or "7 = - , therefore a +b : b : : c-\-d : d. 
o a 

This, also, may be made evident by taking numbers ; thus, 
Let 2 : 4 : : 8 : 6, then 2+4 : 4 : : 3+6 : 6. 

18* 
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2 8 

Since t=7» v® ^^ ^ ^ ^^^ number, and obtain 
4 o 

2,- 8,^ 2+4 3+6 

Therefore, 2+4 : 4 : : 3+6 : 6. 

Prop. IX. Kfour quantities are proportionals, they will also 
be proportionab by reparation ; that is, the difference between 
the first and second will have the same ratio to the second that 
the difference between the third and fourth has to the fourth. 

Let a : b : : c : d, then a — b : b : : c — d : d. 

Since -i=j, we will subtract 1 from each quantity, and we 
o a 

, ^ . a ^ c ^ a — b c — d 

obtam -— 1=-= — 1, or — r— : —r-. 

o a o a 

Therefore, a— 3 : 3 : : c— «? : d. 

This demonstration may be illustrated by numbers ; thus, 

Let 4 : 2 : : 6 : 3, then 4—2 : 2 : : 6—8 : 8. 

4 6 
Since 7)=q> v® subtract 1 from each term, and we have 

4,6- 4-2 6-8 



2 3 ' 2 "" 3 • 

Therefore, 4—2 : 2 : : 6—3 : 3. 

Pitop. X. If four quantities are proportionals, they will also 
be proportionals by conversion ; that is, the first term will have 
the same ratio to the sum or difference of the first and second, 
that the third has to the sum or difference of the third and 
fourth. 

Let a : b : : c : d; then a : a±b : c : : c±<?. Since 

Y=3, and, by Prop. VIH. and IX., — -— .=s— -— , invert these 
o a b a 

fractions, and we have -=- -^-^ ; and, by multiplying the 

one by -r, and the other by its equal 3, we obtain -X-r^ 

b a a-^o b 

-—3X31 or — rT-=— tji therefore a : a±5 : : c : cjb^. 
c-4-a a a':±zo CztL<* 
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Let the pupil prove this by numbers. 

Prop. XL K four quantities are proportionals, the sum of 
the first and second has the saAe ratio to their difference that 
the sum of the third and fourth has to their difference. 

Let a I b : : c : 4j then, also, a-^-b : a—b : : c-\-d : c — d. 

For, by Prop. VIII. and LX. by alternation, a-^-b : c-^d : 
bid; and a — b : c—d : : b : d; hence, by Prop. V., a+3 
c+d : : a—b : c—d, and, by alternation, a-\-b : a— 3 : 
c-{-d : c—d. 

This is illustrated by numbers, thus ; let 8 : 6 : : 12 : 9 ; 
then 8+6 : 8-6 : : 12+9 : 12-9. 

For taking Prop. VIII. and IX. by alternation, 8+6 : 12 
+9 : : 6 : 9; and by Prop. V., 8+6 : 12+9 : : 8—6 : 12 
—9; therefore, by alternation, 8+6 : 8—6 : : 12+9 : 12 
—9. 

Prop. XII. In any number of proportionals, any antecedent 
has the same ratio to its consequent that the sum of all the 
antecedents has to the sum of all the consequents. 

Let a: b : : c : d: : e : f: : g : h; then, also, a: b : : a+c 
+e+g : b+d+f+k. 

Since a3=:3a, ad=:^bc, afsszbe, ah=:bg, we have 
(i{b+d+f+h)=b{a+c+e+g) ; 

Therefore, a : b :: a-i^c-^e+g : b+d+f+k. 

In like manner it may be shown that c : d : : a+c+e+g 
b+d+f+k. 

This proposition may be illustrated by numbers, thus. 

Let 2 : 3 : : 4 : 6 : : 8 : 12 : : 14 : 21 ; 

Then 2:3:: 2+4+8+14 : 3+6+12+21=2 : 3 : : 28 : 42. 

Prop. XHt. In two or more sets of proportionals, the 
product of the correspondent terms are ^o proportionals. 
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Let a : b : : c : d,\ 

e : f i : g : kA Then, also, aei : bfk : : cgl : dkm, 
i : k : : I : m,) 

DEMOVSlkA.TIOK. 

^^^ b^if^K k'^m' bXfXk'^dXhXm' 

^—^ Old csl 

Whence rFT='^~^ therefore, aei : bfk i cgl i i dhm. 

bfk dam Q. K. D. 



ILLUSTBJLTION BY NUMBEBS. 



Let 



2:3: 


: 4 


4:5: 


: 8 


6:7: 


: 12 



6 

10 

14 

Then 2x4x6 : 3x5x7 : : 4x8x12 : 6x10x14. 
Whence, 48 : 105 : : 384 : 840. 

Pbop. XIY. If there are any number of quantities more than 
two, and as many others, which, taken two and two in order, are 
proportionals, then, by equality, are the extreme terms in the 
former series proportional to the extreme terms in the latter. 

Let a, &, c, d^ be any number of quantities, and let e,/, g^ k, 
be as many others. 
Let a : b : : e : f \ 

b : c : : f : gy> Then, also, a : d : : e : h. 
c : d :: g : k,) 

DEMOKSTBATION. 

Since t=-^i -=-, and ^=C we obtain, by multiplying the 

alternate fractions together, T-.^4^y or -;=t; therefore, a : d 

bed jgn d n 

: : e : h. 



ILLUSTBATION BY NTTMBEBS. 



Let 2 : 3 

3 : 4 

4 : 12 



4 : 6 J 

6 : 8 [ Then 2 : 12 : : 4 : 24. 

8 : 24 ) 
By multiplying the alternate fractions, .we have 

2X3X4 : 3X4X12 : : 4x6x8 : 6x8x24. 
Whence, 24 : 144 : : 192 : 1152, or 2 : 12 : : 4 : 24. 
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Prop. XV. If there are any number of quantities more than 
two, and as many others, which, taken two and two, in cross 
order, are proportionals, then inversely, by equality, are the 
extreme terms in the first set proportional to the extreme 
terms in the second. 

Let a, b, c, d, be any number of terms, and e,/, g, A, as many 
others, and 



Let a : b : : g : h 

<^ -' f' g . 
d :: e : f) 



b : c : : f : g> Then, also, a : d : : e : h. 



c 

DEMONSTRAXIOir. 



(L ff b f C 6 

Since •=•=?> -=-, and ^=-7.1 by multiplying the alternate 
n c g d J 

fractions together, we obtain 

abc gfe a e 



Therefore, a i d i : e i k, 

XLLUSTOAnON BT HUXBXBS. 

Let 2 : 3 : : 8 : 12 ) * v 

3 : 4 : : 6 : 8 [ Then, 2 : 3 : : 8 : 12. 

4 : 3 :: 8 : 6) 

2X3X4 : 3X4X3 : : 8x6x8 : 12x8x6. 
Whence, 24 : 36 : : 384 : 576. 

By dividing the first two terms by 12, and the last two by 48, 
we obtain 2 : 3 : : 8 : 12. 

Prop. XVI. When four quantities are proportionals, if the 
first and second are multiplied or divided by the same quantity, 
and also the third and fourth by the same quantity, the resulting 
quantities will be proportionals. 

Let a : b : : c : d; then, also, ma : mb : : nc : nd. 

DEHONSTBATIOK. 
€L C 

Since 7=31 '^^ multiply both terms of the first by m, and 
o a 

both terms of the last by n, and we obtain — f^—j; 

mo na 
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Therefore, ma : 7nb : : ne : nd, 

where m and n may be any quantities, either integral or firao- 
tional. 

ILLUSIBATION BT NTTMBEB8. 

Let 2 : 4 : : 3 : 6. Now, if we multiply the first two num- 
bers by 7, and the last two numbers by 9, their products will be 
proportionals. Thus, 

2X7 : 4X7 : : 3x9 : 6x9=14 ; 28 : : 27 : 54; 
and if any other numbers were taken instead of 7 and 9, the 
products would be proportionals. 

Prop. XVII. When four quantities are proportionals, if the 
first and third are multiplied or divided by the same quantity, 
and also the second and fourth by the same quantity, the re- 
sulting quantities will be proportionals. 

Let a : b : : c : df then, also, ma : nb : : rnc : nd. 

DKKOSST&ATIOV. v 

Since 1=-^, multiply boHT these quantities by — , and we 
a n 

obtain — r-=--=, therefore, ma i nh i i mc i nd, where m and 
7w na 

n may be any quantities, either integral or fractional. 

ILLUSTRATION BT NUMBSB8. 

Let 12 : 4 : : 18 : 6, and we will multiply the first and third 
by 2, and the second and fourth terms by 4. 

Thus, 12X2 : 4x4 : : 18x2 : 6x4=24 : 16 : : 36 : 24. 

It is evident these terms are proportionals ; 

^ 24 36 12 12 

^^' 16=24' ^" T=T- 

And if we divide the first and third terms by 3, and the second 
and fourth terms by 2, their quotients will be proportionals. 

Thus, 12-5-3 : 4^2 ; : 18^-3 : 6-5-2. 

Or 4 : 2 : : 6 : 3. 
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™^ 4 6 

Whence, ^=g. 

If any other numbers be taken for multiplying or dividing, 
the result will be the same. 

Pbop. XVni. If four quantities are proportionals, the like 
powers or roots of these quantities are also proportionals. 
Let a : b : '. c : d; then, also, «"• : i"* : : c*" : £?". 

Since 7=;j) raise each of these fractions to the power ex 

h ) "(s) ' ^' A»~5^' therefore, a*" : 
&"" : : c*" : cZ"*, where m may be any quantity, either integral or 
fractional. 

ILLU8TBATI0N. 

Let 2 : 3 : : 4 : 6, thpn 2^ : 3« : : 4» : 6«. K wo raise 
each of these terms to the third power, the result will be 
2X2X2=8 : 3x3x3=27 : : 4x4x4=64 : 6x6x6=216. 

That 8, 27, 64, and 216, are proportionals, is evident from 

8 64 
the &ct that k;==ht^, and, being reduced to their lowest terms, 
21 2lD " . 

27^27* 

Prop. XIX. Of any number of quantities in continued pro- 
portion, the first has to the third the duplicate ratio, to the 
fourth the triplicate ratio, to the fifth the quadruplicate ratio, 
&c., of that which it has to the second, or of that which the 
second has to the third, &c. 

: b : c : : c : d : : d : e : : e :f : : &c. &c. 
: a^ : b\ or in the duplicate ratio of fl : ^. 
: : 0^ : ^', or in the triplicate ratio of a : ^. 
: fl* : b\ or in the quadruplicate ratio of a : ^. 

DEMONSTRATION. 

1st. a : ^ : : ^ : c, or, by Prop. XVni., a" : P :: h^ : c"; 
but, by Prop. II., W-=^qjc, therefore, c^ \ 1^ : : ac \ (?^ 
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or o? : ^ : : a : c, hence a: c: : e^ : i^; also, c^ : ac : : l^ i(?i 
thereforei a : c : : i^ : <^, 

2d, a: c : I a^ : i^; but c: d: : a: b; therefore, 

a:(i::a»:^::i':c»::c':£p. 
3d. But d : e : : c? : i^; therefore, 

a : c : : (t* : 3* : : i* : c* : : c* : <P : : i* : ^. 
The above may be easily illustrated by numbers. 

PROBLEMS TOB PBOPOBTION. 

1. Divide 50 into two such parts that the greater, increased 
by 3, shall be to the less, diminished by 3, as 3 to 2. 

Let a; = the greater number, and bO^x the less. 
Then x+d : 50— a:— 3 : : 3 : 2. 
Multiplying extremes, 2a;+6=150 — 3a;— 9. 
Transposing, 5a;=135. 

Dividing, a;=27, the greater. 

And 50—27=23, the less. 

2. What number is that to which if 3, 8, 12, and 20, be 
severally added, their sums shall be proportional ? 

Let X z^ the number. 

Then, a:+3 : a;+8 : : a;+12 : 2r+20. 

Multiplying extremes, a:*+23a:+60=a:='+20a:+96. 
Transposing, 23a:— 20x=96— 60. 

Dividing, x=12. Ans. 

VKBIFIOATION. 

12+3 : 12+8 : : 12+12 : 12+20=15 : 20 : : 24 : 32. 

3. If Mars, when in opposition to the sun, is 49,000,000 miles 
from the earth, and the quantity of matter in the earth is H 
times greater than that in Mars, at what distance from the earth, 
in a direction towards Mars, will a body remain at rest? See 
Art 218. 

Let X = the distance from the earth. 

Then 49,000,000— a: = the distance from Mars. 

And let a=49,000,000. 

Then, x^ : (a^xY : : 1 : 11. 
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MultiplTing extremes, lla^=za^-—2aX'i-a^. 
Transposing, 103^-\-2ax=aK 

Reducing, a^-^^=,^, 

-, _ , _ t, ax a? c^ c? 11a' 

Completing the squares, a:^+--+_=jg+_=— . 

Evolving, a:+^=l^m^ 

Transposing, &o. ^=^'^^'"^- 

And, by supplying the value of a, we have 

x=^A ^11(49,000,000)^^ ^^^^^^^^^^ =11,351,430 mUes. 

Ans. 

4. There are two numbers which are to each other as 5 to 3 ; 
and, if 4 be added to the greater and 8 to the less, they will 
then be to each other as 6 to 5. What are the numbers ? 

Am. 20 and 12. 

5. Divide the number 60 into two such parts that their pro- 
duct shall be to the difference of their squares as 2 to 3. 

Ans. 40 and 20. 

6. I have two square house-lots, which, together, contain 208 
square rods ; and the area of the greater is to the area of the 
less as 9 to 4. How many more square rods are there in the 
greater than in the less ? Ans. 80 square rods. 

7. The product of two numbers is 12, and the difference of 
their cubes is to the cube of their difference as 13 to 4. What 
are the numbers ? Ans, 2 and 6. 

8. Divide the number 100 into two such parts that 6 times 
their product shall be to the sum of their squares as 24 to 17. 
What are those parts ? }. i-V -^ - Am, 80 and 20. 

9. There are two numbers, whose product is 35, and the dif- 
ference of their squares is to the square of their difference as 6 
to 1. What are the numbers ? Ans. 7 and 5. 

19 
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10. Tbere are two numben in the triplicate ratio of 4 to 1, 
whose mean proportional is 32. What are the nnmbers ? 

wd7». 256 and 4. 

11. Divide 20 into two such numbers, that the quotient ot 
the greater divided by the less shall be to the quotient of the 
less divided by the greater as 9 to 4. What are those numbers ? 

Ans. 12 and 8. 

12. Divide 26 into three such parts, that the first shall have 
the same ratio to the second that the second has to the third, 
and that the first term shall be ^ the third term. 

/ Ans. 2, 6, and 18. 



^ . c' 
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SECTION XX. 

ABITHMETICAL PROaRESSIOir. 

Abt. 251 • An Arithmetical Progression is a series of num- 
bers or quantities, increasing or decreasing by a constant 
difference. 

It is sometimes called Progression by Difference, 

252. The constant difference is called the Cmnmon Difference, 
or ratio of the progression. 

Batio here used is an Arithmetical rate. 
Thus, let there be the two following series. 

(1) (2) (8) (4) (5) (6) (7) (8) 
First series, 1, 4, 7, 10, 13, 16, 19, 22=92. 
Second series, 30,26,22,18,14,10, 6, 2=128. 

253i The numbers which form the series are called the term^ 
of the progression. 

254 • The first is called an ascending series of progression, 
where the first term is 1, the common difference 3, the number 
of terms 8, the last term 22, and the sum of the series 92. 
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255. The second is called a descending series of progression, 
where the first term is 30, the common difference — 4, the 
number of terms 8, the last term 2, and the sum of the series 
128. 

256t The first and last terms of the progression are called 
extremes, and the other terms are the means. 

257 • The number of common differences in any number of 
terms is one less than the number of terms. 

Hence, if there be 8 terms, the number of common differences 
Trill be 7, and the sum of the differences will be equal to the 
difference of the extremes. 

We therefore infer, that if the difference of the extremes be 
added to the first term, the sum will be the last term ; also, if 
the difference of the extremes be taken from the last term, the 
remainder will be the first term. 

258t Also, if the sum of the common differences be divided 
bj the number of common differences, the quotient will be the 
common difference. 

To illustrate this, we will examine the following series : 

(1) (2) (8) (4) (6) (6) (7) 
2, 5, 8, 11, 14, 17, 20. 

Here the first term is 2, the last term 20, the number of 
terms 7, and the common difference 3. 

Now, if we had only the first term, number of terms, and 
common difference, to find the last term, we should have only to 
add the difference of the extremes to the first term. 

The common difference is 3 ; and, as there are 7 terms, the 
number of common differences is 6. The difference of the 
extremes will, therefore, be 6x3=18, and the last term will be 
2+18=20. 

Hence, haying the first term, common difference, and number 
of terms given, to find the last term, we have the following 

KuLE. Multiply the number of terms, less one, by the common 
difference, and to the prodiict add the first term. 
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Again, if we inyert the terms, we have 

(1) (2) (8) (4) (5) (6) (7) 
20, 17, 14, 11, 8, 5, 2. 
Here we have 20 for the first term, —3 for the common dif- 
ference, and 7 for the number of terms, to find the last term. 
6X— 3=~18 ; 20—18=2 the last term. 
The pupil will perceive that 18 is a n^ative term ; and to 
add a negative term to a positive is to write their difierence. 

Again, we have given the extremes 2 and 20, and number of 
terms 7, to find the conmion difference. 

Here the number of conmion differences is 6 ; for we have 
before shown that the number of common differences is always 
one less than the number of terms; therefore, 18-~6=3, the 
common difference. 

259t The principles of an arithmetical progression may be 
well illustrated by literal terms. 

Let a be the first term of an ascending series, and d the 
common difference ; then the second term will be a-{~^> ^^^ ^^ 
the third term a-\-2d^ and the series will be 

(1) (2) (3) (4) (5) (6) 

a, a+rf, a+2d, a-\'Zd^ a-^-id, a-^^d. 

If it be required to form a descending series, when the first 
term is a and the common difference — d, it will be thus : 
(1> (2) (3) (4) (6) (6) 

a, a— rf, a^2d, a— 3i, a — id, a — bd. 

2Mt It is evident that the last term in both series is equal 
to the first term with the common difference repeated as many 
times, waraing one, as there are terms in the series. 

Hence, if « represent the number of terms, the following will 
be the formula to find L, the last term. 
L==a-|-(w— l)rf. 

EXAHPUBS. 

1. If the first term be 7, the common difference 4, and the 
number of terms 20, required the last term. 

'^=«-f-(«-l)rf=:7+(20-l)4=83. Ans. 
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2. If the first term is 3, the common difference 5, required 
the 50th term. 

X=a+(7i-l)(f=3+(50-l)5=248. Am. 

3. If the first term is 90, the common difference ^7, re- 
quired the 10th term. 

I,=a+(w— 1)(— <?)==90+(10— 1)(— 7)=27. Am. 

4. K the fijst term is f , the common difference 1^, what is 
the 20th term ? 

i=a-|-(n— l)(f=i+(20— 1)1^=26^. Am. 

5. K the first term is 18, the common difference —-4, what is 
the 10th term? 

I.=a+(7i-l)(— (f)=18+(10— 1)(-4)=— 18. Am. 

261 • The formula for obtaining the first term, a, is obtained 
from the former by transposition. 

Thus, if i=a+(7i — 1)</, then, by tr$insposition, 
a=L — {n — l)d. 

6. 1£ the last term is 25, the number of terms 6, and the 
common difference 2, required the first term. 

a=X-(n-l)(f=25-(6-l)2=15. Am. 

7. If the last term is 50, the oonunon difference 6, the number 
of terms 10, required the first term. 

a=X— (71— l)(f=50— (10— 1)6==— 4. Am. 

8. If the last term is 27, the common difference 2^, number 
of terms 10, required the first term. 

a=X-(7i— l)(f=27-(10-l)2j=4i. Am. 

262t The formula for obtaining the common difference, dy is 
obtained from the first by transposition and division. 
Thus, L=:a+{n—l)d. 

Then, by transposition, L — a=(n— l)<i. 

And by division, — =- =d. 



Changing terms, 
19* 



«— J 
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9. If the ertremeB are 6 and 30, and the nmnber of terms 
13, whMi is the ocMiuiion differenee ? 

Z^a_30-^ 
»— 1 13— 1 

10. If the extremes are f and 15}, and the number of terms 
11, whMi u the common difference ? 









2tS« Hie formula for obtaining the number of terms niaj be 
obtained fix>m the first fonnula. 

Thns, Lz=za+{n^l)d. 

By transposition, L — a={n — l)d. 

By division, =« — 1. 

By transposition, — ^ — |-l:=7i. 

Changing terms, n= — ^ — J-1. 

11. If the extremes are 3 and 39, and the common difference 
2, what is the number of terms ? 

L—a . ^ 39—3 . ^ ^^ . 
n=-^ — 1-1=-— — 1-1=19. Ans. 

12. If the first term is 5, the last term 89, the common dif- 
ference 7, required the number of terms. 



Having, therefore, any three' of the four terms given, the 
other may be found, as we have demonstrated above, by the 
following 

FOBMlTT.Jtt. 

(1.) To find the last term. 



X=:a+(n— l)rf. 
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(2.) To find the first term. ' 

(3.) To find the common di£ferenc6. 

n — 1* 
(4.) To find the number of terms. 
X— a • ■ 

When the series are descending, the unknown difference is a 
minus quantity in the 1st and 2d formulsd ; thus, — d, 

13. A man travelled 10 days; the first day he went 8 miles, 
the second day 13 miles, and thus increased his distance each 
day 6 miles. How far did he travel the last day ? 

Ans, 53 miles. 

14. John Smith's fiimily expenses for the first year were 
$500; but, afler he had been married 12 years, he found his 
last year's expenses to have been $1325. By how much did he 
increase his expenses yearly ? Ans. $75. 

15. A man set out from Boston to travel into the country ; 
the first day he travelled 12 miles, the second day 9 miles, the 
third day 6 miles, and thus continued to travel each day 3 
miles less than the preceding. How far did he go the tenth 
day ? Am. —15 miles. 

261* To find the sum of the series. 

ARITHMETICAL SERIES. 

(1) (2) (3) (4) (5) (6) 
Let 2, 5, 8, 11, 14, 17, be the series. 

And 17, 14, 11, 8, 5, 2, same series inverted. 

19, 19, 19, 19, 19, 19, sum of both series. 

LITERAL SERIES. 

(1) (2) (3) (4) "" (6) (6) 

Let a, a+(?, a+2<?, a-|-3(?, a-\-4d, a-{-6d bo a series. 

And a+bd, a+4d, a+Sdy a+2d, a+d, a T^n/d" 

2a+bd, 2a+bd, 2a+bd, 2a+bd, 2a+bd, 2a+bd, sum of 
both series. 
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We perceive, from the aboye aritfamedcal and literal series, 
tliat the sum of the extremes is equal to the Sam of any two 
of the meami equaUy distant from eadi extreme ; and that, by 
adding the two series in their present arrangement, we haye the 
same number for the same suecessiye terms ; also, that the sum of 
both series is twice the som of either series. Therefore, if 19, 
the sum of the extremes in the arithmetical series, be multiplied 
bj 6, the number of terms, the product will be the sum of both I 
series. Thus, 19x6=114, sum of both series. Therefore, I 
114-7-2=57 will be the sum of either series. ! 

Again, 2a-{'bd is the som of the extremes in the literal ' 
series; and, if this sum be multiplied bj 6, the number of 
terms, the product will be the sum of both series. Thus, 
(2a+5c06=rl2a+B0<2, sum of both series. And (V2a+2lQd) 
-r 2=:6a-f-15<{» the sum of either series. 

Therefore, in all cases, we find that the sum of the series is 
equal to the sum of the extremes multiplied bj half the number 
of terms ; or, the number of terms multiplied b j half the sum 
of the extremes. 

If, therefore, the sum of any series be denoted by S, the first' 
term by o, the last term by L, and the number of terms by n, 
the foUowing will be the formula for obtaining its yalue : 



-m- 



Therefore, if the extremes and the number of terms are ^yen 
to find the sum of the series, we adopt the following 

Bulb. Multiply half the sum of the extremes hy the number 
of terms. 

The two following formulse, or equations, contain fiye quan- 
tities : a, the first term of a progression ; X, the last term ; d^ 
the common difiierence ; n, the number of terms ; and £», the 
sum of the series. 

If any three of these be ^yen, the other two may be ob- 
tained. 

(1.) L=o+(«-l)rf. (2.) S=(^)«. 
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265. The pupil will find that twenty different oases may arise 
which may be solved by different combinations of the above 
equations. 

To find n in the last equation. 



i^^y 



By multiplication, 2S=(Z+a)7i. 
By division, -— — -=7i. 

lji-\-CL 

Therefore, 7iz=—---. 

jLi-\-a 

If, therefore, the extremes and the sum of the series are given 
to find the number of terms, we divide twice the sum of the 
series by the sum of the extremes. 

16. Let the extremes be 3 and 89, and the sum of the series 
399, to find the number of terms. 

2S 2x399 ,Q . 
'^=I+i=l9+3=^^- ^^- 

386i To find the last term, X, &om the seoond equation. 

By multiplication, 2S=(L-\'a)n. 

By division, — =X+a. 

n 

2S 
Bj transposition, a=L, 

2S 
By transposition of terms, i= a, 

71 

Therefore, having the first term, number of terms, and sum 
of the series, given to find the last term, we divide twice the 
sum of the series by the number of terms, and subtract the first 
term from the quotient. 

267t To find the first term, a, from the second equation. 
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Moltipljing, 2S=z(L+a)7i. 

Biyiding, — =L+a. 

n 

Transposing, Ls=sa. 

Ghanmng tenns, a= L, 

n 

Therefore, having the last term, number of terms, and sum of 
the series, given to find the first term, we divide twice the som 
of the series by the number of terms, and subtract the last term 
from the quotient. 

17. Let the last term be 39, number of terms 19, and the 
sum of the series 399, to find the first term. 

n 19 

268. To find the common difference, d, from the 1st and 2d 
equation. 
We find the value of X, in the first equation, to be 

L=za+{n—l)d. 
Substituting this value of X for 5 in the 2d equation, and 
then transposing, we have 

^ 2iS-.am 
n{n — 1) 

18. If the first term is 5, the number of terms 15, and the 
sum of the series 285, what is the conmion difference ? 

Ans. 2. 

19. If the first term is 3, the number of terms 19, and the 
sum of the series 399, what is the common difference ? 

Arts. 2. 

20. K the first term is 7, the niunber of terms 8, and the 
sum of the series 100, what is the common difference ? 

Ans. If 

Pkoblems. 

1. The first term is 5, the conmion difference 3. What is the 
7th term? Am. 23. 
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2. GUie first term is 3, the common difference 4^, What is 
the 5th tenn ? Ans. 20^. 

3. The first term is 18, the common difference ^, What is 
the 7ih term? Ans. 19^. 

4. The first term is 7, the common difference 2^, and the 
number of terms 5. Required the last term. Am, 17. 

5. The first term is f , the common difference f . What is the 
10th term? Am. 7^^. 

6. The first term is 0, the common difference 1^. What is 
the 20th term? Ans. 28^. 

7. The first term is 10, the common difference — 2. What is 
the 4tt term ? Am. 4. 

8. The first term is — 8, the common difference —3. What 
is the 10th term ? Am. —36. 

9. The first term of a descending series is 85, common dif- 
ference 7. Required the 10th term. Ans. 22. 

10. The first term is 3j, the common difference 2^. What is 
the 5th term, and the sum of the series ? Am. 12^, and 39^. 

11. The first term in a descending series is 2^, the common 
difference is ^. What is the 10th term, and the sum of the 
series? ^Itw. ^, and 13^. 

12. The first term is a, the common difference is d. What is 
the »th term ? Am. a-\-d{n—l). 

13. What is the sum of the odd numbers from 1 to 100 ? 

Am. 2500. 

14. If the first term is 4^, the common difference 3;J, and 
number of terms 8, what is the sum of the series ? Ans. 134. 

15. If the first term is 7, the common difference — 4, and the 
number of terms 6, what is the sum of the series ? 

Am. —18. 

16. If the first term is 5, the last term 19, and the number 
of terms 6, what are the other terms of the progression? 

Am, % lOf , 13f , 16f 
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17. If the extremes are —9 and 18, and the number of terms 
5, what are the other terms of the progression ? 

Am. -2i, 4J, llf 

18. If the last term of an ascending series is 20, the com- 
mon difference 5, and the number of terms 8, what is the sum 
of the series ? Arts, 20. . 

19. There is a number consisting of three digits in arith- 
metical progression, whose sum is 12 ; and, if 396 be added to 
the number, the digits will be inverted. What is the number i 

Ans. 246. 

20. There is a certain island 50 miles in circumference. Two 
men, A and B, set out to travel round it. A goes 10 miles 
each day. B goes 2 miles the first day, 5 miles the second day, 
and 8 miles the third day, travelling each day 3 miles farther 
than the day preceding. How far will A and B be apart the 
8tli day ? Am, 30 miles. 

21. John Smith and John Jones set out from Boston for the 
city of Washington, the distance being 440 miles. Smith 
started 5 days before Jones, and travels 15 miles per day. 
Jones travels 25 miles the first day, 23 miles the second day, 
and 21 miles the third day, travelling each day 2 miles less 
than the preceding. How fiir apart will Smith be from Jones at 
the end of the 20th day, and how far will each be from 
Washington ? 

Ans. 135 miles apart. Smith 140 miles from Washington. 
Jones 275 miles from Washington. 

22. K the first term is J, the common difference — ^, and 
the number of terms 20, what are the last term and the sum of 
the series? a ( Last term, — 2§. 

( Sum of the series, — 21§. , 

23. If one extreme is ^, the common difference — ^, and 
the sum of the series — 1^, what is the number of terms ? 

Am. 12. 

24. If the first term is -/j, last term 2 J, and the sum of the 
series 37, what is the number of terms ? Ans. 24. 



ABITHMETIOAL PBOGBESSION. YW 

25. If the first term is 3, the last term 17, and the number 
of terms 29, what are the terms of the series ? c 

Ans. 3, 3^, 4, 4^, 5, 5^, &c. 

26. The sum of the series is 16j^, the number of terms 10, 
and the common difference ^, to find the first term. Ans, ^. 

27. The first term of an arithmetical series is ~5, the com- 
pion difference 1^ ; what is the 9th term ? Ans, 7. 

28. What are the three means between —1 and 15 ? 

Ans, 3, 7, and 11. 

29. The first term is 1^, number of terms 10, and the sum of 
the series 6 J. What is the common difference ? Ans. — ^. 

30. There are three numbers in arithmetical progression 
ffrhose sum is 10, and the product of the second and third is 
33 J. What are those numbers ? Ans, —3^, 3^, and 10. 

31. The number of terms of an arithmetical progression is 
equal to ^ the common difference, the last term is equal to 4 
times the first, and the sum of the series is equal to } the 
square of the first term. What are the series, and- the sum of 
the series ? 

The series, 20, 32, 44, 56, 68, 80. 
Sum of the series, 300. 

32. There are four numbers in arithmetical progression whose 
sum is 28, and the sum of whose squares is 216. What are 
those numbers ? Ans, 4, 6, 8, and 10. 

33. Eind three numbers in arithmetical progression whose 
sum is 9, and the sum of whose cubes is 99. 

Ans, 2, 3, and 4. 

84. What are those four numbers in arithmetical progression 
the sum of the squares of whose first two terms is 34, and the 
sum of the squares of the last two is 130 ? 

^Ans, 3, 5, 7, and 9. 

35. A certain number consists of three digits, which are in 
arithmetical progression ; and, if the number be divided by the 
sum of its digits, the quotient will be 27^, but, if 396 be added 
20 



( 
Am,\ 



230 ALOBBSA. 

to the number, the digits will be inyerted. Bequired the num- 
ber, Ans. 579. 

36. What are those four numbers in arithmetical progression 
the sum of the squares of whose extremes is 90, and the sum of 
the squares of the means is 74 ? Am. 3, 5, 7, and 9. 

37. What are those four numbers in arithmetical progression 
whose sum is 14, and whose continued product is 120 ? 

Ans. 2, 3, 4, and 5. 

38. There are four numbers in arithmetical progression, the 
product of whose extremes is 112, and that of the means 120. 
What are the numbers ? Ans. 8, 10, 12, and 14. 

39. A and B, 165 miles from each other, set out with a 
design to meet. A travels one mile the. first day, two the 
second, three the third, and so on. B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. How soon will 
they meet ? Ans. 10 days, or 33 days. 

40. There are four numbers in arithmetical progression, whose 
continued product is 1680, and common difierence is 4. Be- 
quired the numbers. Ans. 14, 10, 6, 2. 

41. Five persons undertake to reap a field of 87 acres. The 
five terms of an arithmetical progression, whose sum is 20, will* 
express the times in which^they can severally reap an acre, and 
they all together can finish the job in 60 days. In how many 
days can* each, separately, reap an acre ? 

Ans. 2, 3, 4, 5, 6 days. 

42. A gentleman set out from Boston for New York. He 
travelled 25 miles the first day, 20 miles the second day, each 
day travelling 5 miles less than the preceding. How far was 
he from Boston at the end of the eleventh day ? Ans. 

43. Suppose a number of stones were laid a rod distant from 
each other for twenty miles, and the first stone a rod from a 
basket. What length of ground wiU that man travel over, who 
gamers them up singly, returning with them, one by one, to the 

* • Ans. 128,060 miles, 2 roda 
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There are twenty different cases in Aritknetical Progression, 
all of wMch are exhibited in the following Table. 



No. 



GiTen. 



BequirU 



FormnlsB. 



1 

2 
3 

4 



a, dj S 

dy llf S 

df fif S 



_L 



=a+(n — l)d, 

.^id±A/2dS+(a^idy. 

2S 

= a. 

n 

S (n-^ 



Uy df n 

a, dy I 

Cf I, n 

d, Tiy I 






2 ' 2d ' 
47i(2Z— (n— 1)(Q. 



9 

10 

11 

12 
T3" 
14 
15 
16 



a, 72, I 

a, Uy S 

a, Z, S 

Uy If S 



I — a 

2S— 2aw 
' n(n — 1) ' 

''2S-Z-a' 
_2wZ-2S 
' n{^ — 1)' 



df 72, I 

d, n, S 

df I, S 

7Z, I, S 



=Z-(7l-l)d. 

S (n-^l)d 

^n 2 ' 

=id±^(l+idr-2dS, 

2S 
=— -Z. 
n 



17 
18 
19 
20 



a, dy I 

a, dy S 

a, Z, S 

dy Z, S 



=^+'- 



,s/('2 a'-dY+^^-'2a+d 
2d 



_2S 

~l+a 

2Z+(Zdz V (21+dr'^MS 
~ 2d 
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SECTION XXI. 

GEOMETRICAL PROGRESSION, OR PROGRESSION BY 
QUOTIENT. 

Art. 269i When there axe three or more numbers, sach that 
the same quotient is obtained by dividing the second by the 
first, and the third by the second, and the fourth by the third, 
&c.; or, such that they increase or decrease by a constant 
multiplier, they are said to be in Geometrical Progression, and 
are called a Geometrical Series. Thus, 
(1) (2) (8) (4) (6) (6) 

(1.) 2, 6, 18, 54, 162, 486 = 728, sum of the series. 

(2.) 486,162,54,18, 6, 2 = 728, sum of the series. 

The first is called an ascending series, and the second a de 
scending series. 

In the first the quotient or multiplier is 8, and it is called 
the ratio. In the second the ratio is ^. 

270t The first and last terms of a series are called the ez- 
tremes, and the others are the means. 

271 • It wiU readily be perceived, in either of the above series 
that the product of the extremes is equal to the product of 
any two of the means equally distant from the extremes. Thus, 
2X486==6X162=18X54==972. 

272. If there are only three terms, the product of the ex- 
tremes is equal to the square of the second term. 

273» It is evident, by examining either the above series, that 
any teim may be obtained by multiplying the first term by the 
ratio as many times, wanting one, as there are terms required. 

If, therefore, the 1st term is 2, and the ratio 3, and we wish 
to obtain the 6th term, we have only to multiply the 1st term, 
2, by the ratio 3, five times. 

Thus, 2X3X3X3X3X3=486, the 6th term. 
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The above may be generalized in the following manner : 
Let a = first term of'a series. 
h = the last term, 
r = the ratio. 
n = the number of terms. 
S = the sum of the series. 
(1) (2) (3) (4) (5) (6) 
Then a, ar^ ar^, ar^, ar*, ar^y &c., may represent any 
geometrical series ; and, if r, the ratio, is considered as more 
than a unit, the series is ascending ; but, if r is less than a unit, 
the series is descending. 

The exponent of r in the second term is 1, in the third term 
2, in the fourth term 8, in the fifth term 4, and so on ; there- 
fore, the exponent of r in the last term will always be (me less 
than .the number of terms. The exponent of the nth term in the 
above series would therefore be flr""^ 

271* If, therefore, in any series the number of terms be 
denoted by n, and the last term by X, the following will be the 
formula for finding the last term : 

(1.) L=za7^\ 

And Z=r^^, when the first term is a unit. 

In the above equation we have four quantities, a, X, r, and n ; 
<;nd, if any three of them be given, the others may be obtained 
ds follows : 

To find a, the first term, we divide both terms of the above 
equation by r"~^, and transpose the terms ; and we have 

(2.) «=;:^. 

To obtain r, the ratio, we divide the terms of the 1st equa- 
tion by a, extract the (w — l)th root, and transpose the terms ; 
and we have * 

(«•) »•= Jr 

To find w, we shall show when we come to treat of exponential 
quantities. 

20=»«= 
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KYAMPLKfl. 

1. If ihe first term is 7, the ratio 3, and the nmnber of terms 
5, required the last term. 

L=ar»-^=7{3)*=567. Am. 

2. If the first term is 1, the ratio 5, and the number of terms 
5, what is the last term ? 

X=r*-'=5*=625. Am. 

3. If the last term is 405, the ratio 3, and the number of 
terms 5, what is the first term ? 

«=;:;^=35ri=5. Am. 

4. If the last term is 8, ratio 5, and the number of terms 4, 
what is the first term ? 

L 8 8 . 
^=^P?=i=5^i=i25' ^'^' 

5. If the first teim is 5, the last term 1215, and the nmnber 
of terms 6, what is the ratio ? 

-©-=(^)^-««*=- ^ ^ 

27 

6. If the first term is •(, the last term ^^, and the number of 

terms 4, what is the ratio ? 

7. If the first term is ^, the last term 64, and the number 
of terms .6, required the ratio. Ans. 4. 

8. If the last term is 135, the number of terms 4, the ratio 
3, what is the first term ? * Ans. 5. 

275t To find any number of geometrical means between any 
two given numbers. 

In the 3d formula, we found r= I — . 
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If we let m represent the number of means, then m-{-2=7i, 
for the number of terms is always two more than the number 
of means. 

Therefore, ^— ^^=r - Ajm5. 



Consequently, r =: ( — V+i. 



276. Having, therefore, the extremes given to find any num- 
ber of means, we divide the greater extreme or number by the 
less extreme, and extract that root of the quotient denoted by 
the number of means plus 1. This root is the ratio; and 
having the ratio, the means are readily obtained. 

EXAMPLES. 

9. Find two geometrical means between 6 and 162. 
162-7-6=27 : y^27=3, the ratio ; 6x3=18, the first mean ; 

18x3=54, tti6 second mean. 

10. What is the geometrical mean between 18 and 882 ? 
882-^18=49 2 V49=7, the ratio; 18x7=126, the geo- 
metrical mean. 

11. Required the five geometrical means between 1 and 64. 

Ans. 2, 4, 8, 16, 82. 

12. ^^^lias & piece of land, which is 18 rods wide, and 288 
rods long. Required the side of a square piece that shall con- 
tain an equal number of square rods. Ans. 72 rods. 

277* To find the sum of all the terms of a geometrical series. 
Let the following be the series : 

(1.) 2, 6, 18, 54, 162. 

By examining this series, we find the first term 2, the ratio 3, 
and the last term 162. 

If we multiply each term in the series by the ratio 3, we 
obtain 

(2.) 6, 18, 54, 162, 486. 

It is evident that the sum of this last series is three times the 
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former ; therefore the difference between them will be equal to 
twice the sum of the first series. Thus, 

From 6, 18, 54, 162, 486, second series. 

Take 2, 6, 18, 54, 162, first series. 

— 2 486=484, difference of the series. 

From the above operation, it appears that 484 is twice the 
sum of the first series ; and, therefore, 484-S-2=242 is the 
sum required. 

By examining the process, we perceive that 242 is obtained 
by multiplying the last term of the first series, 162, by the 
ratio 3, and subtracting from the product the first term 2, and 
dividing the remainder, 484, by 2 a number which is (me less 
than the ratio. Hence the propriety of the following 

Rule. Multiply the last term by the ration Jind the differe^ice 
between this product and the first term^ divide this remamder by 
the difference between the ratio and unity ^ and we have the sum. 
of the series. 

278* We may generalize the above, as follows : 

Let a represent the first term of a geometrical series, r the 
ratio, L the last term, n the number of terms, and S the sum of 
the series. Then 

(1.) Ssssa+ar-^ar^-^-ar^+ar^-^-ar'^, 

We next multiply each term of the above equation by r, and 
we have 

(2.) Sr=ar+a7^+ar^+ar^+ar^+ar^. 

By subtracting the first equation firom the second, we have 
iSr— S=ar^— a. 

Dividing by r— 1, we have the formula for finding the sum 

of the series 

^ ar^—a ar'^^a (r"— 1) 

S=- — ip, or y-, or a ^ =-. 

r—1 r— 1 ?•— 1 

If the ratio is less than a unit, we transpose the terms, thus : 

„ a—ar^ a—ar^ (1—^") 

S=^l , or -:= , = a\ -. 

1 — r 1— r 1— r 
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279t The index of the ratio is always equal to the number of 
terms. » 

By the above formulae, we have a method for finding the sum 
of the series without the last term, which may be expressed by 
the following 

KxTLB. Baise the ratio to a power whose exponent is equal 
to the mimber of terms ; imdtipHy this power by the first term^ 
find the difference between this prodtut and the first term^ and 
divide this remainder by the difference between the ratio and 
unity. 

!£ we substitute the value of Z as found in Art. 274, we 
shall have 

r — 1' 
A rule for this formula would be the same as in Art. 278. 

13. If the first term is 7, the ratio 3, and the number of 
terms 5, what is the sum of the series ? 

^, ar"— a 7X3*— 7 q.- . 

^=7=r=-3=i — ^^' ^^- 

14. T£ the first term is 9, the ratio f , and the number of 
terms 4, what is the sum of the series ? 

15. K the first term is 144, the ratio 1.06, and the numb#r 
of terms 4, what is the sum of the series ? Ans, 629.945. 

16. If the first term is 9, the ratio ^, the number of terms 6, 
what IB the sum of the series ? Ans. llf^f^. 

17. If the first term is a, the ratio r, and the number of 
terms n, required the sum of the series. 

r— 1 r—1 

18. If the first term is 1, the ratio 2, and the number of 
terms 7, what is the sum of the series ? Ans. 127. 
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19. K the first term is 5, the ratio 10, and the number of 
terms 7, what is the sum of the series ? Am, 5555555. 

20. If the first term is 4, the ratio ^, and the number of 
terms 5, what is the sum of the series ? Ans, 5§^. 

21. K the first term is 5, the ratio ^, and the number of 
terms 5, what is the sum of the series ? Ans. 6^^. 

22. A gentleman agreed with another to board him for 9 
days ; he was to pay 8 cents for the first day's board, 9 cents 
for the second day, 27 cents for the third day, and so on, in this 
ratio. What was the amount of the bill for the gentleman's 
board? Am. $295.23. 

To find Z, r, and a, from the following equation. 

r— 1 

Multiplying by r — 1, Sr— iS=Iir— a. 

Besolying into fiiotors, S(r— l)=Iir— a. 

Transposition, Iir=S(r— l)+a. 



Division, 
To find r from the above equation. 



^^ 5(r-l)+g 



r— 1 * 



Multiplying by r— 1, Sr^SizsLr-^a. 

' Transposing, Sr — Lr=:S—a, 

Dividing by S— Z, ^"^SUZ* 

To find a from the above equation. 

r — 1 * 
Multiplying by r— 1, Sr— iS=Iir— g. 

Transposing, az=:Lr— (r — 1) iS. 

28. If the first term is 8, the ratio 2, and the sum of the 
series 93, what is the last term ? Am. 48. 



OEOMETBIOAL PBOOBEBSION. 239 

24. Insert three geometrical means between ^ and 128. 

Ans. 2, 8, 32. 

25. If the first term is 2, the last term 4374, and the number 
of terms 8, what is the ratio ? Am. 3. 

26. If the ratio is 2, the number of terms 6, and the great- 
est term 128, what is the least term ? Ans. 4. 

27. If the first term is 3^, the ratio f , the number of terms 
8, what is the last term, and what is the sum of the series ? 

Atis. Last term iV^^) and the sum of series 8^^^^. 

28. If the first term is 1, the last term 64, and the number 
of terms 7, what are the ratio, and the sum of the series ? 

Am. Ratio, 2 ; the sum of the series, 127. 

29. If the last term is 64, the number of terms 7, and the 
sum of the series 127, what are the ratio, and the first term ? 

Am. Eatio, 2 ; the first term, 1. 

30. K the first term is 2, the ratio 4, and the number of 
terms 12, what are the last term, and the sum of the series ? 

Am. Last term, 8388608; sum of the series, 11184810. 

31. The product of three terms in geometrical progression is 
64, and the sum of their cubes is 584. What are those num- 
bers ? Am. 2, 4, 8. 

32. There are four numbers in geometrical progression, the 
second of which is less than the fourth by 24, and the sum of 
the extremes is to the sum of the means as 7 to 3. Required 
the numbers. Am. 1, 3, 9, 27. 

33. It is required to find four numbers in geometrical pro- 
gression, such that the difference of the two means shall be 14, 
and the difference of the extremes 49. 

Am. 7, 14, 28, and 56. 
The following are the two Aindamental equations from which 
the twenty different cases are exhibited, — 

Lr—a 

and which are found in the following 
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TABLE. 



No 

~T 

2 

3 

4 



6 

7 
8 

9 
10 
11 
12 



13 

14 

15 
16 

17 

18 
19 
20 



GiTen. 



Bequr'd. 



a, r, 71 
a, r, S 

(If Tly S 

r, w, S 



a, r, 71 
a, r, Z 

Uf 7lf I 

r, 71,/ 



fly 71, I 

a, 71, o 
a,/, S 

71, Z, O 



r, 71, 1 

r, 71, S 
r,Z. S 

71, If S 



UfTyl 

fl, r, S 
a, Z, S 



Formulae. 



^^ fl+(r-l)S 
r 

, (r-l)Sr"-^ 
^~ r--l • 



5= 



ar" — a 



S= 



r-1 • 
Zr — a 



Vfl" 






s= 



r'— 7^^ 



1 • 



r='^' [I. 






:-Z. 



a= 






7*— 1 

fl=Zr-(r-l)S. 



log. Z- log, g , ^ 

71= (-1. 

log.r 
log. [a+(r— 1)5^]— log.g 

71= ^ ' • 

log.r 

log.Z-log.g ., 

'*~log.(S-a)~log.(S-Z)'^ • 

log.Z^log.[Zr^(r^ l)S],., 

71= = h^' 

log. r ^ 
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GThe last four cases in the preceding table can be performed 
only by the aid of logarithms, as they belong to exponential or 
transcendental equations. They will, therefore, receive atten- 
tion in their proper place. 



SECTION XXII. 

HARMONICAL PROGRESSION. 

Art. iSO* Three numbers are said to be in harmonical pro- 
gression when the first is to the third as the difference between 
the first and second is to the difference between the second and 
third. 

Thus the nunlbers 3, 4, 6, are in harmonical proportion. 

For 3:6:: 4-3 : 6-4. 

Or a, 3, c, are in harmonical proportion when 
a I c I I b — a I c—~b. 

Thus, if the length of three strings of a musical instrument be 
as the numbers 3, 4, 6, they will sound an octave 3 to 6, a fifth 
2 to 3, and a fourth 3 to 4. 

281 • Four numbers are in harmonical proportion when the 
first is to the fourth as the difference between the first and 
second is to the difference between the third and fourth. Thus 
the numbers 5, 6, 8, 10, are in harmonic proportion. 

For 5 : 10 : : 6-5 : 10-8. 

Strings of such lengths will sound an octave 5 to 10, a sixth 
greater 6 to 10, a third greater 8 to 10, a third less 5 to 8, and 
a fourth 6 to 8. 

282t Any number of quantities, a, 3, c, rf, e, &c., are in har- 
monical progression if a : c : : a— t3 : 3— c; bid:: b — c : 
c — d ; c : e : : c—d : d — e, &c. 
21 
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288i The reciprocal quantities in hannonical progression are 
in arithmetical progression. 

Thus, if a, 3, c, d^ e, &c., are in. hannonical progression, 

-, r-, -, -3, -, &c., will be in arithmetical progression. 
a b c d B 



SECTION XXIII. 

INFINITE SEBIES. 

Abt. 28Ii An infinite decreasing geometrical series is one 
whoso ratio is less than nnitj, and the number of whose terms is 
infinite. 

To find the sum of an infinite series decreasing in geometrical 
progression. 

We have already found, Art. 277, that the sum of a descend- 
ing series in geometrical progression may be ascertained by the 
following formula. 

S=?I=^, or 5= ^ «^ 



l_r ' 1— r l-r* 

285i Now, if r" be a fraction less than a unit, it is evident 
that the greater the number n, the smaller will be the quantity 
r". If, therefore, a great number of terms of a descending 
series be taken, the quantity r" will be very small ; and, if we 
suppose n greater than any assignable number, then the quan- 
tity, or its value, may be considered as nothing = 0. 

Hence the latter part of the formula, — = , should be 

1 — T 

omitted, and it will stand 
Thus, S=^. 

The rule, therefore, for finding the sum of the series, is as 
follows : 

EuLE. Divide the first term by the difference between unity 
and the ratio. 
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EXAMPLES. 

1. Wliat is the sum of the infinite series, 1, ^, i, j^* A* 
&o.? 

^^=1J. Ans. 

2. What is the sum of 1, ^, ^, ^, &o., to infinity? Ans, 2. 
8. What is the sum of the series, 8, f , ^, yf^, &c., carried 

to infinity ? il;». 10. 

4. Find the value of f , ^, ^, -j^, &c., to infinity. Ans. 1^. 

5. Find the value of 4, 1, ^, -j^, &c., to infinity. Am. 5^. 

6. What is the exact sum of 1, ^, ^^i^, &c., to infinity ? 

7. Find the exact value of the circulating decimal .444, &c., 
to infinity. 

.444, &c.=-^+Tj^+y^, the ratio being ^. 

[See Natzoital Auithmictxo, page 128.] 

8. What common fraction will exactly express the value of 
the repeating decimal .454545, &o. 1 

.454545=^+TxMyTr+TT7TMnnT» ^« ratio being y^. 

9. What common fraction is the exact value of the decimal 
.571428? Ans. f 

10. What common fraction is the exact value of .§57142 ? 

Ans. f . 

11. What is the exact value of .5^ ? 

,53==:t^ and TSrr+TiyW+TTriinF* &c. 

12. What is the value of .13§ ?, Ans. ^. 

13. Find the ratio of an infinite series whose first term is 8, 
and the sum of the series 10. Ans. \. 
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14. Find the ratio of an infinite fieries whose first term is §, 
and whose sum is 1^. Ans, ^. 

15. Find the first term of an infinite progression of which 
the ratio is |, and the sum 10. Ans. 8. 



SECTION XXIV. 

SIMPLE INTEREST. 

Abt. 286« Interest is the compensation which the borrower 
makes to the lender for the use of a certarn sum of money for a 
given time. 

Principal is the sum lent. 

Bate per cent, is the sum agreed on for the loan of $1, or 
$100, for one year. 
Amount is the sum of the interest and principal. 
Legal interest is the rate per cent, established by law. 
Let p s=s principal. 

r = rate per cent., written in hundredths. 
t = time in years. 
a = amount. 
i or a— p = interest for the given time. 
Hence, if r be the interest of one dollar for one year, it is 
evident that the interest of ^ dollars will be p times r=pr. 

And if ^ be the interest of p dollars for one year, it is cer- 
tain that for t years it will be t times as much, = ptr, and that 
p-\-ptr will be the amount, and i or a-^p will be the interest. 

287t Hence, having the principal, rate per cent., and time 
given, to find the interest and amount, we have the following 
formulaa : 

Formula for the interest, 

i=:ptr. 

Formula for the amount, 
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From the preceding formuko we have, for finding the interest 
and amount, the following 

Bttle. Multiply the principal by the rate per cent,, considered 
as a decimal, and this product by the time in years, and the result 
is the interest. 

If there are rrumths and days, let the months be considered as 
fractions of a year, and the days asfractums of a month. 
By adding the interest to the principal, we have the amxniiU. 
[See National AsiTHMEno, page 164.] 

EXAMPLES. 

1. What is the interest of $740 for 4 years, at 6 per cent. ? 

t=;?^r=740x.06x4=$177.60. Ans. 

2. What is the interest of $380 for 10 years, at 5 per cent. ? 

Ans. $190. 
8. What is the interest of $890.75 for 3 years, 6 months, at 8 
percent.? Ans. $249.41. 

4. What is the interest of $17.18 for 5 years, 2 months, 10 
days, at 4 j^ per cent. ? Ans. $4.02. 

5. What is the amount of $144 for 3 years, at 8 per cent ? 
a=;?+jprr=144+(144x.08x3)=$178.56. Ans. 

6. What is the amount of $800 for 6 years, 1 month, 12 days, 
at 6 per cent. ? Am. $1093.60. 

7. What is the amount of 5J670.18 for 3 years, 7 months, 20 
days, at 9 per cent. ? Arvs. $889.66. 

288i Having the amount, time, and rate per cent, given, to 
find the principal. 

By transposing, &c., the last equation, we have 

From which we have the following 

EuLB. Mtdtipiy the time by the rate per cent., and add 1 to 
the product; vnth this sum divide the amount, and the quotient 
is the principal. 

21* 
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8. Received $472 for a certain sum that had been on interest, 
at 6 per cent., for 3 years. What was the sum lent ? 

9. What principal will amount to $570 in 10 years, at 5 per 
cent.? Ans. $380. 

10. What principal will amount to $1140.16 in 3 years, 6 
months, at 8 per cent. ? Am, $890.75. 

11. Lent a certain sum for 5 years, 2 months, 10 days, at 4^ 
per cent., and received interest and principal $21.20 ; what was 
the sum lent ? Ans. $17.18. 

12. My friend borrowed of me a certain sum, which he kept 
3 years, and for which I charged him 8 per cent., and received 
interest and principal $178.56. What was the sum I lent him ? 

Ans. $144. 

13. Beceived as interest and principal $889.66 from a friend 
to whom I had loaned a oertun sum for 3 years, 7 months, and 
20 days, at 9 per cent. What was the consideration of his 
note? Ans. $670.18. 

289* Having the amount, principal, and rate per cent, given, 
to find the time. 

By transposing and reducing the last equation, we have the 
following formula for finding the time, t, 

Tp 7y 
From the above formula we have the following 

BuLE. Divide the interest by the product of the principal 
multiplied by the rate per cent,^ and the quotient is the time. 

[See National Abithmstio, page 181.] 

14. How long will it require $300 to amount to $372, at 6 
per cent. ? 

T , . ^-P 372-300 . . 

^'' '=-^=:06x300=^y^^«- ^""^ 

15. In what time will $380 amount to $570, at 5 per cent. ? 

Ans. 10 vears. 
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16. Lent, at 8 per cent., $890.75, for which I received 
$1140.16 ; for how long time was the money lent ? 

Ans. 3 years, 6 months. 

17. For $17.18, which was loaned at 4j- per cent., there 
was received $21.20. For how long time had it been lent ? 

Ans, 5 years, 2 months, 10 days. 

18. The interest and principal, on a certain sum, at 9 per cent., 
are $889.66 ; and the interest is $670.18 less than the amount. 
How long was the money at interest ? 

Ans, 3 years, 7 months, 20 days. 

19. A has B's note, dated January 1, 1851, for $320, at 9 
per cent. When will the note amount to $353.60 ? 

Ans. March 1, 1852. 

290t Having the principal, interest and time given, to find 
the rate per cent. 

By transposing the last formula, we obtain the following for 

finding r, the rate per cent. Thus, 

a — p i 
r= — f-, or —. 
pt pt 

The pupil will perceive that the amount is known when the 
interest and principal are given. 

'Vtsit is the rate per cent, for $300, that it shall amount to 
$372 in 4 years ? 

d-p 372-300 .^ ^ 

•Hence we deduce the following 

Rule. Divide the interest by the prodvjct of the principal 
multiplied by the time, and the quotient is the rate per cent, 

20. If $380 amount to $570 in ten years, what is the rate 
per cent. ? Ans, 5 per cent. 

21. Lent $890.75, for 3 years, 6 months, and received for the 
amount $1140.16. What was the rate per cent. ? 

Ans. 8 per cent. 

22. If $17.18 amount to $21.20 in 5 years, 2 months, and 10 
days, what is the rate per cent. ? An>s, 4^ per cent 
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28. If the interest of $670.18 for 8 years, 7 months, and 20 
days, be 9219.48, what is the rate per cent. ? 

Am. 9 per cent. 

24. John Smith, Jr., gave me his note, dated January 1, 
1848, for $144 : bat he having been unfortunate in business, I 
agreed. May 7, 1851, to give him up his note for 8153.64.8. 
What per cent did I receive ? Am. 2 per cent. 

25. My tailor informs me that my " freedom suit " will re- 
quire 7^ square yards of cloth ; but the cloth I am about to 
purchase will shrink 5 per cent, in width, and 4 per cent, in 
length, and the cloth is 60 inches wide. How many yards must 
I purchase ? Am. 4 yards, 88ff inches. 



SECTION XXV. 

DISCOUNT AT SIMPLE INTEREST. 

Abt. 291 1 Discount is an allowance for the payment o^ any 
sum of money before it becomes due, and is the difference 
between that sum and its present worth. 

The present worth of any sum due some time hence is such a 
sum as, if put at interest, would, in the time for which the dis- 
count is to be made, amount to the sum then due. 
To find the worth of any sum due at any time hence : 
Let iS = the sum due. 

ji ss the present worth. 
^ = the time in years. 

r s= the rate per cent, considered as so many hun- 
dredths. 

We have before shown, in Art. 287, that ass^+ptr. 



DISCOUNT AT SIMPLE INTEREST. 249 

We now substitute S for a, and consider p to represent the 
present worth ; and, hj transposing the equation, find 

from which we deduce the following 

Rule. Multiply the time by the rate per cent,, add 1 to the 
product, a7id divide the sum on which the discount is to be taken 
by this sum, and the quotient is the present ivorth. 

If the present worth is taken from the sum due, the re- 
mainder is the discount. 

[See National Asitumetic, page 187.] 

1. What is the present value of $500, due 4 years hence, at 
6 per cent. ? 

By transposing the quantities in the above formula, we may 
obtain the values of s, t, and r. 

2. What is the present worth of $372, due 4 years hence, at 
6 per cent. ? Ans. $300. 

3. What is the present worth of $133.20, due 20 months 
h6nce, at 8|. per cent. ? Ans. $117.09. 

4. What is the discount on $21.20, due 5 years, 2 months, 
10 days hence, at 4^ per cent. ? Ans, $4.02. 

5. A has B's note, dated January 1, 1851, for $353.60, to be 
paid March 1, 1852, without interest. What was the value of 
this note at the ^ time it was given, if 9 per cent, discount is 
allowed? ' Ans. $320. 

6. Which is worth the most, A's note for $144, due 10 years 
hence, at 6 per cent., or B*s note for $176.40, due 8 years 
hence, at 12 per cent. ? Atis. 

7. A legacy of $1725 is due one year hence. What is its 
present value, at 15 per cent. ? Ans. $1500. 

8. James Brown has S. Smith's note for $162, payable 6 
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montlis hence ; but Brown, being obliged to ruse money, sold 
the note for $150. What per cent, did he allow ? 

Am, 16 per cent. 

9. Bonght a &rm for (590, for which I was to pay in a cer- 
tain time, without interest ; but, by making prompt payment, I 
was allowed a discount of 6 per cent, for the whole time, and 
paid only $500. How long was the time allowed for payment ? 

Ans. 3 years. 

10. Bought a horse for $200, and gave my note, payable in 
60 days. What ready money, at 15 per cent., will discharge 
the debt? Am. $195.12+. 

11. What is the present worth of tl827, due 100 years 
hence, at 6 per cent. ? Am, $261. 



SECTION XXVI. 

PABTKBRSHIP, OR COMPAinr BUSINESS. 

Abt. 292« Partnership is the association of two or more 
persons in business, with an agreement to share the profits and 
losses in proportion to the amount of the capital stock con- 
tributed by each. 

EXAMPLES. 

1. Three men, A, B and C, enter into partnership for two 
years, with a capital of $1600. A puts into the firm $300, B 
$500, and $800. They gain $320. What is each man's 
share of the gain? 

Let X =s A's gain. 

Then, as each man's share of the gain will be in proportion to 
his stock, 

And -^ = B's gain. 

-g- == C's gain. 
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And ar+^+ J = $820. 

o o 

3a:+6a:+8a: = 960. 

I62: = 960. 

a; = 60 = A's gain. 

fix 

^ = 100 = B'B gain, 
y = 160 =« C's gain. 

yXBinOATION. 

60+100+160=$820. 

Or, let my n, and p represent A, B, and C's stock, and a the 
sum gained. 

Also, let X = A's gain. 

Then, it is evident that each man mnst receive according to 
his capital 

That is, as A's stock is to his gain, so will B's stock be to his 
gain, &c. 

Therefore, mixiini — = B's. 

m 

And m : a: : : p : — = C's. 

^ m 

«« nz vx 
Then, x-i M— = a. 

And mX'\'7iX'\-px=am. 

m.. ^ «^ 320x300 -^^ ., . 

TJ^-'^fo^-^ ^-^H=;rf:^=== 3oo+50o+8oo =^^'-^^g^ 

Then, by the principle above stated, 

And, 
. am _ ap _ 320x800 _ 

• «+n+p • -^ • OT+w+p 300+500+800 * ' *^ 



OT 



m 
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VSBIFZOATIOK. 

m+n+p m'\-n+p'^m+n'{-p m-{^+p 

Therefore, to find the gain or loss on any man's stock, we 
deduce from the above formulse the following 

Rule. Multiply the whdU gain by each marCt stocky and 
divide the prodtict by the whole stock. 

293t Haying each man's gain, and the amount of stock given, 
to find each man's share in the stock. 

2. A, B, and C, while in trade, gained as follows. A gained 
$50, B $70, and C $90. The amount of their stock in trade 
was $4200. What was the amount of each man's stock ? 

It is evident that each man's stock was in proportion to his 
gain. 

Let a:=:A's stock. 

Then V=B's stock. 



And -=-=C's stock. 
o 

Therefore, a:+y+y=4200. 

5a;+7z+9a:=21000. 
21a:=:21000. 
a:=1000. A's stock. 

5=1400. B's stock. 
5 

9x 

—=1800. C's stock. 
5 



4200. Proof. 

If we change the symbols of the first question, putting m, n, 
and p^ for the gain of each man respectively, and a for the stock, 
we obtain the following formulaD for finding the amount of 
each man's stock : 
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'moL 50x4200 



m+n-^-p 50+70+90 
na 70x4200 



$1000. A's stock. 



m+n+p 50+70+90 
pa 90X4200 



= $1400. B's stock. 



= $1800. C's stock. 



m+n+p 50+70+90" 
Hence, for finding each man's stock, we have the following 
Rule. Multiply the whole stock by each Trw/rCs gain, and 
divide the product by the whoie gain. 

3. Two men, M and N, engaged in trade. M put in $500, 
and N $750. They gained $120. What is each man's gain ? 

Ans. M gained $48, N gained $72. 

4. Q and X hired a field for $120, which they used for a 
pasture. Q put in 11 cows, and X 15 cows. What sum should 
each man pay ? Ans, Q pays $50.76|f , X pays $69.23^. 

5. A and B purchased a factory for $17,000. A paid $10,000, 
and B the remainder. They gained $1500. What sum should 
each receive ? Ans, A $882^8^, B $617if . 

6. A, B, and C engaged in trade, with a capital of $6000. 
They gained $240. A's share of the gain was $100, B's $80, 
and C's $60. What part of the stock did each own ? 

Ans. A $2500, B $2000, and C $1500. 

7. A, B, and C hire a pasture for the season for $100. A 
put in 5 horses, B 7 oxen, and G 9 cows. Two horses eat as 
much as 3 oxen, and 4 oxen eat as much as 5 cows. What part 
of the expense must each pay ? Ans. A pays $34.56^j^, B 
pays $32.25^1^, and C pays $33.17f||. 

8. Three men. A, B, and C, agreed to reap a field that was 
40 rods squiare for $32. A reaped a part that was 25 rods 
square, B reaped 400 square rods, and the remainder. What 
sum did each receive ? Ans. A $12.50, B $8, C $11.50. 

PABTNEBSHIP ON TIME, OB DOUBLE FELLOWSHIP. 

9. A, B, and C engaged in trade. A put in $2000 for 4 
months, B put in $3000 for 8 months, and put in $4000 for 

/ 22 
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12 months. Thej gained $780. What is each man's share of 
the gain ? 

Let m, 71, pj represent each man's stock, a the whole gain, 
and t^ f , f\ the time each man's stock was in trade. It is 
evident that each man's stock gains not only in proportion to its 
sum, but also in proportion to the time it is in trade. For 
$2000 will gain four times as much in four months as it would 
in one month, and $2000 for four months is the same as $8000 
for one month. We must, therefore, multiply each man's stock 
by the time it was in trade. It is therefore evident, that as A's 
gain is to B's gain, as A's stock multiplied by his time is to B's 
stock multiplied by his time, &c. 

Let x,y,zssz A, B, C's gain respectivdy. 

Then x : y : : tjU : nt\ 

fifx 
Multiplying extremes, &c., y= — - = B's gain. 

And X I z : : nit : pt". 

Multiplying extremes, &o., zss^— — = C's gain. 

flu 

Multiplying by nit, nUx-{-nfx-\-pt'xs=mta, 
Therefore, 

naa _ 2000X4X780 _ 

»it+nt'+|rf"""2000x4+3000x8+4000xl2"~ * A^gitin 

Tit'x 

But y= — -. 

^ nU 

And by substitution, y=^X ^,^^.^^. ===;;^q:;^jp==^ 
8000X8X780 



2000X4+8000X8+4000X12 
And by substitution, 



= $234. B's gain. 



And 2==^—-'. 

mi 
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©r inta ptf'a 

Z=—rX — 



mt mt+nt''\-pt" 7nt+nt'+pt" 
4000X12X780 



= $468. O's gain. 



2000x4+3000x8+4000x12" 
The above equations, by dividing the numerators each into 
two factors, may be expressed by the following proportions : 
mt-^nf +pf' : mt : : a : X. 
mt-\-nt' -{-pt" : ntf : : a : y, 
mt+nt'+pt" : pt" :: a : z. 
Hence the following arithmetical 

BuLE. Multiply each man^s stock by the time it was contiTtuea 
in trade, and then say. As the sum of all the products is to each 
man's product, so is the whole gain or loss to each man's gain 
or loss. [See Nauonal ABrrauEno, See. LYI.] 

10. A commenced business January 1, 1850, with a capital 
of $3000. May 1, 1850, he took B into partnership, 'with a 
capital of $4000. January 1, 1851, they had gained $340. 
What was each man's share of the gain ? 

Arts. A's gain $180, B's gain $160. 

11. A, B, and C traded in company. A put in $300 for 10 
months, B put in $400 for 8 months, and put in $600 for 2 
months. They gained $120. What is the gain of each ? 

Am. A's gain $48.64f^, B's $51.89^, O's $19.45^f . 

12. Three men, A, B, and C, hire a pasture in common, for 
which they are to pay $76.80. A put in 24 oxen for 12 weeks. 
B put in 25 oxen for 12 weeks, and G put in 30 oxen for 6 
weeks. What sum ought each to pay ? 

Ans. A $28.80, B $30, C $18. 

13. John Jones hired a house for one year for $500, with the 
privilege of admitting two more families if he pleased, with the 
understanding that aU the occupants should have equal priv- 
ileges in the house. At the end of three months he took in 
John Smith, and at the end of 9 months Bichard Boe. What 
share of the rent should each pay ? 

Ans. Jones $291f , Smith $166§, Boe $41f . 
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14. Two men, A and B, hired a coach in Boston to go to 
Worcester, the distance being 42 miles, for $20, with the privi 
lege of taking in two persons more. Having rode 30 miles, 
thej take in G; and on their return from Worcester, when 
within 20 miles of Boston, they take in D. What ought each 
man to pay for his accommodation in the coach ? 

Arts. A $7.46yf3r, B $7.46^^, C $3.88}ff , D $1.192V5r. 

15. A and B engage in trade. A puts in a dollars for b 
months, B puts in c dollars for d months, and they gain e dol- 
lars. What share of the gain shall each receive ? 

. abe .^ . cde . 

16. A, B, and engage in trade, with a capital of S1911. 
A's money was in the firm 3 months, B's 5 months, and G*8 7 
months. They gained $117, which was so divided as that the 
^ of A's gain was equal to ^ of B's and ^ of G's gain. What 
was each man's stock and gain ? 

( A's stock $693jftft^, B's $623}*S|, and G's $594j^o%. 
• ( A's gain $26, B's gain $39, and G's gain $52. 

17. If 12 oxen eat 3^ acres of grass in 4 weeks, and 21 oxen 
eat 10 acres in 9 weeks, how many acres would 36 oxen eat 
in 18 weeks, the grass to be growing uniformly ? 

Am. 24 acres. 

18. Three men engage in partnership, for 20 months ; A, at 
first, put into the firm $4000, and at the end of 4 months he put 
in $500 more ; but, at the end of 16 months, he took out $1000. 
B, at first, put in $3000, but at the end of 10 months he took 
out $1500, and at the end of 14 months he put in $3000. G, at 
first, put in $2000, and at the end of 6 months he put in $2000 
more, and at the end of 14 months he put in $2000 mcnre ; but, 
at the end of 16, he took out $1500. They had gained, by 
trade, $4420. What is each man's share of the gain ? * 

Ans. A's gain, $1680 ; B's gain, $1260 ; G's gain, $1480. 
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SECTION XXVII. 

INDETERMINATE ANALYSIS. 

Abt. 291 • Iif the common rules of Algebra, such 'questions 
are usually proposed as require some certain or definite answer ; 
in which case, it is necessary that there should be as many inde- 
pendent equations, expressing their conditions, as there are 
unknown quantities to be determined ; otherwise the problem 
would not be limited. 

But, in other branches of the science, questions frequently 
arise that involve a greater number of unknown quantities than 
there are equations to express them ; in which instance, they are 
called indetermnate, or unlimited problems, being such as 
commonly admit of an indefinite number of solutions ; although, 
when the question is proposed in integers, and the answers are 
required only in whole positive numbers, they are in some 
cases confined within certain limits, and in others the problem 
UiSLj become impossible. 

Note. — The mle of Alligation belongs to Indeterminate Analysis. See 
the Author's Kjlhonal ABiTHHKno, page 275. 

EXAMPLES, 

1. Let 5a;+3y=49. 

It is required to solve the equation, and find all the integral 
and positive values of x and y which are possible. 
(1.) By transposition, 3y=49— 5ar. 
(2.) Dividing as far as possible. 

By changing the fraction, for the sake of convenience, to a 
positive quantity, 

(3) * y=l6-2a;+^. 

Since we consider only the integral values of ^,.ihe fraction 
must be a whole number. 
22* 
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Let nssihat number. 
Then 

x=3n— 1. 

Substituting this yalue of a; in (3), 

We have, y=16— 2 (3«— 1) +«. 

Or, y=18— 5n. 

We haye now the yalues of x and y in the terms of n, which 
must be whole numbers. 

By trying yarious yalues for n, we shall find all the possible 
yalues ofxandy. 

Let n=l, and xss 2, and y=13. 
n=2, " ars= 5, " y=8. 
nss3, " x^ 8, " y=3. 
n=4, « a:=ll, " y=:— 2. 

This last yalue of y, being negative, is not allowed by the 
conditions of the question. 

The equation, therefore, admits of only three sets of answers. 

2. How can $100 be paid with 100 pieces, using eagles, 
dollars, and " nine-ponces," each of the latter equalling one- 
ei^thof adoUar? 

Let a;=:eagles, yssdollars, z=nine-pence8. 

(1) Then, x+y+z=100. 

(2) And 102r+y+|=100. 

(3) Multiplying (2) by 8, 80x+8y+z=800. 

(4) Subtracting (1) from (3), 79a:+7y=700. 

(5) Transposing, 7y=700— 79a;. 

(6) Dividing, y=100— l2a:+y. 

(7) Let 7i=y. 
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(8) 7n=6z. 

(9, .=12. ■ 

79ra 
(10) By sabstitution, y=100— !^-. 

Lei?' 71 ^ 5, it being the smallest number that will give an 
integral value to a: ; and we find a:=7, and y=:21, and 2r=72. 

Again, let w = 10, the next smallest number that will make 
X a positive whole number, and we find a;=14, and y a negative 
quantity ; and so with every value of n that can be assumed, 
except 5. The question, then, admits of but one answer ; that 
is, 7 eagles, 21 dollars, and 72 nine-pences. 

The answer might have been obtained by eliminating y, instead 
ofz. 



(1) 


Thus, 


x+y-\-z=10Q 


(2) 


And 


10x+y-^=m 


(3) 


Subtracting (1) from (2), 


9.-^=0. 


(4) 


Wtiplying, 


1z=72x. 


(5) 


Dividing, 


z=10x 


(6) 


Let 


2x 
«=y. 


(7) 


Multiplying, 


7n—2x. 


(8) 


Dividing, 


In 

x=^. 



2x 

7' 



Let 71=2, it being the least number that will make x a whole 
number, and a:=7, and z=72, and ys=21. 

If we suppose n=4, it being the next larger number that will 
make x an entire number, then ar=14, and 2:=144, which is 
impossible, by the conditions of the question. It is, therefore, 
certain that no numbers but 7, 21 and 72, are correct. 
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3. Let x+ y-i- 7= 41 ) tofiIldantlIeint^ralandpos- 
AIld24x-|-19y-{-10^=741 ) itive values of x, y, and z. 

(1) ConditionB, x+y+z=41. 

(2) And 24a:+19y+10z=:741. 

(3) Transposing (1), z=41— a:— y. 

/ix rr • 1. /ox 741-24x-19y • 

(4) .Transposing &c. (2), z= jn ' 

(5) Values of (3) and (4), 41— z-~y= ^^^""^~^^. 

(6) Multiplying, 410-102:— 10y=741-24z—19y. 

(7) Beducing, 9y-f 14r=:331. 

(8) Transposing and diyiding, y^ ^ =36 — x-l . - 

Changing tKe signs in the last term, so as to make 

(9) xpositiye, y=36— a: ^ — , 

(10) Let ^^-"^ 



9 

(11) Mnltiplymg, bx—7=9n. 

(12) DiTiding, *=^T^- 

(13) Sobstitating this for tiie valne of x in the equation (9), 

we have 9«+7 

y=: 00 =1 n. 

(14) Multiplying, 5y=180— 9n— 7— 5«. 

(15) Reducing, 5^=173— 14». 

Let n= 2, then y=29, and ar= 5, and z^ 7. 
n= 7, " y=15, " a:=14, « z=12. 
n=:12, " yz=z 1, " a:=23, « z==17. 
Another solution of the above question : 

(1) Let z+y+z= 41. 

(2) And 24a:-fl92r+10z=741. 
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(3) Eliminating t)ie x% we have 

14z=:243— 5y. 

(4) Dividing, z=17+^. 

14 

(5) Let ^ „=iz|y. 

(6) Multiplying, 147i=5— 5y. 

(7) Transposing, 5y==5— 147i. 

(8) Dividing, y=l — -?. 

o 

(9) Reducing, &c., y=zl-^n+^. 

We might use the first value of y ; but, to do what it is con- 
venient to do in some cases, let us introduce a second auxiliary 
quantity, to represent the fraction in the 2d value of y. 

(10) Let mJ^. 



(11) Multiplying, 57«=w. 

(12) By substitution, y=l—14m. 

(13) And ,^n+t=^=zlM. 

14 

(14) Therefore, z=17+5m. 

The value of y requires that m should be zero, or negative. 
Let us first suppose the value of m to be 0. 

Then, j^l— 14(0)=1. 

And z=17-5(0)=17. 

And a:=41-l-17=23. 

Let — 1 be taken for the value ofm. 

And y= l-.(— 14)== 1+14=:15. 

z=17+5(-l)=17— 5=12. 
a:=41-12-.15=14. 
Again, let —2 be taken for the value of tt^. 

And y=l-.14(— 2)=29, 
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And z=17+5(-2)=7. 

a:«41— 29-7=5. 
Again, let — 3 be taken for the value of 9». 

Then. y«:l-14(-3)=43. 

This yalue of y is more than the united values of ar, y, and z 
bj the conditions of the question. 

The three values of m (0, — 1, —2), then, are the only ones 

which will ^ve integral and positive values for all the quantities. 

The reason for using the second quantity (m) was to avoid 

fractions in the values of y and z. Three or four successive 

auxiliary quantities may be used advantageously in some cases. 

295* To find two square numbers whose sum shall be a square. 
4. Let a:»-|-y»=z». 

Then a:»=2:»— y»=(2:+y)(z— y). 

Multiplying both sides by »i, we have ?7M:'=m(z+y)(r — y). 



Assuming, 


j«a:s=z+y, and a;=7n(z— y), 


We have. 


z+y=m*(2:— y). 


Therefore, 


(m»+l)y=(m»-l)z=(w'-l)(7na:-y)= 




(«i'--l)77u;— (m*— l)y. 


Therefore, 


2m«y=(m*— l)7?ix. 


.Ind 


27?iy 



To obtain whole numbers without fractions, let y=7»*— 1; 
then we have x^sHrriy and z=m'-{-l. That is, the general 
forms of the three numbers will be a;=:277i, y:=7n? — 1, and z= 

If m=l, we have z= 2, y^ 0, and z=2. 



fn=2. 


' 2= 4,y= 3, 


" z=5. 


TO=3, * 


' a;=; 6, y= 8, 


" z=10. 


7»=4, 


2= 8, y=.l5, 


" z=17. 


m=5, * 

•! • 


' a:=10, y=24, 

11 • xl__j. iV 


" 2=26. 

1 



The pupil will perceive that the values of z and y may 
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represent the base and perpendicular of a right-angled triangle, 
and z the hjpothenuse. 

296* To find two numbers the sum of whose squares is given. 
By substitution, we have 






5. Find the values of x and y vhidi will satisfy the equation 
a:»+y»=10». 

In these equations, any number may be assigned for the value 

of 972. 

If wi=l, we have a:=10, and y=0. 



971=2, 


i< 


a:= 8, 


(( 


y=6. 


wi=3, 


i( 


a;= 6. 


c< 


ysS. 


m=4. 


i( 


80 


(( 


150 


m=8. 


(C 


82 


(C 


126 . 



297* To find two square numbers whose difference shall be a 
square number. 

6. Let a;*— ^=2*; therefore (ar+y)m(a; — y)=97i2;*; whence, 
assuming a;+y=77i2:, and ?7i(a: — y)=ar, we have a;+y=m'(a: — y), 
and (wi*+l)y=(m'— l)ar. 

Therefore, a:^f — j^—- jy, and if y=m'— 1, then will a:=»»' 
+1, and z=2?7i. 
If m^l, we have a:= 2, y= 0, and 2r=2. 

m=2, " a:= 5, y=: 3, " z=4. 

771=3, " a:=10, y= 8, " 2r=6. 

771=4. " a:=17, y=16, " z=8, &c. 
We might assume a fractional value for 77i. 
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298* If the difference of the two squares be given, we haye 
the following formula for ascertaining their value ; 
m{x-\'y)=zfr?Zi and ?w(a:— y)=z. 

Whence, 2wM:=«:(77f*+l)z, xssz( ' jar, and y= f -^ — \z 

7. What values of x and y will satisfy the equation a^ — ^ 
==24M 

where the values of m may be assumed at pleasure. 
If m=l, we have x=24, and y=s 0. 
ms=2, '< a;=s30, '< y=18. 
m=8, " x=40, " y=32. 
»»=4, " x=:51, " y=45, &c. 

8. The difference between the squares of the ages of two 
persons at one period was 45, and at another it was 159. Re- 
quired the age of each. 

Ans. At the first period their ages were 9 and 6, and at the 
second 28 and 25. Or, at the first period they were 23 and 
22, and at the second 80 and 79. 

EXAMPLES. 

1. How many pounds of sugar, at 11 cents per lb., shall be 
mixed with another kind, at 5 cents per lb., that the mixture 
shaU be worth $2.54? 

Ans. 19 lbs. with 9 lbs. ; 14 lbs. with 20 lbs.; 9 lbs. with 
81 lbs. ; and 4 lbs. with 42 lbs. 

2. A person divides 65 shillings among 15 persons, men, 
women, and children. The shate of a man is 7 shillings, that of 
a woman 8 shillings, and that of a child 2 shillings. How many 
persons were there of each class ? 

Ans, 6 men, 5 women, and 4 children. 

8. A gentleman has two &rms, valued at $2000. The best is 
worth $21 per acre, and the other $17 per acre. How many 
acres are there in each farm ? 
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Atis. The first may contain 92, 75, 58, 41, 24, or 7 acres; 
and the second may contain 4, 25, 46, 67, 88, or 109 acres. 

4. I purchase wheat at 17 shillings and barley at 11 shillings 
a bnshel, and expend in all £27 2s. How many bushels of each 
do I purchase ? Am. 6 of wheat and 40 of barley ; or 
17 of wheat and 23 of barley; or 28 of wheat and 6 of barley. 

5. It is required to divide 100 into two such parts that one of 
them may be divisible by 7, and the other by 11. 

An$, The only parts are 56 and 44. 

6. In how many ways can a debt of S25 be paid with $2 and 
$3 bills? Ans. Four ways. 

7. I wish to mix com at 70 cents per bushel with wheat at 
$1.90 per bushel. How many bushels of each must be taken to 
amount to $9.20 ? Ans. 5 bushels of com, and 3 of wheat. 

8. It is required to find the least whole number which, being 
divided by 17, shall leave a remainder of 7, and, when divided 
by 26, shall leave a remainder of 13. Am, 143.- 

.9. A person wishes to purchase 20 animals for £20 ; sheep at 
31 shillings, pigs at 11 shillings, and rabbits at 1 shilling each. 
In how many ways can he do it ? 

Am. He can buy 12 sheep, 2 pigs, 6 rabbits; or 11 sheep, 
5 pigs, 4 rabbits ; or 10 sheep, 8 pigs, 2 rabbits. 

Note. — The question will ftdmit of only these three answers. 

10. It is required to find two numbers, one of which being 
multiplied by 7, and the other by 13, the sum of the producte 
shall be equal to 71. 

Note. — This question does not admit of an answer in whole numbers. 
No yalue can be given to the auxiliary unknown quantity (n), which will 
render x and y both integral and positiye. 

11. It is required to find two numbers the sum of whose 
squares shall be 1225. 

Ans. The only positive and integral numbers are 21 and 28. 

12. The difiference of the squares of two numbers is 1521 ; 
what are the numbers ? Atis. 52 and 65, or &c. &c. 

23 
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SECTION XXVIII. 

VARIATIONS, PBRMUTATIONS, AND COMBINATIONS. 

A&T. 2t9c The different arraDgements that can be made of 
any number of qnantities, taking a certain number at a time 
are called Variatums, 



Thns, if a, b. 


c, be taken two 


together^ 


t the yariations will be 


abfbajaCfCa^ be, 


,c&. 








And if a, b, c^ 


(2, be taken three togeth( 


scy their yariations will 


be 24. Thus, 










abc 


ahd 


acb 


acd 


adb ado 


bac 


bad 


bca 


bed 


bda bdc 


cab 


cad 


cba 


cbd 


cdd alb 


dah 


dac 


dba 


dbc 


dca deb. 



K all the qnantities are taken together, their yariations are 
called Permutations, 

Thus the permutations of a, 3, c, arcane, acbj bae, bca, caby cba. 

The permutations of 1, 2, 8, are 123, 182, 218, 231, 312, 321. 

The different collections that can be made of a number of 
things, taking a certain number of things together without re- 
garding their order, are called Cambinaiums, Thus the com- 
binations of a, b, c, taken two together, are a&, ac, be. 

Each combination will supply as many corresponding yaria- 
tions as the number of things it contains admits of permutations. 

VARIATIONS. 

Let V = the number of variations required. 

n = number of different things. 

r ^ number of things taken. 
The following, therefore, will be the formula for obtaining the 
number of variations of ?i things, taken r together. 
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The number of variations of n things, taken r together, is 
7i(w— l)(7i— 2) [n—(r—l)]. • 

Let a, b, c, d, &c., be the n things; then the number of 
variations which can be made, taking them singly, is n. 

Let n—\ of these things, namely, 3, c, d, &c., be taken 
singly ; then the number of their variations is n — 1 ; and, if a 
be placed before each, we shall have n — 1 variations of ti things, 
taken two together, in which a stands first. Similarly, we shall 
have n — 1 such variations in which h stands first, and simi- 
larly for all the n things; hence there will be, on tlie whole, 
{n — 1) variations of % things, taken tvx) togetheri 

Again, taking w— 1 of these things, namely, 3, c, dy &o., their 
variations, taken two together, will be n{ri — \)(n — 2) ; and pro- 
ceeding as before, there will be, in the whole, {n — l){n — 2) 
variations of n things, taken three together. 

Similarly, their variations, taken four together, will be 7i(w— 1) 
(to — 2)(w— 3). Hence, if Fj, V^ Fg, &c., F^, denote the varia- 
tions of 91 things, taken 1, 2, 3, &c., r, together, we have 
Fi=w, F2=n(w-.l), F8=?i(7i— l)(9i— 2), &c. 
F,==%(7i— 1)(«— 2)(7i— 3) [^—(^—1)]. 

From the above we infer that the permutations {p) of n 
things are their variations taken oZZ together ; the^fore, by 
writing n for r, we shall have 

;?=»(«— l)(w— 2) (71— (n— 2) )(«— (n— 1) )= 

«(7i— l)(7i— 2) 2.1=1.2.3 n, 

1. How many changes can be rung with 7 bells out of 10 ? 

F=w(w— l)(w— 2) (n— (r— 1) ). 

As there are 10 bells, %=10 ; and as they are taken 7 at a 
time, r=lt and r— 1=6; therefore, n — (r — 1)=10— 6s=4. 
Hence 77=10.9.8.7.6.5.4=604800 changes. Am. 

2. How many words can be made with 4 letters out of 5 ? 

Ans. 120. 

3. How often can 4 boys change their places in a class of 8 so as 
not to preserve the same order ? Ans, 1680. 
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SCO* When a and b are different, their pemmtations are a^, 
ba ; but, when a=3, they become aa. 

Let a recur p times ; &, g times ; c, r times ; and P be the 
number of permutations required. Then, if all the a's be 

changed into different letters, thej will form 1. 2. 3 p, 

permutations ; and, out of each of the P permutations, we should 

form 1. 2. 8 permutations. In like manner, if all the 

&'s were changed to different letters, they would form 1. 2. 3 

q permutations ; and, therefore, there would be P. (1. 2. 

3 p. 1. 2. 3 q) permutations. Now, when all the 

quantities have become different, the number of permutations is 
1. 2. 3. 4 n. by Art. 299. 

Therefore, P. (1. 2. 3 p. 1. 2. 3 q. 1. 2. 3 r. &c.) 

ssl. 2. 3 n. 

1. 2. 3. . . « 



Whence, P= 



1. 2. 3. . . p. 1. 2. 3. . . q. 1. 2. 3 r, Ac' 



4. In how many ways may the word enunciation be written ? 
In this word there are 11 letters, of which 8 are n's and 2 

are t's ; therefore, n^ll, p=3, gss2. 

„ P_ l. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11 

Hence, i'— ____ 

=;3326400 ways. Ans. 

5. In how many ways may the word algebra be written ? 

Ans. 2520. 

6. How many different numbers can be made with the foUow- 
mg figures, 1225555 ? Ans. 105. 

7. How many yariations may be made of the letters in the 
word zaphnatkpaaneah f Am. 454053600. 

OOMBINATIONS. 

301* The different collections that can be made of a number 
of things, taking a certain number together, without regarding 
their order, are called their Combinations. 
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Thus, the combinations of a, 3, c, taken two together, are ab^ 
ac^ he. 

Each combination will supply as many corresponding varia- 
tions as the number of things it contains admits of permu- 
tations. 

Each combination of r things supplies 1. 2. 3 r varia- 
tions of r things ; hence, if C^ be the number of combinations 
of 71 things, taking r together, the following will be the formula. 

Cr (1. 2. 3. . . r)=y;=n(7i-l)(7i-2) (72— (r-1) ). 

Therefore, c^^^(^-l)(^-2) (.-(r^l) )^ 

1. 2. O. ... 7* " 

8. Into how many different triangles may a decagon be 
divided, by drawing lines from the angular points ? 

Note. — The nnmber of triangles will be eqnal to the number of lines 
that can be drawn by connecting 7 at a time of the 10 angles, with each 
angle ; taken 7 together, 

w(n—l)(yt— 2) (n— (r— 1)) _ 10. 9. 8, 7. 6. 5. 4 

1. 2. 3 r "*" 1. 2. 3. 4. 5. 6. 7 

=120. Ans. 

9. How many different combinations can be made with 5 
letters out of 8 ? Ans. 56. 

10. From a company of 12 persons, it is proposed to ascertain 
how many parties, of ten each, can be selected, and no two 
parties to be composed of the same individuals. How many 
parties can be selected ? Ans. 66. 

11. A company of soldiers consists of 40 men, and 6 of them 
are selected every night to mount guard ; on how many nights 
can a different guard of 6 sentinels be made ? Ans. 3838380. 

12. How many different numbers can be made out of one 
unit, two 2's, three 3*s, and four 4*s, supposing all the figures to 
be in every number ? Ans. 12600. 

13. What is the total number of combinations of 16 things, 
taken 1, 2, 3, &c., at a time ? " Ans. 65535. 

28=^ 
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SECTION XXIX. 

LOaASTTHMS.* 

Abt. S02« LogarithmB ure a series of numbers in arith- 
metical progression, answering to another series of numbers in 
geometrical progression. 



_ ( 0, 1, 2, 8, 4» 5, 6» indices, or logarithms. 
' 1 1, 2, 4, 8, 16, 32, 64, geometrical progression. 

Or, 



geometrical progression. 

6, indices, or logarithm 
27, 81, 243, 729, geometrical progression. 



iO, 1, 2, 8, 4, 5, 6, indices, or logarithms. 
1, 3, 9, 

^ ( 0, 1, 2, 3, 4, 5, indices, or log. 

' (1,10,100,1000, 10000, 100000, geomet. prog. 

From the aboye, it is evident that the same indices may serve 
equally for any geometrical series ; and, consequently, there may 
be an endless variety of systems of logarithms to the same com- 
mon numbers, by only changing the second term, 2, 8, or 10, &c., 
of the geometrical series of whole numbers ; and, by interpolation, 
the whole system of numbers may be made to enter the geomet- 
rical series, and receive their proportional logarithms, whether 
integers or decimals. 

It is also apparent, from the nature of these series, that, if any 
two indices be added together, their sum will be the index of 

* The invention of LogarithmB is dae to Lord Napier, Baron of Mer- 
chiston, in SooHand, and is properly considered as one of the most useful 
inyentions of modem times. A table of these nombers was first published 
by the inventor at Edinburgh, in the year 1614, in a treatise entitled 
Canon Mirificum Logariihmorum, which was eagerly read by all the 
learned throughout Europe. Mr. Henry Briggs, then professor of geom- 
etry at Gresham College, soon after ,the disooyery went to visit the noble 
inyentor ; after which, they jointly undertook the arduous task of com- 
puting new tables on this subject, and reducing them to a more convenient 
form than that which was at first thought of But, Lord Napier dying 
soon after, the whole burden fell upon Mr. Briggs ; who, with prodigious 
labor and great skill, made an entire canon, according to the new form, for 
all numbers, from 1 to 20000, and firom 90000 to 101000, to 14 places of 
decimals, and published it in London, in the year 1624. 
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that number which is equal to the product of the two terms in 
the geometrical progression to which those indices belong. Thus 
the indices 2 and 8, being taken together, make 5 ; and the 
numbers 4 and 8, or the terms corresponding to those indices, 
being multiplied together, make 32, which is the number answer- 
ing to the index 5. 

In like manner, if any one index be subtracted &om another, 
the difference will be the index of that number, which is equal to 
the quotient of the two terms to which those indices belong. Thus 
the index 6, minus the index 4, is 2 ; and the terms correspond- 
ing to those indices are 64 and 16, whose quotient is 4, which 
is the number answering to the index 2. 

For the same reason, if the logarithm of any number be mul- 
tiplied by the index of its power, the product will be equal to the 
logarithm of that power. Thus, the index or logarithm of 4, in 
the aboye series, is 2 ; and, if this number be multiplied by 8, 
the product will be 6, which is the logarithm of 64, or the third 
power of 4. 

And, if the logarithm of any number be divided by the inc'ex 
of its root, the quotient will be equal to the logarithm of that 
root. Thus, the index or logarithm of 64 is 6; and, if this 
number be divided by 2, the quotient will be 8, which is the log- 
arithm of 8, or the square root of 64. 

The logarithms most convenient for practice are such as are 
adapted to a geometrical series increaamg in a ten-fold ratio, as 
in the last of the above forms ; and are those which are to be 
found, at present, in most of the common tables on this subject. 
The distinguishing mark of this system of logarithms is, that the 
index or logaritlmi of 10 is 1 ; that of 100, 2 ; that of 1000, 
3, &c. 

In decimals, the logarithm of .1 is — 1, and that of .01 is 
—2, that of .001 is —3, and so on. The logarithm of 1 in 
every system being 0, it follows that the logarithm of any number 
between 1 and 10 must be and some fractional parts, and that 
of a number between 10 and 100 will be 1 and some fractional 
part, and so on for any other number whatever. And, since the 
integral part of a logarithm, usually called the Index or Charac- 
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teristicy is always tbus readily found, it is commonly omitted in 
the tables ; being left to be supplied by the operator himself, as 
occasion requires. 

SOS* Another definition of Logarithms is, that Ihe logarithm 
is the index of that power of some other number which is equal 
to the given number. So, if there be N=:7^f then n is the loga- 
rithm of N; where n may be either positive or negative, or 
nothing, and the root, r, any number whatever, according to the 
different systems of logaHthms. 

When n is ss 0, then 2V is s=s 1, whatever tiie value of r is, 
which shows that the logarithm of 1 is always in every system 
of logarithms. When n «= 1, then iV s= r ; so that the radix, 
r, is always that number whose logarithm is 1, in every sys- 
tem. When the radix r = 2.718281828459, &c., the indices 
n are the hyperbolic, or Napier's logarithm of numbers, N; so 
that n is always the hyperbolic logarithm of the number JV, or 
(2.718281828459)-. 

S04« When the radix r = 10, then the index n becomes the 
common or Briggs* logarithm of the number N; so that the 
common logarithm of any number 10"* or iV is n, the index of 
that power of 10 which is equal to the said number. Thus, 100, 
being the second power of 10, will have 2 for its logarithm ; and 
1000, being the third power of 10, will have 3 for its logarithm. 
Hence, also, if 50 = 10i«»^, then is 1.69897 the common 
logarithm of 50. That is, 10 has been raised to the 169897th 
power, and the lOOOOOd root has been extracted, which is found 
to be 50, nearly. And, in general, the following decuple series 
of terms, namely, 

10^ 10», 10», 10\ 10^ 10-1, 10-3, io-«, 10-*, 
or 10000,1000, 100, 10, 1, .1, .01, .001, .0001, 
have 4, 3, 2, 1, 0, —1, —2, —3, —4, 

for their logarithms, respectively. And &om this scale of num- 
bers and logarithms the same properties easily follow, as above 
mentioned. 

305* To compute the Logarithm to any of the Natural Num 
bers, 1, 2, 3, 4, 5, &c., we have the following 
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Ruias. Take the geometrical series, 1, 10, 100, 1000, 10000, 
4*0., and a'pfpiy it to the arithmetical series, 0, 1, 2, 8, 4, 5, ^c, 
as logarithms. 

Find a geometrical mean between 1 aivi 10, or between 10 and 
100, or any other two adjaceitt terms of the series, between which 
the nuTnher proposed lies, 

hi like manner, between the mean thus founds and the nearest 
extreme, find another geometrical mean; and so on, till you 
arrive vnthin the proposed limit of the number whose number is 
sought. 

Find, also, as many arithmetical means in the same as you 
found geometrical ojies, and these loill be the logarithms answer^ 
ing to the said geometrical means, 

EXAMPLE. 

Calculate the logarithm of 9. 
Here the proposed number lies between 1 and 10. 
First, then, the log. 10 is 1, and the log. of 1 is 0. 
Therefore (l+0)-r-2=J=.5 is the arithmetical mean. 

And (10x1)^=3.1622777, the geometrical mean. 

Hence the log. of 3.1622777 is .5. 

Secondly, the log. of 10 is 1, and the log of 3.1622777 is .5. 
Therefore (l+.5)-r-2=.75, the arithmetical mean. 

And (10x3.1622777)^=5.6234132, the geometrical mean. 
Hence the log. of 5.6234132 is .75. 

Thirdly, the log. of 10 is 1, and the log. of 5.6234132 is .75. 
Therefore (l+.75)-s-2=.875 is the arithmetical mean. 

And (10X5.6234132)^=7.4989422 the geometrical mean. 
Hence the log. of 7.4989422 is .875. 

Fourthly, the log. of 10 is 1, and the log. of 7.4989422 is .875. 
Therefore, (l+.875)-r-2=.9375 is the arithmetical mean. 

And (10x7.4989422)^=8.6596431, the geometrical mean. 
Hence the log. of 8.6596431 is .9375. 
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Fifthly, die log. of 10 is 1, and the log. of 8.6596431 is .9375. 
nerefore, (l-|-.9375)-^2=r.96875 is the arithmetical mean. 

And (10x8.6596431)^=9.3057204, the geometrical mean. 

Hence the log. of 9.3057204 is .96875. 

Sixthly, the log. of 8.6596431 is .9375, and the log. of 
9.3057204 is .96875. 

Thetefore, (.93754-.96875)-h2=:.953125 is the arithmetical 
mean. 

And (8.6596431x9.8057204)^=8.9768713, the geometrical 
mean. 

Hence the log. of 8.9768713 is .953125. 

By proceeding in this manner, after 25 extractions, it will be 
found that the logariUmi of 8.9999998 is .9542425, which may 
be taken for the logarithm of 9, as it differs so little &om it, and 
is Bofficiently exact for all practical purposes ; and in this manner 
were the logarithms of almost all the prime numbers at first 
computed. 

806« Another method of computing logarithms is by the aid 
of a given decimal. 

Rule. Let h he the numher whose logarithm is required to he 
fowndy and a the numher next less than b, so that b— a=:l, the 
logarithm of a heing known ; and let s defnote the sum of the 
two numherSy a+b. Then 

1. Divide the constant decimal .8685889638 hy s, and reserve 
the quotient ; divide the reserved quotient hy the square of s, and 
reserve this quotient; divide this last quotietA, also, hy the square 
of s, and again reserve the quotient; arid thus proceed, con- 
tinually dividing the last quotient hy the square of a, as long as 
division can he made. 

2. Write these quotients orderly, under one another, the first 
uppermost, and divide them respectively hy the odd rvumhers, 1, 
^) 5, 7, 9, SfC, as long as division can he made ; that is, divide 
the reserved quotient hy 1, the second hy 3, the third hy 5, the 
fourth hy 7, arid so on. 
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8. Add all these last quotients together, and the sum unll be 
the logarithm of b-r-a. To this logarithm add, also, the given 
logarithm of the said next less number, a ; the last sum vnll be 
the logarithm of the numher b proposed. 



BXAHPLES. 



1. Let it be required to find the logarithm of the number 2. 

Here the given number b is 2, and the next less number a is 
1, whose logarithm is 0; also, the sum 24-l:=3=f, and its 
square «^==9. Then the operation will be as follows. 



3) 


868588964 


1) 


289529654 


[ 289529654 


9) 


289529654 


3) 


32169962 ( 


^ 10723321 


9) 


32169962 


5) 


3574440 ( 


714888 


9) 


3574440 


7) 


397160 ( 


[ 56787 


9) 


397160 


9) 


44129 ( 


[ 4903 


9) 


44129 


11) 


4903 1 


446 


9) 


4903 


13) 


545 


[ 42 


9) 


545 


15) 


61 1 


4 


9) 


61 









Logarithm of f =.301029995 
Add logarithm of 1=.000000000 

Logarithm of 2=. 301029995 
2. Compute the logarithm of the number 3. 
Here ^=3, the next less number a=2, and the sum a+^= 
5=*, whose square 5^=25. 



5) 


.868588964 


1) 


.173717793 ( 


[ .173717793 


25) 


.173717793 


3) 


6948712 ( 


2316237 


25) 


6948712 


5) 


277948 1 


[ 55590 


25) 


277948 


7) 


11118 ( 


1588 


25) 


11118 


9) 


445 1 


; 50 


25) 


445 

18 


11) 


18 
Logarithm of | 


[ 2 




=.176091260 






Logarithm of 2 add. 


=.301029995 



Logarithm of 3=. 477121255 
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S07t Because the Bom of the logarithms of numbers gives the 
logarithm of their product, and the difference of the logarithflw 
gives the logarithm of the quotient of the number, we may, 
therefore, from the above two logarithms, and the logarithm of 
10, which is 1, raise a great many logarithms, as will appear by 
the following 

BXAMPLES. 

1. To find the logarithm of 4, we multiply the logarithm of 
2s=:.801030 by 2, because twice 2 are 4. 
Logarithm of 2=.301030 

2 



Logarithm of 4=r.602060 

2. Find the logarithm of 6. 

Because 2x3=6, we add their logarithms. 
Logarithm of 2=.301080 

Logarithm of 3=.477121 

Logarithm of 6=.778151 

3. Find the logarithm of 8. 
Because 2'=8, therefore 

Logarithm of 2=.301030 

Multiplied by 3=r 8 

Gives logarithm of 8=.903090 

4. Find the logarithm of 9. 
Because 3*^9, therefore 

Logarithm of 3=.477121 

Multiplied by 2= 2 

Gives logarithm of 9=:.954242 

5. Find the logarithm of 5. 
Because -\^=5, therefore 

From logarithm of 10=1.000000 
Subtract logarithm of 2= .301080 
Logarithm of 5. Am. .698970 
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Having compnted by the general role the logarithms of the 
.other prime numbers, 7, 11 » 13, 17, 19, 23, &c., then, by com- 
position and division, we may easily find as many logarithms as 
we please. 

Note. — The index of eyery logarithm is always one Un than the 
integers to the given number. 

308t To find in the table the logarithm of any nnmber. 

(1.) If the given nnmber be less than 100, or consist of only 
two figures. 

BuLE. Enter the first page of the taUe^ which coTttavns all 
the vumhers from 1 to 100, and opposite the given number wUl 
he found the logarithm with the index prefixed. 

(2.) If the given number be more than 100, and less than 
1000. 

Bulb. Find the given number in the left-hand column of the 
table^ and opposite, in the next column, wUl he found the loga- 
rithm to wMch the index, 2, Tnust he prefixed. 

Thus, if the logarithm of 189 were required, we find this 
number in the table, and, opposite to it, we find the logarithm 
.276462. To this we prefix the index, 2, and we have 2.276462. 

(3.) If the given number be more than 1000, and less than 
10000. 

EuLE. Find the first three figures of the given number in 
the left-hand cdumn, and, opposite to it, in the column marked 
at the top with the fourth figure, is the logarithm required. To 
which must he prefixed the index, 8. 

Thus, if the logarithm of 3568 were required, we find opposite 
356, in llie left-hand column, and under 8, found at the top of 
the column, .552425. To this we prefix the index, 3, because 
there are four figures in the given number, thus, 3.552425. 

(4.) If the given number be more than 10000. 

Rule. Find the logarithm of the first four figures as hefore, 
also the next greater logarithm; subtract the one logarithm 
from the other, as also their corresponding numbers, the one 
24 
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from the other. Then say^ As the difference between the two 
numbers is to the difference of their logarithms^ so is the re- 
fnaimng part of the given number to the proportumtd part of the 
logarithm ; which part^ being added to the less logarithm before 
taken out, gioes the whole logarithm nearly. 

EXAMPLES. 

1. Find the logaritlmi of 840926. 

The logarithm of 340900 is =.532627 

The logarithm of 341000 is =.532754 

The differences are = 100 127 

Then, as 100 : 127 : : 26 : 33, the proportional part. This 
added to the first logarithm (.532627+33) gives .532660. To 
this we prefix the index 5, because the given number had six 
figures. 

(5.) To find the logarithm of a number consisting of an in- 
teger and decimal. 

Bulb. Find the logarithm of the decimal part the same as if 
dH its figures were integral ; then this^ having preyed to it the 
proper index, wHl give the logarithm required; remembering 
that the index wiU always be one less than the integer , 

Thus the logarithm of 42.25 is 1.625827. 

(6.) To find the logarithm of a proper fraction. 

KuLB. Subtract the logarithm of the denominator from the 
logarithm of the numerator, and the remainder will he the 
logarithm sought: which, being that of a decimal fraction, must 
always have a negatioe index, 

2. What is the logarithm of fj^ ? 

Logarithm of 37 =1.668202 

Logarithm of 94 =1.973128 

Logarithm of fj =—1.595074 

(7.) To find the logarithm of a mixed number. 
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Bulb. Beduce the mixed number to an improper fractum^ 
and find the difference of the logarithms of the numerator and 
dervomiruUor in the same mmmer as above, 

3. What is the logarithm of 17^1 ? 
First 17iJ=V^. Then, 
Logarithm of 405 =2.607455 

Logarithm of 23 =1.361728 

Logarithm of 17i J =1.245727 

(8.) To find the logarithm of any decimal. 

BuLE. Find the logarithm of the decimal as of an integer^ 
and if the first significant figure in the decimal occupy the place 
of tenths^ the index wHl be — 1. Thus the logarithm of .375 
wiU be — 1.574031. If the first decimal piojce occupy the place 
of hundredths^ the index toill be —2. If the decimal is preceded 
by tivo cipherSf the index vnU be — 3, and so on. 

Thus the logarithm of .234 = —1.369216 

of .0234 = -2.369216 

of .00234 = —3.369216 

of .000234 = -4.369216 

of .0000234 = -5.369216 

EXAMPLES. 

1. What is the logarithm of 1728? Ans. 3!237544. 

2. What is the logarithm of 23.56 ? Ans. 1.372175. 

3. What is the logarithm of 89632 ? Ans. 4.952462. 

4. What is the logarithm of ^ ? Ans. —1.261966. 

5. What is the logarithm of y^ ? Ans. —2.447737. 

6. What is the logarithm of 19^^ ? Ans. 1.279987. 

7. What is the logarithm of .3076 ? Ans. —1.487986. 

8. What is the logarithm of .00016 ? Ans. —4.204120. 

9. What is the logarithm of .0000006 ? Ans. —7.778151. 



1M« To find the natoial number to any ^ven logarithm. 

This IB to be found in the tables by the reverse method to th^ 
former, by searching for the proposed logarithm among those in 
the table, and taking out the correeponding nmnber by inspec- 
tion, in which the proper number of int^ers is to be pointed 
off, that is, one more than llie index. For, in finding the 
number answering to any given logarithm, the index always 
shows how far the first figure must be removed from the place of 
units to the left hand, or integers, when the index is affirmative, 
but the ri^t hand, or decimals, when it is negative. 

Thus the number to the logarithm 1.532882 is 34.11. 

And the number of the logarithm —1.532882 is .3411. 

But, if the logarithm cannot be exactly found in the table, we 
adopt the following 

Rule. Take cut the next greater arid the next less^ subtract- 
ing one qf these logarithms from the other ^ as also their' natural 
numbers the oTiefrom the other , and the less logarithm from the 
logarithm proposed. Then say, As the difference of the first, or 
tabular logarithms, is to the difference of their natural numbers, 
so is the difference of the given logarithm and the. least tabular 
logarithm to the corresponding numeral difference ; which, being 
annexed to the least natural number above taken, gives the 
natural number sought, corresponding to the proposed logarithm, 

BXAMPLB. 

1. What is the natural number answering to the given loga- 
rithm 1.532708 ? 

Next greater, 532754; its number, 341000 ; given log., 532708 
Next less, 532627 ; ita number, 340900 ; next less, 532627 

127 100 81 

Then, as 127 : 100 : : 81 : 64, nearly the numeral differ- 
ence. Therefore, 340900 f 64=34.0964, marking off two in- 
tegers, because the index of the given logarithm is 1. 

Had the index been —1.532708, its corresponding number 
would have been .340964, wholly a decimal. 
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MULTIPLICATION OF LOGARITHMS. 

KuLE. Take out the Ugaritkms of the factors from the table, 
then add them together, and their sum wUl be the logarithm of 
the product required. Then take out from the table the ruitural 
nuTober answering to the sum for the prodvjct sought. Add 
what is to be carried from the decimal part of the logarithm to 
the affirmative index or indices, or else subtract it from the 
negative. Also, adding the indices together, when they are of 
the same kind, both affirrruitive or both negative; but subtracting 
the less from the greater when the one is affirmative and the 
other negative, and prefixing the sign of the greater to the re- 
mmnder, 

EXAMPLES. 

1. Multiply 23.14 by 5.062. 

Numbers. Logarithms. 

23.14 = 1.364363 

5.062 = 0.704322 



Product, 117.1343 =± 2.068685 

2. Multiply 2.581926 by 3.457291. 

Numbers. Logarithms. 

2.581926 = 0.411944 

3.457291 = 0.538736 



Product, 8.92647 = 0.950680 

8. What is the continued product of 3.902, 597.16, and 
.0314728? 

Numbers. Logarithms. 

3.902 = 0.591287 

597.16 = 2.776091 

.0314728 =-2.497935 



Product, 73.335 = 1.865313 

Here the — 2 cancels the -f-2, and the 1 to carry from the 
decimal is set down. 
24* 
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5. Wliat is the oontinned prodnot of 8.686, 2.1046, 0.8372, 
and 0.0294? 

Numbeni. Logarithms. 

3.586 = 0.554610 

2.1046 = 0.323170 

0.8372 = -1.922829 

0.0294 = -2.468347 



Product, 0.1857615 = -1.268956 

Here ibe 2 to carry canceLs the —2, and there remains —1 to 



set down. 



DIYISION BY LOGABITHMS. 



Rule. From the logarithm of the dividend subtract the 
logarithm of the dtmsoTt and the number answering to the re- 
mainder tmU be the quotient required. Change the sign of the 
index of the divisor from affirmative to negative^ or from negative 
to affirmative ; then take the sum of the indices, if they he of the 
same narne, or their difference, when of different signs, vnth the 
sign of the greater, for the iitdex to the logarithm of the quotient. 
And also, when 1 is borrowed in the left-hand place of the decimal 
part of the logarithm, add it to the index of the divisor when 
that index is affirmative, but subtract it when negative ; then let 
the sign of the index arising from hence be changed, and worked 
tvith as before. 

EXAMPLES. 

1. Divide 24163 by 4567. 

Logarithm of 24163 = 4.383151 

Logarithm of 4567 =: 3.659631 



Quotient, 5.29078 = 0.723520 

Divide 37.149 by 523.76. 
Logarithm of 37.149 = 1.569947 

Logarithm of 523.76 = 2.719132 

Quotient, .0709275 = —2.850815 
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3. Divide .06314 by .007241. 

Logarithm of .06314 = —2.800305 
Logarithm of .007241 == —3.859799 

Quotient, 8.71978 = 0.940506 

Here 1 carried from the decimals to the — 3 makes it become 
— 2, which, takeKfrom the other — 2, leaves remainder. 

4. Divide .7438 by 12.9476. 

Logarithm of .7438 == —1.871456 

Logarithm of 12.9476 = 1.112189 

Quotient, .057447 = -2.759267 

Here 1 taken from the —1 makes it become —2 to set down. 

310« To find the Arithmetical Complement of the logarithm 
of any number. 

BuLE. Subtract the logarithm of the number from the logo- 
rithm ofl, which is zero (0). 

EXAMPLES. 

1. What is the arithmetical complement of 1.462398 ? 
0. 
1.462398 



-2.537602 
2. What is the arithmetical complement of —1.397940 ? 
0. 
-1.397940 



0.602560 
3. What is the arithmetical complement of —3.678914? 
0. 
-3.678914 



2.321086 
4. What is the arithmetical complement of 3.614582 ? 
0. 
3.614582 



-4.385418 
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5. What is the arithmetical complement of —4.321617 ? 

Am. 3.678383. 

6. What is the arithmetical complement of 0.781562 ? 

Am. -1.218438. 

7. What is the arithmetical complement of 5.321463? 

il^ -6.678537. 

8. What is the arithmetical complement of 3.456321 ? 

Am. -4.543679. 

The pnpil will understand the rationale of this mle, by 
observing that the product of a, multiplied bj h, is the same as 

a divided by -r* 

o \ 

Thus, aX^=^» er a-4-T-=fl3. 

o 

Or, 12 multiplied by 5 is the same as 12 divided by \. 

Thus, 12x5=60 ; or 12-^^=60. 

The same by logarithms. 

Logarithm of 12, =1.079181 

Logarithm of 5, =0.698970 

Logarithm of the product, 60=1.778151. 

Or, 

Logarithm of 12, =1.079181 

Logarithm of i=.2=— 1.301030 Arith. Com. =0.698970 

Logarithm of the product, 60^* ^1.778151. 

31 1« Any number may be divided by adding the arithmetical 
complement of the divisor to the logarithm of the dividend. 
Their sum will give the logarithm of the quotient 

9. Divide 1728 by 12. 

Logarithm of 1728, =3.237544 

Logarithm of 12=1.079181 Arith. Com. =—2.920819 

Am. 144=2.158363 
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10. What is the value of a; in the following equation ? 





1728x144x6 




Log. 


^■^ 36X18X12 ■ 

1728 


= 3.237544 


Log. 


144 


= 2.158362 


Log. 


6 


= 0.778151 


Log. 


36=1.556303 Arith. Com. 


=—2.443697 


Log. 


18=1.255273 « 


=-2.744727 


Log. 


12=1.079181 " 


=-2.920819 



Ans. 192=2.283300 
11. What is the value of a: in the following equation? 
_ 48X.75X72X.0625 
^■" .027X120 

= 1.681241 
=—1.875061 
= 1.857332 
=-2.795880 
027=-2.431364 Arith. Com. = 1.568636 
2.079181 " " =-3.920819 



Log. 


48 


Log. 


.75 


Log. 


72 


Log. 


.0625 


Log. 


.027: 


Log. 


120: 



Ans. 50=1.698969 

12. What is the value of z in the folloTring equation ? 

__ 654X320X-3691 

''= 87X9X.045 • ^'"•2192.28. 

13. What is the value of x in the following equation ? 

■69X7.5X32.71X-003 . „n.„^„ 
^= 87X8968X.0008 ' ^'"••000813. 

14. Multiply three hundred twenty-seven ten-thousandths by 
three hundred twenty-seven thousand. Ans, 10692.9. 

15. What is the product of one thousand and twenty-five, 
multiplied by three hundred twenly-seven ten-thousandths ? 

Am. 33.5175. 

16. Multiply .0716 by 1.826. Am. .0949416. 

17. Multiply .0009 by .009. Am. .0000081. 
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nrroLunoN bt logarithms. 
Bulb. Take out the logarithm of the given number fronCthe 
table. Multiply the logarithm thus found by the index of the 
power proposed. Find the number answering to the product^ 
ami it will be the power required, 

Non. — In multiplying a logarithm with a n^;atiYe index by an aflbm- 
ative number, the product will be n^gatiYe ; but that which is to be 
earned from the decimal part of the logarithm will be affirmative : and, 
therefbre, their diiliBrenoe will be the index of the product, and is always 
to be made of the same kind with the greater. 



1. What is the square of 2.579 ? 

Logarithm of 2.570 = 0.411451 

2 



Ans. 6.651 := 0.822902 
2. What is the third power of 32.16? 

Logarithm of 82.16 ^ 1.507316 

3 



Ans, 33261.9 = 4.521948 

3. Required the fourth power of .09163. 

Logarithm of , .09163 = —2.962038 

4 



Am. .000070494 == -5.848152 
Hero 4 times the negative index being — 8, and 3 to carry, 
the difference — 5 is the index of the power. 

XTOLUnON BY LOGABITHM 8. 

Rule. Take the logarithm of the given number out of the 
table ; divide the logarithm thus found by the index of the root; 
then the number armoering to the quotient will be the root. 

When the index of the logarithm to be divided is negative^ 
and does not exactly contain the divisor without some remainder^ 
increase the index by such a number as wiU make it exactly 
divisible by the index, carrying the units borrowed, as so many 
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tens, to the left-hand place of the decimal^ and then divide as in 
whole numbers. 
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1. What is the square root of 365 ? 

Logarithm of 365 = 

Ans. 19.10409 =^ 

2. What is the third root of 12340 ? 

Logarithm of 12340 = 

Ans. 23.108 = 

8. What is the seventh root of 6 ? 

Logarithm of 6 = 

Ans. 1.2917 = 

4. Find the tenth root of 9. 

Logarithm of 9 = 
Ans. 1.245 c= 

5. Find the square root of .083. 

Logarithm of .083 = 
Ans. .28809 = 

6. Find the cube root of .00059. 

Logarithm of .00059 = 
Ans. .083872 = 



2.562293(2 
1.281146J.. 

4.091815(3 
1.363771f. 

0.778151(7 
0.111164^. 

0.954243(10 
0.095424^. 

-2.919078(2 
-1.459539. 



-4.770852(3 
—2.923617. 



Here the divisor 3, not being exactly contained in —4, it is 
augmented by 2, to make up 6, in which the divisor is con- 
tained just 2 times; then the 2 thus borrowed, being carried 
to the decimal figure 7, makes 27 ; which, being divided by 3, 
gives 9, &c. • 

7. What is the value of a; in the following equation ? 

/27X38X15.61> ' 



a:= 



V .36X1.87 



')* 
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Log. 27 ==1.431364 

Log. 88 s=:1.579784 

Log. 15.61 =1.103403 

Log. .36=— 1.556303 Arith. Com. =0.443697 

Log. 1.37= 0.186721 " « =—1.863279 

4.511527 
3 



13.534581(4 
Ans. 2419.05=3.383645 

8. Find the value of a; in the following equation. 

87 /14.21X.00208\* . ,^^.^^ 
*=223V ^35 ) • ^«- •1^2438. 

9. What is the value of a: in the following equation ? 

10. Find tiie value of z in the following equation. 

346 /872>o0065\* . -..._ 
'=ii7- 1038X4685 J ' ^'"- •^^^- 

11. What is the value of x in the following equation ? 

25 /873V /278 V ^ z.^^,^^^ 

^=476- {m) • (1973) • ^«- -^^^i^^^- 

12. What is the value of z in the following equation ? 

17 /13.78x.0706\^ . , ,_... 
'^m\ ^53 ;• ^»«. 1.18885. 

13. Find the value of x in the following equation. 

/38.47X.463\* . ^^^^, 

"=(-:o37xw) • ^^- '^^^^ 

14. Required the value of a: in the following equalioiL 

^^^475X8|X1728>^^ ^«. 128.2. 
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SECTION XXX. 

COMPOUND INTEREST. 

Akt. 312t CompooDd Interest is interest charged not only 
on the principal, but also on the interest of preceding years. 

Let p = principal. 

r = rate per cent., considered as a decimal, or hundredths. 
t = time in years. 
A = amount. 

Then 1+r will represent the amount of $1, or 1£, for one 
year. 

And p (1+r) will be the amount of any principal (p) for 1 
year. 

The amount for two years will be p (1+r) . (l+r)= 
^(1+r)^; the amount for 3 years will be p(l+r)* . (1+r) 
=p(l+rY; for 4 years it will be;?(l+r)' . (l+r)=p(l+r)*. 

Hence, for any number of years, it will be ^(1+r)"; or 
p{l+rY. 

Putting A for amount, we have the following formula for 
ascertaining the amount of any principal at any rate per cent, 
for any definite time, at compound interest. 

A=p{l-{-r)'. 

This equation contains four quantities, Ay p, r, and t ; any 
three of which being given, the other may be obtained. 
Thus, we have the following 

FOBMULJL 

(1.) A^p(L+rr. ^3 J r=(^)v_l. 



log. (l+r) 

From the first formula, the pupil will peroeire the following 
25 
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Rule may be deduced for finding the amount of any som at com- 
pound interest 

KuLB. Add 1 to the ratio, then raise this ^sum to a power 
whose exponent is eqtud to the time, multiply this power by the 
principal, and the product is the amount. 

3j logarithms the operation is much fitcilitated, especiallj 
when the time is of much length. 

XZAMPLE8. 

1. What is the amount of $78.89 for 8 years, at 6 per cent, 
compound interest ? 

OPB&ATIOir BT THB FIBST FOBXULA. 

il=p(l-f-r)'=78.89(l+.06)". 
I^g- (l+r)=1.06 = 0.025306 

Multiply by ^=8, 8 



(l+r)'=(1.06)« = 0.202448 

Log. p=78.39 = 1.894261 

il=$124.94. Ans. =2.096709 

2. What is the amount of $144 for 6 years, 9 months, at 
compound interest, at 5 per cent. ? 

Log. (l+r)=1.05 = 0.021189 

Multiply by t, 6 

(l+r)'=:{1.05)' = 0.127134 

Log.j9=144 =2.158362 



Log. of amount for 6 years = 2.285496 

Log. (1.0375) = 0.015988 

il=$200.2L Ans, =« 2.801484 

We have just found the logarithm of the amount for 6 years, 
and to this wo have added the logarithm of 1.0375, it being the 
amount of $1 for 9 months, at 5 per cent. 
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8. What is the amount of $500 for 9 years, at 6 per cent, 
per annum, the interest to be paid semi-annually ? 

As the time, t, is to be calculated in half-years, and as r is 
considered the interest of $1 for one year, therefore 2t will 

represent the time, and ^ the interest of $1 for half a year. 

The formula will therefore be 

il==pA+0«=5OO(l+.O3)« 
Log. ^1-1-0=1.03 = 0.012837 

Multiply by 18 half-years, 18 

Log. (l+0" = 0.231066 

Log.p=500 =2.698970 



il=$851.21. Am. =2.930036 

4. What principal, at compound interest, will amount to 
$4000 in 10 years, at 6 per cent. ? 

This question must be performed by the second formula. 
A 4000 



(l+r)*""(1.06yo' 

Log. 1.06=0.025306 
10 



0.258060 Arith. Com. = -1.746940 
Log. ^=4000 = 3.602060 



j7=$2233.57. Ans. =3.349000 

5. At what rate per cent, must $2233.57 be, at compound 
interest, to amount to $4000 in 10 years ? 

This question should be performed by the third formula. 



292 ALaXBBA. 

Log. ii=4000 = 3.602060 

Log.i7=2233.57 = 3.349000 

0.253060(10 

Log. (l+r)=L06 = 0.025306 

1 

.06, tliat is, 6 per cent. Ans* 

6. In what time will $2233.57, at compound interest, at 6 
per cent., amount to $4000 ? 

This question is solved by the fourth formula. 



^ J^^' ii) J^^' (2^7) 



Log. 4000-log. 2233.5 7 



Log- (l+0~" I^og. (1+.06) ■■ Log. (1+.06) 
Log. -4=4000 = 3.602060 

Log. p=2233.57 = 3.349000 

0.253060 

Log. (l+r)=1.06 0.025306 

^ « 253060 , 

Therefore ^=-9^07^^=10 years. Ans. 

The value of this fraction can be ascertained by logarithms. 
Thus, Log. 253060 = 5.403223 

Log. 25306 = 4.403223 

1.000000 
tssz 10 years, as before. 

7. What will $16 amount to in 30 years, at 5 per cent, com- 
pound interest ? Ans, $69.15. 

8. What will $2000, at compound interest, amount to in 11 
years, at 8 per cent. ? Am. $4663.31. 

9. What will $27.18 amount to in 8 years, 3 months, at 4 per 
cent, compound interest ? Ans. $37.56. 
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10. What is the compound interest of $1728 for 8 years, 6 
months, at 6 per cent, per annum, the interest to be paid every 
3 months? Ans. $1138.74. 

11. What is the amount of $18.29 for 8 years, 8 months, 12 
days, at 4 per cent. ? Ans. $25.73. 

12. What sum, at compound interest, will amount to $800 in 
7 years, at 5 per cent, compound interest ? . Ans, $568.54. 

13. What sum will amount to $500 in 9 years, at 6 per cent, 
per annum, the interest to be paid every 3 months ? 

Ans. $292.54.5. 

14. At what rate per cent, will $800, at compound interest, 
amount to $1609.76 in 12 years ? Ans. 6 per cent. 

15. In how many years will $3726 amount to $5007.43, at 3 
per cent, compound interest ? Ans. 10 years. 

16. How many years will it require for any sum to double 
itself, at 6 per cent compound interest ? 

Let 2ps=i the amount. 
Then, 2p==p(l-fr)'. 
And -2= (l+r)'. 
. Log. 2 
-Log. (l+r)- 
Log. 2 =0.301030 

Log. 1.06 =0.025306 

Therefore %yt»^=11.89 years. Ans. 

17. How many years will it require any sum to triple itself, 
at 5 per cent, compound interest ? Ans. 22 years, 188 days. 

18. In 1840, the number of inhabitants in the United States 
was 17,068,666; in 1850, the number was 23,267,498. What 
was the gain per cent, per annum ? Ans. .03146 per cent. 

19. At the same rate as in the last question, in what year 
will there be 100,000,000 inhabitants ? Ans. May 3d, 1B97. 

Nohe. — This answer is on the presumption that the census is taken the 
first day of Blay. 

25* 
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20. Required the compound interest upon $155, for 9 years, 
at 3^ per cent ^ns. 56.24+. 

21. Required the amount of $820 for 2^ years, at 4j. per 
cent, per annum, the interest being paid half-yearly. 

Ans. $916.49+. 

22. What sum at compound interest, for 2^ years, at 4 j^ per 
cent., the interest payable every six months, will amount to 
$458.25? Ans. $410.02. 

23. At what rate per cent, will $2000, at compound interest, 
amount to $4663.31 in 11 years ? Ans. 8 per cent. 

DISCOUNT AND PBE8BNT YALUE AT COMPOUND INTEREST. 

S1S» Let j9 :^ the present value. 

s s=i the sum due. 

t sss the time. 

(|=s the discount 
Then, by principles before explained, we have the following 

TOBXULM. 
EXAMPLES. 

1. What is the present worth of $600, due 3 years hence, at 
6 per cent, compound interest ? Ans. $503.77. 

2. John Smith, Jr., owes me $312.50, which is due 2 years 
hence, at 4^ per cent, compound interest. What sum will now 
discharge the debt ? Ans. $286.16. 

3. What is the present value of $1000, due 4 years hence, at 

5 per cent compound interest ? Ans. $822.70. 

4. What is the discount on $3700, due 10 years hence, at 5 
per cent, compound interest ? Am. $1428.51. 

5. What is the present worth of $3456, due 5 years hence, at 

6 per cent, compound interest ? Atu. $2582.52. 
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6. What is the discount on $1000, due four years hence, at 
6 per cent, compound interest ? Am, $207.91. 

7. Rented a house for 5 years, at $400 a year, the rent to be 
paid quarterly. What is the present worth of this rent, at 8 
per cent, compound interest ? Ans. $1653.47. 

8. Loaned a frierid $100 for one year, at 2 per cent, per 
month, compound interest ; that is, the interest is to be added 
to the principal each month. What is the amount at the close 
of the year ? Ans. $126.82. 

9. Which is the greater present value, $400 due three years 
hence, at 5 per cent, compound interest, or $500 ' due 4 years 
hence, at simple interest ? Ans. $500 is better by $71.13. 

10. What sum shaU I put iato the Savings Bank, which pays 
5 per cent, compound interest, that shall in 6 years amount to 
$1000? Ans. $746.21. 



SECTION XXXI. 

DEPOSITS. 

Art. 31 4t A deposit is a sum of money lodged in the hands 
of some person or corporation, for safe keeping. 

1. Deposited annually in a Savings Bank, which pays 6 per 
cent, compound interest, $144 for 20 years. How much money 
shall I have in the bank at the end of the 20th year ? 
Let a = the sum annually deposited. 

r = the rate of interest. 
t = the time. 
A s= the amount. 

By the rule of compound interest, the sum first deposited will 
amount to 144(l4-.06)*, or a(l.+r)'; for the second year, 
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144(l+.06)'», or a(l+r)*-M for the third year, 144(l+.06)", 
or ail+r)*-*; for the last year, 144(l+.06)\ or a(l+r)\ 

SIS* We haye now a regular series in Geometrical Progres- 
sion, where the extremes are a(14-r)' and a(l-fr)\ the ratio 
l-f-r, to find the sum of the series. 

Hence, by Art. 276, we haye the following formula for obtain- 
ing the amount of the deposits. 

^ a(l+r)r(l+r)'-l] 



r 

OPSBAZIOH BT UMUUTBMB. 




I*g- (l+»-)=l-06 




=0.025306 


Multiply by t=20 


8.207 


= 20 


Log. (l+r)«=« 


• =0.506120 


Subtract 


1 




Log. 


2.207 


=0.343802 


Lig. (l+r)=1.06 




=0.025806 


Log. a=lU 




=2.158362 


Log. r— .06 2.778151 Arifli. Com. 


=1.221849 



Ans. $5614.60=3.749319 

2. A gentleman has a daughter, who is 10 years old; and he 
wishes to give her, as soon as her age shall be 21 years, $2000. 
What sum must he deposit annually in a bank, which pays 5 
per cent, compound interest, to be able to accomplish it ? 

316* The question given above may be solved by the follow- 
ing formula, which b obtained from the last by transposition, 
&0. • 

Ar _ 2000X.05 

''"(l+r)[(l+r)'-l]~(1.05).[(l+.05)"-l]- 



OFDUnOK BT LOOABirmiB. 



Log. 2000 
Log. .05 



3.301030 
-2.6 



From 2.000000 







DBP08IIS. 




Log. 


1.05= 


=0.021189 








L71= 


11 


^ 






=0.233079 






1 • 








Log. 


.71 




= - 


-L851258 


Log. 


1.05 




Take - 


0.021189 




-1,872447 
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Ans. $134.14. = 2.127553 

3. A gentleman, when his daughter was 10 years old, de- 
posited for her, annually, $134.14 in a bank, which paid 5 per 
cent, compound interest. This sum remained until the time of 
her marriage; the amount then was $2000. What was then 
her age ? 

31 7t The formula for the operation of the above question is 
obtained from the former by transposition, &c. 

^ ^ / Ar \.^ ^ / 2000X.05 \ , , 
^^I^-g-Uo+^j+l =^^g{ l34.14(l+.05 i; +^ 
Log. (1+r) Log. (1.05) 

Log. 2000 =3.301030 

.05 =-2.698970 



From 2.000000 



Log. 1.05 =0.021189 

Log. 134.14 =2.127553 

Take 2.148742 



0.71 =—1.851258 

1 

1.71 =0.232996 

.232996-^.021189 = 11 years, nearly. 
10+11=21 years. Ans. 
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4. A cert&iii town in the United States, at the beginning of 
1840, had 1000 inhabitants. There has been an emigration to 
this town each suocessive year, on the Ist of January, of 1000 
additional inhabitants. Now, supposing the population each 
year to gain 3 per cent., how many inhabitants would there be 
in this town at the end of 10 years ? Arts. 11,807. 

5. A gentleman, at the time of his marriage, deposited in a 
sayings' bank, for the use of his wife, the sum of $150. This he 
continued to do for every six months until she was fifty years 
old. Now, if the bank pay a semi-annual dividend of 2 per 
cent, compound interest, and the gentleman's wife at the time 
of her marriage was 25 years old, what is the amount of the 
deposits? Am. $12,939.97. 

6. If a man deposits annually in a bank $47, in how long 
time wiU it amount to $400, at 6 per cent compound interest ? 

Afu, 6 years, 273 days. 

7. A gentleman has a son who is 15 years old, and a daughter 
who is 10 years old. Hejntends that each of them, at the age 
of 21, shall have $5000 in a savings' bank, which pays an 
annual dividend of 4^ per cent. What sum shall he deposit 
annually for each ? 

Am. $712.48 for the son, $345.71 for the daughter. 

8. Deposited annually, in a bank which pays 4 per cent com- 
pound interest, a certain sum, which in 10 years amounted to 
$300. What was the annual deposit ? Am. $24.02,8. 

9. A certain young lady deposited $10 in a savings' bank, 
and this die ccmtinued every three months. Now, if the bank 
pays 1 j^ per cent compound interest at the end of each quarter, 
what will be the amount of her deposits in 10 years ? 

Am. $550.81. 

10. Now, if the lady in the last question had deposited $40 
annually at the commencement of each year, and had received 6 
per cent compound interest, would her deposits at the end of 
10 years have been more or less than before ? 

Am. $8.02 more. 
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SECTION XXXII. 

EXPONENTIAL OR TRANSCENDENTAL EQUATIONS. 

Art. 318* To what power must 7 be raised to amount to 
2401 ? 

Let X be the power. 

Then 7'=2401. 

The second power of 7 is found by multiplying the logarithm 
of 7 by 2 ; and the fifth power of 7 is found by multiplying the 
logarithm of 7 by 5, see Art. 300 ; therefore the ;rth power of 
7 is found by multiplying the logarithm of 7 by a:. 

We have, therefore, the following equation, the logarithm of 7 

being 0.845098, and the logarithm of 2401=3.380392. 

a;X0.845098=3.380392. 

mu ^ 3.380392 ^^^ 

Therefore, x=z ^ 845098 l^ower. Am. 

The value of x is obtained by dividing the logarithm of the 
numerator by the logarithm of the denominator. 

The value of the logarithms may also be obtained by sub- 
tracting the logarithm of the denominator from the logarithm of 
the numerator, and finding the value of the remainder. Thus. 
Log. 3.380392 = 0.528967 

Log. 0.845098 =-L926907 

Am. 4th power, as before, = 0.602060 

319t If the form of the equation be a;'=a, the value of x 
may be found by the following 

Rule. Firstj find, by trial tivo rmmbers as near the true 
value of X as possible, and substitute them for x separately. 
Then say, As the difference of the results is to the difference of 
the ttoo assumed numbers, so is the differervce of the true result, 
and either of the former, to the difference of the true Twmher and 
the supposed one belonging to the result last used. Add this dif 
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ference to the tuppoied number^ or mUractfrom it, aecording as 
it may be either too little or too greats and it will gvoe the true 
value nearly. 

WTAMPLIW. 

1. What is the valae of x in the following equation, :e'=100 ? 

Here :cXlog. a;=log. 100=2. 

Wo find the yalue of x, upon trial, to be between 3 and 4. 

Log. 8= 0.477121 

Log. 4= 0.602060 

Log. 8x3=0.477121x3 =1.431863 

Log. 4x4=0.602060x4 =2.408240 

Difference of results =0.976877 

2.000000 
1.431363 



Difference from the true result = .568637 
Therefore, .976877 : 1 : : .568637 : .582 

3+.582=3.582=a: nearly. 
This yalue of :r is found, on trial, to be too small, and 3.6 is 
found to be too great ; therefore, by substituting each of these, 
we have 

Log. 3.582 =0.554126 

Log. 3.6 =0.556303 

Log. 3.582X3.582=0.554126X3.582=1.984879 

Log. 8.6 X36 =0.556303x3.6 =2.002690 



0.017811 
3.6— 3.582=.018 ; 2.000000-1.984879=0.015121. 

Then .017811 : .018 : : 0.015121 : .0152. 

Therefore, .0152+3.582=3.5972, very nearly. 

2. Given af^lO to find z. 
First, let 2;=2.5. 
Then log. 2.5 =0.397940. 
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And 0.397940X2.6 = .994850. 

Secondly, let x=2.Q. 

Then log. 2.6 . =0.414973. 

And 0.414973X2.6 =1.078929. 

1.078929— .994850 = .084079. 

1.-.994850=.005150; 2.6-2.5^.1. 
Then .084079 : .1 : : .005150 : .006. 
2.5+.006=2.506, nearly. 

3. Kequired the yalue of x in the following equation : 

a:'=256. Ans. a:=4. 

4. Given a:*=5 to find the value of a:. Am. a:= 2.129. 

5. Kequired the value of x in the following equation : 

7'=343. Ans. x='6. 

6. Find the value of x in the following equation : a:'=3125. 

Ans. a:=5. 

320f This rule will apply to solving questions in geometrical 
progression, when we wish to obtain the number of terms. 

EXAMPLES. 

7. If the first term is 5, the last term 405, and the ratio 3, 
what is the number of terms ? 

In Art. 274, we find L=ar^-'\ and this equation, by trans- 
position, &c., is 

_^) 

Log. r Log. r 

OPEBATIOK. 

Log. 405 = 2.607455 

Log. 5 = 0.698970 

1.908485 
Log. 3=0.477121 

Log. 1.908485 = 0.280688 

Log. 0.477121 =-0.678628 

4 = .602060 
4+1=5, the number of terms. Am. 
26 



n:= . .>..^^Log.X-Log.a 
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8. If the first tenn is 4, the ratio 8, and the smn of the series 
484, what is the number of terms ? 

In Art. 278, we find 

Therefore, by transposition, we have 
I^g> [g+(r— l)S3-Log. aLog. [4-f (3-l)484]—Log. 4 
Log. r Log. 3 

=[4^(3-1)484]— 4=972-4. 
Log. 972 = 2.987666 

Log. 4 = 0.602060 

2.385606 
Log. 8».477121 

Log. 2.385606 = 0.377598 

Log. .477121 =-0.678628 

= 0.698970 
Afu, 5, the nnmber of terms. 

9. How long must $78.39 be at compound interest, at 6 per 
cent, to amount to $124.94 ? Ans. 8 years. 

10. January 1, 1840, lent my friend John Brown $2000, at 
8 per cent, compound interest, and he agreed to pay me in 5 
years; but, owing to certain circumstances, he could not pay 
until the amount of the note was $4663.31. When was the note 
paid ? Am, January 1, 1851. 

11. How long will it require $800, at 6 per cent, compound 
interest, to amount to $1609.76 ? Ans, 12 years. 

12. Loaned $2000, at compound interest, for 11 years, and 
received, interest and principal, $4668.31. At what rate per 
cent was the money lent ? Ans. 8 per cent. 

13. ' A gentleman agreed with another to board him for a 
certain number of days, on the following terms : he was to pay 
3 cents for the first day's board, 9 cents for the second day, 27 
cents for the third day, and so on in this ratio. The amount of 
the gentleman's bill was $295.23. How many days was the 
gentleman boarded ? Am. 9 days. 
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SECTION XXXIII. 

ANNUITIES. 

Art. 321s Annuity is a term used for any periodical income 
arising from money lent, or from tenements, land, salaries, 
pensions, &c., payable from time to time, but generally by 
annual payments. 

322. Annuities are divided into those that are in Possession, 
and those that are in Beversion ; the former meaning such as 
have commenced, and the latter such as will not begin till some 
particular event has hi^pened, or till after some certain time 
has elapsed. 

3^3s When an annuity is forborne for some years, or the 
payment is not made for that time, the annuity is said to be in 
arrears. 

324. An annuity may also be for a certain number of 
years ; or it may be without any limit, and then it is called a 
'perpetuity. 

325. The amount of an annuity, forborne for any number of 
years, is the sum arising firom the addition of all the annuities 
for that number of years, together with the interest due upon 
each after it became due. 

326« The presevt worth, or value of an annuity, is the price 
or sum which ought to be given for it at the present time. 

EXAMPLES. 

I. A man is desirous to bequeath his son a certain sum of 
money, which shall be deposited in an annuity office, that pays 
6 per cent., that his son may receive, at the close of each year, 
$100 for the term of 12 years, at which time the principal and 
interest shall be exhausted. What is*the sum bequeathed ? 

Let A = the sum put at interest. 

a = the sum taken out annually, 
r = the rate per cent. 
t = the time. 
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(27* The amount of the sam, a, taken out at the close of 
the first year, would be, at the end of the time, 100(1-}-. 06)^, 
or a(l-{-r)*~^ ; that taken out at the close of the second year 
would amount to 100 (l+,06)>», or «{l+r)'-*; that taken 
out at the end of the third year would be 100(l+.06)*, or 
a(l-|-r)'^ ; that taken out at the end of the 12th year would be 
only a, or $100 without interest. 

Thus, we have a regular series in Geometrical Progression, 
fdiere we have the extremes, a and a(l'\'r)*^\ and the ratio 
(1+r), ^yen to find the sum of the series. 

Therefore, by Art. 277, we find the sum of the series to be 

a(l+r)'-'(l+r)-a^ a(l+r)'-a ^a[(l4r)'-l]^,^,^,^^, 

r r r 

of all the sums deposited. This, by the hypothesis, must be 
equal to A(l+rY. 

13ierefore,.l(l+r)'=.^t(l+r)'-l] 

T 

By division. A^ ^^ "fT v« - == so™ put at interest 
r(l+ry 

We, therefore, have the first of these formulso for finding the 
amount of the sums drawn out annually, or at stated periods ; 
and the last formula for ascertaining what sum must be de* 
posited, or put at interest. 

, 4(l+r)'-l] _ 100[(1.06)'«-l] 
r(l+r)' ~ .06(1+.06)" * 

onnunoir bt irOaABREon. 
Log. l+r=:1.06=s0.026806 
12 



2.0122 =0.803672 
1 



Log. 1.0122 =0.005266 

Log. 100 =2.000000 

From 2.005266 
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I^g- (l+r)'=(1.06)" =0.303672 

Log. r= .06 =-2.778151 

Take -1.081823 



$838.38. Ans. =2.923443 

2. A gentleman deposited, in an annuity office, $2000. How 
much can lie receive annually, if the annuity continue 15 years, 
at 5 per cent, compound interest ? 

By transposition, &d., of the last formula, we obtain the fol- 
lowing for ascertaining the value of the annuity, a. 

Ar{l+ry 2000X. 05(1.05)" 

^l+r)'-l' "■ (1.05)"-1 ' 
Log. l+r=1.05= 0.021189 

15 



(l+r)'=2.0789= 0.317835 

1. 



^ Log. 1.0789=0.032981 Arith. Com. =-1.967019 

Log. (il)=2000 = 3.301030 

Log. (r)=.05 =-2.698970 

Log. (l+r)'=(1.05)" = 0.317835 

a=$192.68. Ans, = 2.284854 

In the operation of the above question, we find it more con- 
venient to commence with the denominator of the formula. 

3. A gentleman deposited in an annuity office, which pays 5 
per cent, compound interest, $8000; in how many years will 
this sum be exhausted, if he draw out, annually, $850 ? 

328* From the equation, A== ^^ 7" ^ , we obtain, by 
transposition, &c., 

. Log. (l+r) * Log. (1.05) 

26* 



) 
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Log. (il)»850 a:2.929419. 

ilr»8000x -05=400 
Log. (850— 400)=450 =2.653213 

0.276206 

I^g* (l+r)t=1.05 =0.021189 

276206 
Therefbre, -^YYg^ssl8.035=18 years, 12 days. Ans. 

t29« Bat the same result will be obtained by subtracting 
the logarithm of the denominator from the logarithm of the 
numerator, and finding the number corresponding with the re- 
mainder. Thus, 

Log. 276206 .==5.441233 

Log. 21189 =4.326110 

Am. 13.035=13 years, 12 days, =1.115123 

4. John Smith, believing he shall liye 20 years, has purchased 
an annuity, which affords him $500 each year. What sum kas 
he depoEuted in the annuity office, which pays £>r deposits 5 per 
cent compound interest ? The principal and interest are to be 
exhausted at the close of the 20th year. Am. $6230.81. 

5. If John Smith die at the end of 10 years, what sum will 
remain in the office? Am. $3850.27. 

6. Or, if the office have agreed, for his deposit, to give him, 
at the close of each year, $500, and if Smith should lire SO 
years, what will the office lose ? An$. $6289. 

7. A gentleman bequeathed to his wife $1728, which she 
deposited in an office which pays 4 per cent, compound interest. 
How large a sum shall she receiye, annually, from the office, that 
the annuity may continue 10 years ? Am. $213.09. 

8. A certain Savings Bank will pay H per cent, compound 
interest, semi-annually. If I deposit in this bank $4000, and 
take from it, at the end of every six months, $500, in what tdme 
shall I have withdrawn all my money from the bank ? 

Am. 4 years, 106 days. 
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9. What sum shall I deposit in an annuity office, that I may 
draw on it every 3 months for $90 ? The bank pays on deposits 
1 per cent, each quarter of the year, and I wish to continue 
drawing on the bank for 10 years. Ans» $2954.84. 



SECTION XXXIV. 

INVOLTinON OF BINOMIALS. 

Art. 330* A binomial or residual quantity may be raised 
to any power, without the trouble of continual involution, by the 
following 

KuLE. 1. Tofimd tJie terms toithout the coefficients. 

The index of the first, or leading quantity , begins tvith the 
index of the given poioer ; and, in the succeeding terms, decreases 
contimudly hy\,in every term, to the last ; and in the secoTid, 
or following quantity, the indices of the terms are 0, 1, 2, 3, 4, 
^c, irur easing by 1. That is, the first term unll contain only 
the first part of the root, with the same index as the required 
power. The last term of the series wHl contain ofrdy the second 
part of the given root, raised to the intended power ; but all the 
other intermediate terms wHl comtain the product of some powers 
of both merribers of the root, that the powers or indices of the first 
or leading member tviU always decrease by 1, while those of the 
second member wHZ increase by 1. 

2. To find the coefficients. 

The first coefficient is always 1, and the second is the same as 
the index of the required power ; to obtain the third coefficient, 
multiply that of the second term by the index of the leading letter 
in the same term, and divide the product by 2, arid so on ; that 
is, multiply the coefficient of the term last found by the index of 
the leading quantity in that term, and divide the product by the 
number of terms to that place, and it tviU give the coefficient of 
the term next following. In this manner all the coefficients will 
be afitained. 
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Non 1. — Tb0 whole number of terms will be one more than the index 
of the giTen power ; and, when both terms of the root are 4-> ^U the terms 
of the power win be -{- ; bat, if the second term be — , all the odd terms 
will be -j-, and all the eten terms — , which caoses the terms to be 4~ 
and — alternately. 

Note 2. ^- The som of the two indices in each term is always the same 
number, that is, the index of the required power ; and, reckoning from 
the middle of the series, both ways, or towards the right and left, the 
indices of the two terms are the same figures at equal distances, but 
mutually changed places. Also, the coefficients are the same numbers at 
equal distances from the middle of the series towards the right and left ; 
•0, by whatcTer numbers they increase to the middle, by the same, in the 
roTene order, they decrease to the end. 

BXAMPLBS. 

1. Let a-\'X be involved to the 5th power. 

The terms without the coefficients, by the first role, will be 

a*, d*ar, e^x^j aV, aa?*, a:*, 
The coefficients by the second rule will be 

- . 5X4 10X3 10X2 5X1 _ 

^' ^' "2"' "T~* "~4~' "5"'"" 

1, 5, 10, 10, 5, 1. 

Th6refi>Te, the fifth power with the coefficients is 

o*, 5d*a:, lOo^a:", lOaV, baa^, 7?. 

2. Involve a— a: to the sixth power. 

Am, The terms with the coefficients will be, 

a6-.6a'a:+15a*a:«-20a«a:»+15aV-6aa;«+a;«. 

3. Required the tenth power of a-j-^- 

( a^'»+10a»a:+45a82«+120flV+210a«a^+252«'ar» 
^"'- ( +210flV+120a»a:'+45aV+10ac»+a:^«. 

4. Baise x-^^y to the seventh power. 

Am. a:'+7a!^+21a:«y»+35aY+S5aY+21«y+7a:3/»+ 

5. What is the ninth power of a— 3 1 
( a»-9a83+36a'^^-84aW+126a'^*-.126aW+84 



^'^^ I a»^-36a»3'^+9fli«»-i». 



Rrst power, 


Second 


« 


Third 


(( 


Fourth 


« 


Fifth 


« 


Sixth 


(( 


Seventh 


(( 


Eighth 


« 


Ninth 


(( 


Tenth 


(( 


Eleventh 


(( 
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The coefficients of the first twelve powers will be found in the 
following 

TABLE. 

1,1 

1,2,1 

1,3,3,1 

1,4,6,4,1 

1, 5, 10, 10, 6, 1 

1, 6, 15, 20, 15, 6, 1 

1, 7, 21, 35, 35, 21, 7, 1 

1, 8, 28, 66, 70, 56, 28, 8, 1 

1, 9, 36, 84, 126, 126, 84, 36, 9, 1 

1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1 

1, 11, 55, 165, 330, 462, 462, 330, 165, 55, 11, 1 

Twelfth " 1, 12, 66, 220, 495, 792, 924, 792, 495, 220, 66, 12, 1. 

By examining the preceding table, we readily perceive the 
law by which the coefficients are obtained. 

If we wish to obtain the coefficients of the 6th power, we 
add together the coefficients of the 5th power, two and -two. 

Thus, 1+5=6; 5+10=15; 10+10=20; 10+5=15; 
5+1=6. By this process we obtain all the coefficients of the 
6th power, except the first and last, which are always 1 in every 
power. 

To obtain the coefficients of the 10th power, we add those of 
the 9th. Thus, 

1+9=10; 9+36=45; 36+84=120; 84+126=210; 126 
+126=252; 126+84=210; 84+36=120; 86+9=45; 9 
+1=10. 

We therefore find the coefficients to be, 

1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1. 

6. Kaise a+43 to the third power. 
Let 72=43. 

Then a+n=a+43. 

The third power of a+n, by Art. 880, = 
a8+3aa«+3an2+7i8. 
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Snbstitating 4& for n, we have 

fl»+3a»(4*)+3a{43)«+(43)»= 
fl»+12fl»i+48fl^+643». Am. 

7. What is the third power of a+b+c ? 

Let n=b-{-c. 

Then a+^=*+^-H« 

The third power of a4-n=fl»-f-3a«n+3a»*+n». 

Substituting the values of n, we have 

( a8+3a«i+3a»c+3a4»+6a5c+3ac> 
-^^- { +i8+332c+33c2+c». 

8. What is the 3d power ofa+b+c+d? 

Let xsa-f-^f and yssc+d. 

Then (a:+y)'=:{a+i+c+<Z)». 

And (a:+y)»=(a:»+3a:«y + ^f+fh 

Substituting these values of x and y, we have 

(a+b)^+^a+b)\c+d)+Z{a+b)(c+d)*+{c+d)'= 
a8+3a»3+3a^+i84.(3a«-j-6a3+3^){c+£?)+ {3a+33)(c»+ 2c(l 

aS^3a«*+3ay+^-|_3a2c+6aic+3^c+3a«(Z+6aW+3^rf + 
3ac«+6aaf+8a<P+33c«+6cW+3A<?+c»+3c«(i+3c(P+eP. -Atw. 

9. What is the 3d power of 2a— 3+c' ? -Atw. 

10. What is the 5th power of 4a—bb f Am. 

11. What is the 6th power of 3a*— 2A»? Am. 

12. What is the 4th power of m-^-n—'p f Ans. 

13. What is the 8th power of OT*+n» ? Am. 

14. What is the 7th power of l+a? ? Am. 

15. What is the 2d power of a+3+c+(i-j-€+/? Am. 

16. What is the 10th power of o^+i* ? Am 

17. What is the nth power of a +3? Ans. 

18. What is the 6th power of a^b-^-c f Am. 

19. What is the 4th power of c^-^z f Am. 

20. What is the 3d power of 2a*— 8^ ? Am. 
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SECTION XXXV. 

BINOMIAL THEOREM. 

Art. 331* The Binomial Theorem is a general algebraical ex- 
pression or formula, by which any power or root of a given 
quantity, consisting of two terms, is expanded into a series ; the 
form of which, as it was first proposed by Sir Isaac Newton. 
being as follows : 

,P+P«,J=.^ii+^e+5(!£-«)<,+5(^») 

Or, 

, m — Bn- 



-JDQ+&C., 



4n 
where P is the first term of a binomial, Q the second divided by 

171 

the first, -- the index of the power or root, and -4, JB, C, &c., 
n 

the terms immediately preceding those in which they are first 

found, including their signs + or — . 

S32t This theorem may be applied to any particular case, by 
substituting the numbers or letters in the given example for P 
Q, m, and n, in either the above formulas, and then finding the 
result according to the rule. 

When the index of the binomial is a whole number, the series 
will terminate, as observed under the article Involution; but 
when it is a negative or fractional number, as in the following 
examples, the series will proceed on ad infinitum, and will 
become more convergent the less the second term of a binomial is 
with respect to the first. 
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1. It 18 required to conyert (a'-^:r)^ into an infinite series. 



Let P^if, Q=-5, -=J, or m=l and «=2. 



- - JL 

Then P-s={a^"=(fl*)*=:fl=il. 



4n ^ 8 •^2.4.6a»^a» 2.4.6.8a' 

»»-4« 1-8^^ 8.5ar« ^^»_ 8.^.7»' 

5« -*"<— 10 -^ 2.4.6.8</ ^«^~2.4.6.8.10a»~'* 

Therefore (<i*+z)^=: 

"^^ 2.4<^"^2.4.6a» 2,4.6.8a' ' 2.4.6.8.1(W ' " 

Hie pupil will readily perceive that the law of formation of 
the Bereral terms of the aeries is sofSoiently evident 

2. Beqnired the development of -r in a series. 

Here -±—^^(:^-y)-^, P=^, Q=-^, m 1. 

and 7z=2. 
Hence P?=(2:»)r= (a:«)-J=_— ^. 

'"-"no- -1-2 V y y y _ V „c 
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6 -^2.4a:«^ a:^'^2.4.6a:' 




_^ 3.5y« 3.5Jy* 

^^ (?i:^)|-''+2a;"^2:4b^+23:6?+2.4.6.8a^+' *''• 

This last equation is obtained ftom the former by multiplying 
each term of the equation by a?. 
8. Required the cube root of 9. 

Here, 9*=(8+l)* 

Therefore, P=:8, Q=i, w=l, and w=8. 

Whence, P"= 8"= 8^=2=^1. 

771— W^^ 1 — 8 11 1 

"2ot~ ^~'"6~^3:22^2^"""'3:6:2*"~ 

^-^Tx -1-6 1 ,,!_ 5 

871 ^"~ 9 '^ 3.6.2*'^2»"~"3.6.9.2^"" 

^-^Tx 1-9 5 1 _ 5.8 

471 ^~ 12 '^8.6.9.2'^2»"" 3.6.9.12.2"*"" 
Therefore, 

Qi__o , J 1, 5 5.8 , 

"" "^3.2» 3.6.2*"^3.6.9.2^ 3.6.9. 12.2io"*"' 

4. What is the square root of a+3 ? 

Here, — =o» ^=fl, and Q=-. 

71 z a 

Then, F^^^cl^A 



i^'iM^-A-°^=^- 



?7 
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m-n _l—^ a-ii b arili'_ g-fy _^ 

"2» ^~ 4^2 ^a~ 80 — 8 ^' 

And -_.DQ=__x-j^X-=-i28j=- -12r =^- 

Therefore. («+4)»=«S+ ___+___-__. &c. 

5. What is the cube root of 7 ? 

. 1 1 5 5.8 

3.2» 8.6.2* 3.6,9.2' 3.6.9.12.2"' ' **^ 

6. Expand (1 — a)^ into an infinite series. 

. • 2a 2.8.a* 2.3.8.<^ ^ 
^„. l__________,&c. 

7. It is required to convert -, or its equal (l+a:)~i, 

(l+z)-k 

into an infinite series. 

. . X , ex" 6.112^ , 6.11.162^ , 

^"'- ^"5+O0-"5.10.16 1 5.10.15.20-"'*"- 

8. It is required to convert (a — b)* into an infinite series. 
. i^/, J 3«» 8.7.i» 8.7.114* . \ 

INDETERMINATE COEVFICIENTS. 

333fl This is a general method of obtaining a series firom frac- 
tions, and other expressions, without either performing the diyision 
or extracting the root. 

Rule. Assume a series with unknown hut constant coeffi^ 
dents of x, increasing or decreasing in the same tcay as if 
the operation vxis performed at length ; then make this series 
equal to the given expression, and, clearing the equation of 
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fractioTiSy bring all the terms to one side^ so as to make the 
equation = ; next make the first term of the coefficients of 
the several powers of z each = 0, and there tmU arise as many 
independent equations as there are wnknown coefficients, from 
which their values may he found and substituted for them in the 
assumed series. 

EXAMPLES. 

1. Let it be required to expand r-r— into a series. 

Assume j-— =:il+5a:-|-Ca:^+jDiC^+&c. ; then, multiplying 

both sides by b-\-x, and transposing a, we obtain Ab — a+ 
{Bb+A)x+{Cb+B)a^+(Db+C)3^+&G,==0, an equation which 
must be true, whatever be the value of x. Now, making 
the first term, and the coefficients of the several powers of 

X, each = 0, we have Ab—a^^O, or A=:-; Bb+a=0, or 

o 

S=^=~; Cb+B=:Oy or C=^=+^; D3+c=0, or 

O Or 

C a 

i?=-=— 7^, &c. And, substituting these values of A, J5, 
h 

, . a a ax 

C, jD, &c., in the assumed senes, we get -r- — =-—-5-4- 

o-YX b* 

-^ — rj-+ &c., in which, it is obvious, that the signs are 
o o 

alternately 4- ^^^ — > a-i^cL ^^ exponents, both in the numer- 
ator and denominator, increase continually by 1, that of a; in 
the numerator being always 1 less than that of b in the de- 
nominator. 

2 

2. Expand -^—^ -^ into a series. 

^ 2x bs? 12a:^ 

Ans. 1 1 — 5- -3-+, &c. 

a a^ a* ' 

3. Expand s/if^sP) into a series. 

a^ ic* a* 
^'«- "-2^-8^-16?-' **'• 
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4. Expand ^^^^ u^to a series. 

Am. l+Bx+43^+72*+lh^+lSa^+, &c. 

This is a recnrriDg series, in whicb each of the coefficients, 
after the second, is the som of the two preceding ones. 

5. Expand A/{l^a) into a series. 

a (^ 3a» 3.5tf* S.S.Tg' 
4n^. l_^g^ 2.4.6 2.4.6.8 2.46.8.10 '*''" 

1— « 

6. Expand ^ Oj-^q^j ^^ * series. / 

Am. l+x+5«»+lSz»+4Li?*+121a^+365a;«, &c. 

7. What is the expansion of (a— 3)^ ? 

. i/i * 8i« 8.7^ 3 .7.1iy , \ 

^«- « \,^-C"4:8?"4:8l2?""4.8.12.16a~' *'' >/ 

8. It is required to expand (a+z)-*. 

Am. -5— -rH — 7 Zs+t »«• 

9. It is required to expand 3 . 

^ 1 6ar , 24r« 802^^^ 

2 

10. It is required to find the expansion of 



{c^xf 
2 4r 6x* 8a:» 

a' 

11. It is required to find the expansion of - 3 . 

12. What is the valuo of r in a series? 

{J'+«)i 

1 X , 3a:* 8.5g» , 8.5.7a^ 
^^" J 24»"*"2.44» 2.4.6y"*"2.46.84» ' **^ 
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SECTION XXXVI. ^ ^ 

SUMMATION AND INTERPOLATION OP SERIES. 

Abt. 334* The Summation of Series is the method of finding 
a terminated expression equal to the whole series. 

Interpolation is the method of finding any term of an infinite 
series, without producing all the rest. 

DIFFERENTIAL METHOD. 

335* The Differential Method consists in finding, from the suc- 
cessive differences of the terms of a series, any intermediate 
term, or the sum of the whole series. 

Peoblem I. 

336* To find the several orders of differences. 

Let a-f-3-|-c+dJ+c+, &c., be any series; subtract each term 
from the one following it, and the differences — a+^, — 3-{-c, 
— c+(?, —d-^-e, &c., will form a new series, called the first 
order of differences. Again, subtract each term of this new 
series fix)m the one that follows it, and the differences a — 2^-|-c, 
b — 2c-\-d, c — 2d-\-e, Jcc, will form another series, called the 
secoTid order of differences. Proceed in like manner for the 
third, fourth, fifth, &c., order of differences, until they at last 
become equal to 0, or are carried as far as is required. 

337* When the several terms of the series continually in- 
crease, the differences will all be positive; but, when they 
decrease, the differences will be alternately negative and posi- 
tive. 

1. Required the several order of differences of the series 1, 6, 
20, 50, 105, 196, &c. 

1, 6, 20, 50, 105, 196, &c., the given series. 
5, 14, 80, 55, 91, &c., Ist differences. 
9, 16, 25, 36, &c., 2d « 
7, 9, 11, &c., 3d « 
2, 2, &c., 4th " 
0, &c., 5th " 
27* 
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2. Required the seyeral order of differences of the series of l^ 
2", 8«, 4«, 6», &o. 

1, 4, 9, 16, 25» &c., the giyen series. 
3, 5, 7, 9, &c., 1st differences. 
2, 2, 2, &o., 2d « 
0, 0, &c., 8d « 

8. Required the seyeral order of differences of the series of 
cubes, 1», 2«, 3«, 4«, 5». ^n*. 

4. Find the order of differences in the series i, ^, ^, ^7, 
3V> Ac. Ans. 

Pboblbm II. 

338« To find the first term of any order of differences. 

Let cT, cT', i'", <f '", &C., represent the first terms of the 1st, 

2d, 3d, 4th, &c., order of differences ; then cTsss— a-{-&, (Z"s=a 

— 2i+c, rf'"=-a+3^— 3c+i, (Z""==a-43+6c— 4^+e, &c.; 

firom which it is obvious that the coefficients of the several terms 

of any order of differences are respectively the same as those of 

the terms of an expanded binomial, and are obtained in the same 

manner ; for the terms that are subtracted are actually added, 

but with contrary signs. Hence we infer that d\ or the first 

n— 1 
difference of the nth order of differences, is ±a=F7i3±« . — ^ 

c=Fn . . — Q-^±> &c«> to «+l terms ; in which formula the 

upper signs must be taken when n is an even number, and the 
under when n is an odd number. 

5. Required the first of the Mfk order of differences of the 
series 6, 9, 17, 35, 63, 99, 148, &g. 

Let a, 3, c, dy c,/, &c. = 6, 9, 17, 35, 63, 99, 148, &c., and 
n=5. Then 

n(n^l) n(n-l)(n^2) n{n -l){n^2){n^B) 
"^ 2 ' 2I 2.3.4 

+ """""LTr""'"'"/ =-H-«-^+^- 
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494-491=+8. Am. 

6. Eeqnired the first of the sixth order of differences of the 
series 3, 6, 11, 17, 24, 36, 60, 72, &c. Am. —14. 

Problem III. 

339* To find the nth term of the series a, b, c, d, e,/, &c. 

As we have found in the last problem that d*= — a+^» there- 
fore 3=a+rf', and, in the same manner, we find c=:a-f-2^'+rf", 
d=ia+Bd'+S(^'+d'", €=a + 4<^' + 6i" + 4(f" + rf"", &o. ; 
whence the nth term is 

, n— 1 « , w— 1 n — 2^, , n—1 n— 2 n — 3,,.. , . 

7. Required the 7th term of the series 3, 5, 8, 12, 17, &o. 

3, 5, 8, 12, 17, &c., the given series. 
2, 3, 4, 5, 1st difference. 
1, 1, 1, 2d difference. 
0, 0, 3d difference. 
Here d'=2, ^"=1, rf'"==0, and n=7. 

Therefore a+'^d'+'^ :!^'=3+^ . 2+ 

I^.^^. 1=3+12+15=30= the 7th term. 

8. Required the 9th term of the series 1, 5, 15, 35, 70, &c. 

Am. 495. 

9. Required the 10th term of the series 1, 3, 6, 10, 15, 
2f , &c. Am. 55. 

Pboblem IY. 

340* To find the sum of n terms of the series a, by c, d, e, &c. 

If we add the values of a, b, c, &c., as found in the last 

problem, we obtain 2a-\-d!ssa+by 3a+3{f +(i"=a+3+<;, 4a+ 
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W+Ad^-^-d^'ssa+h+c+d, &c. Wherefore it is eyident that 
the Sam of n terms must be 

, »— 1 « , «— 1 «— 2^ , «— 1 »— 2 71—3 
~+'*-^-^+'*-"2"-"3"^+'*-"2"-"T"-"T^ +, 
&a 

S41« When the differences become at last = 0, any term, or 
the sum of any numbers, can be accurately found ; but, when the 
differences do not vanish, the formulae in this and the preceding 
problem give only an approximation, which will come nearer the 
truth as the differences diminish. 

10. Required the sum of 8 terms of the series 2, 5, 10, 17, &c. 
Here n=8, a=2, <rs=8, d"^2, and <r''=0. 

Hence, na+n . ^^r+n . ^ . ^ir=8 . 2+8 . ^ . 3+ 
8 . ^ . ^ . 2=16+84+112=212= the sum of 8 terms. 

11. Required the sum of 100 terms of the series 1, 2, 3, 4, 
5, &o. 

Here 1, 2, 8, 4, 5, 6, &c., given series. 
1, 1, 1, 1, 1, &c., 1st difference. 
0, 0, 0, 0, &e., 2d difference. 
Here naslOO, a=l, and ^=sl. 

na+n . ^lii=100-f 100 . Q^^f^) 1=5050. Arts. 

12. Required the sum of 12 terms of the series, 1, 4, 10, 
20, 35. Ans. 1365. 

13. Required the sum of n terms of the series V, 2^ 3^ 4^ 
6«, 6>, 7«, &c. 

Here 1, 4, 9, 16, 25, 36, 49, &c., ^ven series. 
3, 5, 7, 9, 11, 13, &c., 1st difference. 
2, 2, 2, 2, 2, &c., 2d difference. 
0. 0, 0, 0, &c, 3d difference. 
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Let 0=1, ^^=3, and ^=2. 

Then na+^-^'+ "(^^H""/) ,.^''(«+l)^(2n+l)^ 

14. Required the sum of n times of the series 

1», 2», 3», 4», 5^ 6», &c. ; 1, 8, 27, 64, 125, 216, &o. 
Here 1, 8, 27, 64, 125, 216, &c., given series. 
7, 19, 37, 61, 91, &o., 1st diflference. 
12, 18, 24, 30, &c., 2d difference. 
6, 6, 6, &c., 3d difference. 
0, 0, &c., 4th difference. 
Leta=l,c^'=7,rf"=12,J'''=6. Then 

^+—2-^+ 2 ; 3 '^ + 2.3.4 ^' 

__ 77i(n— 1) 12n(7t— l)(n— 2) 67i(n— l)(n— 2)(7t— 3) 
■"'*+ 2 •" 2 . 3 "^ 2 . 3 . 4~ 

, 7n»-7n , . , ^ . . , n*-6n«+lln«-6n 



2 ' * ^ 4 

4n , 14n'--14n , 8yi»— 24n^+16?i , ?i*— 6yt»+lln«~6yt_ 
4+ 4 r 4 + 4 — 

n*+2w»+7i« n«(n+l)2 ^ ^ . . 
^— ! — =: ^ ' — ^= sum of w terms, as required* 

15. What is the number of cannon-shot in a square pile, the 
bottom row consisting of 25 shot^ ? . Arts. 5525. 

16. I have 10 square house-lots, whose sides measure 5, 6, 7, 
8, 9, &o., rods, respectively. What is their value, at 25 cents 
per square foot ? Ans. $67,041,56J. 

* Shots and shells are generally piled in three different fbrms, called 
triangular, square, or oblong piles, according as their base is either a 
triangle, a square, or a rectangle. 

A square pile is formed by the continual laying of square, horizontal 
courses of shot, one above another, in such a manner as that the sides of 
their courses decrease by unity from the bottom to the top row, which 
ends also in one shot 
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17. There are 5 cubical blocks of marble, whose sides meas- 
ure, respectively, 2, 3, 4, 5, and 6 feet ? What is their value 
at $2.75 per cubic foot ? Am. $1210. 

18. What is the number of shot in a square pjramidical pile, 
whose side at the base contains 100 shot ? Avs, 338350. 

19. What is the sum of 20 terms of the series l^ 2», 3», 4', 
5«, 6«, &c. ? Am. 44100. 

20. What is the sum of 20 terms of the series 1*, 2*, 3*, 4*, 
5*, 6*, &c.? Am. 722666. 

Problem V. 

S42« To find a fraction that will express the value of a 
geometrical series to infinity. 

In Art. 284 we find that the sum of an infinite series is 
obtained by the following formula : 

and, by this formula, we may find the sum of algebraic series. 

XXAMPLKS. 

1. What is the sum of the series l-f-a+^'+^+^S &<3*» 

carried to infinity ? .1 
•^ Am. 



1-a 

By the above formula, the first term of the series will be the 
numerator of the fraction, and the denominator is obtained by 
subtracting the second term from the first. 

2. What fraction will express the exact value of the series 
1^54-25+125, &c., to infinity ? ^ 1 

^^- x=f; 

3. What fraction will express the infinite series 1— a-f-a^ — a* 

+tf*«-a«, &c. ? ^1 

Am. =-— . 
1+a 

4. What fraction will express the series -H — s- { o +» &c., to 

a or €r 

infinity? Am. r. 
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5. What is the sum of the series — f"~2+r8+T4"^» ^°-» ^ 

t 
infinity ? A?is, 



a:-r 



6. What fraction will express the series l+2+4-|-8-j-16, &c., 
to infinity ? Ans. t— «. 

l a^ X* 3^ 

7. What fraction is equal to the series s-l — -, — =+, &c., 

to infinity ? Arts, 



8. What fraction will express the value of 1+1+1+1, &c., 
to infinity ? Ans, = — ^. 

x^ a? 

9. Express by a fraction the value of the series a:H 1--5 

+--|+, &o., to infinity. Am. . 



10. 



a — X 
X , x^ a? 



What is the value of the series 1 1 — 5 — ^,+, &c., 

CL 

to infinity ? Aiis, — r— . 

^ a+x 

11. Required the sum of the series t-o+o-q+qt+i ^^•» 

l.iS Jj,o 0.4 

continued to infinity. Atis, 1. 

This question may be performed by separating the factors of the 
denominators so as to form two series, and then subtracting the 
less from the greater, as follows : 

Let l+i+i+J» &c. = the greater series. 

And i+i+J> &c. = the less series. 

Then 1 = the sum of the series. 

Note. — Another method may be fonnd in the Key. 

12. Required the sum of the series vI+95"l"o^+T7+» 
&o.f to infinity. Am, ^. 



824 ALOXBBA. 

SECTION XXXVII. 

CUBIO EQUATIONS, CONTAINING ONLY THE THIBD AND 
SECOND POWEBS. 

Art. S4S« Any numerical equation, containing only the third 
and second powers of the unknown quantity, and having one 
rational root, may be reduced by rendering both of its members 
perfect squares, and extracting the square root of both sides ; 
completing the operation by former rules. The only difficulty 
lies in multiplying the equation by such a number that, after 
adding to each side the fourth power of the unknown quan- 
tity, and the second power with a coefficient easily determined, 
both sides wiU be perfect squares. This multiplier must be 
ascertained by trial ; for, though a general formula might be 
given for obtaining it, yet it would be so complicated as to be of 
no practical use. It may be either an integer or a fraction, and 
is positive or negative according to the sign of the known 
quantity. 

Thou^ there always is such a multiplier whenever the un- 
known quantity has one rational value, yet, when the numbers 
are very large, or the equation is very complicated, it may 
not be readily found, and the process of trial may become too 
tedious to be of service. Whenever the equation does not con- 
tain too large numbers, the pupil will find little difficulty, if he 
thoroughly understands the following 

Bulb. Divide bath sides of the equation by the coefficient of 
the unknown cube^ if it have any expressed. Place the third 
power of the unknown quantity on one side of the equation^ and 
the second power , with the known quantity, on the other. Mul- 
tiply both sides by the number nearest to unity which wiU make 
the hnawn quantity a positive square; or, which is the same 
things separate the known number into two factors, one of which 
shaU be t?ie greatest square contained in it, and multiply both 
^es by the other factor. 

Multiply the last equation by A; add the fourth power of the 
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mJaunmi quantity^ and the second power ^ with a coefficient equal 
to the square of half tJie coefficient of the third power ^ to eaxk 
side ; and extract the square root of both sides, if possible. By 
taking like signs of the two members of the equation in evolving, 
we shall obtain one root; and, by taking unlike signs, the other 
two may be found by quadratic equations. 

But, if that ikember of the equation which contains the known 
quantity is not a perfect square, substitute 1, 9, 16, f , ^, J, ^, 
or some other square number, in the place of 4, and proceed 
as above, tUl, by trial, a number is found which wHl accomplish 
the object. 

Note. — 1. The sam of the three yalues of the unknown quantity should 
always be equal to the coefficient of the second power in the original 
equation, after dividing by the coefficient of the cube, and placing it on 
the same side with the known quantity, opposite the positiye cube ; hence, 
if two values were known, the other might eaoly be found. 

2. When one of the values is known, the others might be found by the 
usual method ; bringing all the terms oi the original equation to the same 
side, and dividing by the difference between the unknown quantity and 
its known value, reducing, by quadratic equations, the equation thus pro- 
duced. But the three values are here ^ven directly, by using the different 
signs in evolving, thus rendering the solution shorter, and more satis&c- 
tory. It is evident that, in extracting the square root of an equation, 
both sides may be considered positive, or both negative, or either one 
positive and the other negative. Thus the square root of the equation 
4a2-_8aH-46?=c«+2cd+<P, is +(2a^26)==+(c+d), or — (2a^26) 
=— (c+d), or +(2a— 26)=— (c-fi), or — (2(^-26)=+(c-f(i). But, 
if both sides take like signs, the result will be the same, whether they are 
both positive or both negative, as the signs of both sides of an equation 
may always be changed; while, if they take unlike signs, a different equa- 
tion wiU be produced, it making no difference which side is positive. 
Hence, there are but two results that can be obtained, and we have pre- 
ferred to express them, in the Ibllowing examples, by the same method as 
in quadratic equations ; prefixing the sign it to the right-hand member 
of the equation produced by evolution. 

8. By observing whether the root of the known quantity is greater or 
less than half the coefficient of the second power on the same side, if we 
also notice the sign, we may usually know whether the multiplier we have 
used is too small or too large. When there are two rational values of the 
unknown quantity, of course the third will be rational, and there will be 
three different multipliers, which will answer our purpose, thus giving 
three different solutions for the same example. 
28 
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1. What ar^ the yalues of x in the equation z*— 2'=:4 ? 
Here the multiplier, which wonld make the known quantity a 

perfect sqaare, is unity ; therefore we transpose, and multiply 
by 4, 4e»=4a:«+16. 

Adding *• and (| Ya* to each side, a!*+4e»4-4a:«=**+8««+16. 

Erolving, a:*+2a:=±(a^+4.) 

Taking the pontiTe sign and cancelling, 2z=^ 

Dividing, Xsss2. 

Taking the negatire sign, a^+2x=: — z*— 4. 

Transpoang and dividing, x'-f-arss— 2. 

Bj quadratics, xss , 

Hence a:a=2, or ^^ . Ans. 

The sum of their values, 2 | ^^'^^[^ I """^""^"^ t »« 1- 

2. What are the values of a; in the equation 4a:'-f-l^^=^ ^ 
Conditions, 4i:'+102:'=9. 

Dividing by 4 and transposing, 2^= — ^"i"!' 

9 

J being a square, multiply by 4, 4**=— 10a:*-}-9. 

Adding/ and (| Va*, :^+4a:»+4r«=:a?*-62:»+9. 

Evolving, a:«+2a:=±(a;*— 3). 

Taking the positive sign and cancelling, 2zs=— 3. 

3 
Dividing, a;=— -. 

Taking the negative sign, a:'-|~22ss=~a:^4-S* 
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Q 

Transposing and dividing, a^+x=j-. 



X=s 



2* 
-1±a/T 



By quadratics, 

Hence «=— «, or "" ^^ . Am. 

The sum of these roots is — ^. 

3. Given 3a:»«-2a:»=931 to find the values of x. 
(1.) Conditions, 3a:^— 2a:»=931. 

(2.) Dividing and transposing, a:»= ^ | ^ , 

o 3 

931 49 
(3.) The greatest square in -^- is -=-; 

o 1 



Multiplying by 4, 



76a« 162a:» , 70756 

8 3~+ 9 • 

763:* , 1444j:» , . 682a:» . 70756 



BvolAg, ^+^„±(^+^). 

Taking the positive sign and cancelling, 38a;=266. 
Dividing, x=n. 

Taking the negative sign, ;i?J^^^;^J^, 

o 3 

TranqwBing and dividing, a?-f-^=-— . 

By quadratics, ^^-\^±sr=mS^ 

6 

Hence a:=7,,or 1^^ . The sum of these is g. 
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4 Oiyen 2*ssl2z*— 81 to find the Tulues of x. 
ConditioM, ar*=12a:«— 81. 

By mnltipljing both sides by —1, — 81 

becomes a positiye square, — x*s=s — 12a:*+81. 

We find that neither 4, 9, 16, nor 25, 

will answer onr purpose, and we 

mnltiply by 36, -86«»=-4822»+2916. 

Adding «• and (^Y«», a!*-86a:»+324x>=a^-108a:«+2916. 

Evolving, 2:»— 18ar=±(a:»— 54). 

Takingthepodtivesignandoanoelling, ^18r=— 54. 
Ghan^g signs and dividing, 2=3. 

Taking the negative sign, ^ — 18z=— o:*-^^- 

Transposing and dividing, a:'~92=27. 

Oompleting the square, a?— 9x-4-2^=27+-j-=-j-. 

Evolving, *""2~~2~"' 

Transposing, a:= -^ . 

9 \ 3a/51. 
Henoe a;=:3, or ^- — . The sum of these is 12. 

5. Given a?+a:^=— 4 to find the value of x. 

Am. —2, or — -^ . 

6. Given 7a:^=a;»4-86 to find the values of a:. 

iln*. a;=:6, or 3, or —2. 

7. Given a:*— 4a:"=— 9 to find the values of a:. 

l=fcA/I3 



Am, 2;=3, or • 

he values 
Am» a:=s3, or • 



2 • 
8. Given 2a:»=399— 52:* to find the values of a:. 



4 

9. Given 4a;»+10a;«=125 to find the values of x, 

. o, -5=t5V^=l 
Am, a:=:2^, or -^ . 
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10. Given a;»=8a;*+363 to find the values o£x. 

Ans. a:=ll, or ^ . 

11. Given S7a?=7a?+144: to find the values of a:. 

Ans. a:=4, or 3, or —If. 

CUBIC EQUATIONS CONTAINING ONLY THE THIBD AND VIBST 
POWEBS. 

Abt. 344* Any numerical equation containing only the third 
and first powers of the unknown quantity, and having one 
rational root, may be reduced by multiplying both sides of the 
equation by the unknown quantity, and adding the second power 
to each side, with such a coefficient as, after adding a number 
readily determined, will make them perfect squares. The only 
difficulty lies in finding this coefficient, which must be ascer- 
tained by trial ; though, by adopting the following rule, it can 
readily be found, unless the equation is so complicated, or the 
numbers so large, as to render the operation tedious. 

In this and also the preceding case, the rule might perhaps be 
so firamed as to obtain the roots without reducing the coefficient 
of the cube to unity, the two methods bearing somewhat the 
same relation to each other as the two in quadratic equations. 
But we have preferred to use fractions occasionally, rather than 
render the rule more complicated. 

Rule. Divide both sides of the equation by the coefficient of 
the uTiknown cuJbe^ if there be any eocpressed. Place the ttvo 
powers of the unknown quantity on orie side, and the known 
quantity on the other, and muUipLy both sides by the unknown 
quantity tvith such a sign as shaU render the fourth power 
positive. 

Separate the coefficient of the first power of the unknown 
quantity in the equation, thus produced, into ttvo factors, and add 
the second pofwer, toith a coefficient equal to the square of one of 
these factors, usually the smaller, to each side. If it make the 

* Until the factors are found, it is sometimes better to ^te the known 
quantity and the first power a common denominator, eyen though the 
former might be reduced to a whole number. 
28* 
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coefficierU of the sguare, on the $ame side a$ the fourth power ^ 
eqiud to the other factor^ add the square of half this coefficient to 
each side, and extract the square root of both members^ completing 
the operation by former rules. 

But, if the above coefficient be not equal to the other factor, 
separate the tame number into two other factors, or perhaps ex- 
change the same, and proceed in tlie same way tUl the right 
ones are found. 

Non 1. — The sum of the three Talnes of the nnknown quantily should 
alwttjB be 0, M there ia no eeoond power In the ori^^nal equation ; henoe, 
if two ftre known, the third will be eqnel to their Bum, with the sign 
diAnged ; end there must elways be one positive and one negative Talae. 
the other being lometimes positiTe and aometimeB negative. 

2. We obtain the three valoes by the same method as in the preoeding 
case, prefixing the sign ^ to the right-hand member of the equation in 
evolving. TaUng the positive sign, we obtain either one or two values, and 
the negative sign £^ves the remaining values or value. "When one of the 
values la known, the others might also be found by bringing all the terms 
of the oripnal equation to the same idde, and dividing by the dUEerence 
between the unknown quantity and its known value. 

8. When two of the values are rational, the third wiU of course be 
rational ; and there may be three different methods of separating into 
ftotors, each of which will answer the purpose, thus giving three different 
solutions of the same equation. 

EZAMFLBS* 

1. Giyen 2*— 3a;=2 to find the Talaes of x, 
Gonditiong, a:*— 3a;=2. 

Multiplying by x, a?*— 3a:'=2a;. 

Separating the coefficient of 2a; into fiEustors, 2X^» 
Adding (1)V to each side, x^-^2x^=x^+2x. 

Add (J)>, a^^2x'+l=:ix'+2x+l 

Evolving, a:*— l=ifc:(a?+l)- 

Taking the positive sign, and transposing, a? — a;=2. 
By quadratics, ar=2, or —1. Ans. 

The sum of these is 1 ; hence the other value is —1, and the 
equation has two equal roots, —1, and —1. 
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2. Given 10a:==a:'+3 to find the values of a:. 
Conditions, 10a:=a:'+3. 
Transposing, —af+lOx^B. 
Multiplying by —a:, a?*— 10a:*=— 3a:. 
Separating into fiiotors, 3=3x1* 
Adding (3)V to each side, a^— a;»=9a:»— 3a:. 
Since coef. of a:* = the other ^tor, 

add (^)a, af*— a:»+J=9a:»— 3a;+i. 

Evolving, ar*— i=±(3a:— i). 

Taking the positive sign, and cancelling, a:^=3a:. 
Dividing, a:=3. 

Taking the negative sign, a^— J= — 3a:-f-j^. 

Transposing, a:^-|-8a:=l. 

Biquadratics. .=^^. 

Hence, a::=:3, or ^ — . The sum of these is 0. 

3. GivOT 4a:»+3a:=182 to find the values of ar. 
Conditions, 4a:»+3a:=182. 

Dividing by coefficient of a:*, ai'^— =-^. 

Multiplying by a:, ar-t— 7-== ^ . 

Separating -^ into motors, --r-=s— Xlo. 

Adding ( -j- ) «" to each side, a:*+13fl:*=:-^ — j — ^. 

Since coefficient of 3^ = the other factor, 

AA /l^V ^LiQ^_i_A3V 49a:».91a:, /13V 

Evolving, a:«+^=±(^). 

7x 
Taking the positive sign and cancelling, ^=-o~* 
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7 
Diyidingy ^=o* 

Tddng the negatiTe mgii, *^^^^^2 — 2"' 

Transposing, a?+^=:— 13. 

Completing the square, *^+V+i6=""^^+16*""l6 * 

Brohing. :,+^=±iiiEI!?. 

^ . -7±>i/^ 155 
Transposing, a:s= : . 

Hie sum of these Talues is 0. 

4. Oiyenx"— TxasG to find the values of z. 

Am. x=s3, or — 1, or —2. 

5. Oiyen2'&s87x+84 to find the Tallies of z. 

Am. a:s=7, or —3, or —4. 

6. Oiyen 2x'+7x=s474 to find the values of z. 

Am. x=:o, or Q 

7. Oiyen 92'ssl69z+280 to find the values of z. 

ilju. x=:5, or — ^, or — ^. 

8. Given x"— 82;=:322 to find the values of x. 

. - -.7±3V=I5 
Am. zsszif or ^ . 

PftOBUEUS. 

1. There is a cubioal block of marble ; and if 50 be added to 
the number of square feet in half its snrfiM)e, it will be equal 
to the number of cubic feet in its contents. What are the solid 
contents of the block? 

Let « aa the side of the cube. 

Then, x" ss the contents of the block. 

And x* s= the superficial contents of one side of the 

block. 
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Then, %a? = the superficial contents of one-half the 

surface of the block. 

Therefore, sfz^Zs^+bO. 

Multiplying both sides by 8, 82;'=:242:*4'400. 

Adding a?* and square of 4ar, a?*+8a:8+16a:»=a^+40a;'+400. 
Eyolving, a^+Ax^a^+W. 

Cancelling, 42:=:20. 

Dividing, a;=5. 

Therefore the contents, 4:^=125 cubic. 

2. A gentleman having asked a lady her age, she replied, 
that if 29 times the square of her age were subtracted from 
twice its cube, the remainder would be 225. What was the 
lady's age ? 

Let x=^ lady's age. 

Then, 2a:«— 29a:»=225. 

Transpoang, 2a:*=29a:*+225. 

Adding 2^ and the square of a:, a?*+2a:'+a:*=a?*-{- 30x^+225. 
Evolving, a?-\-x =a:'+ 15. 

Cancelling, x=lb years. 

3. A boy, being asked what he gave for his books, replied, 
that if 51 times the square of the number of dollars he gave for 
them were subtracted firom 6 times the cube of the number, the 
remainder would be 900. What was the price of the books ? 

Ans, $10. 

4. A man, being asked how many dollars he had in his pockets, 
replied, that if three times the cube of the number he had in 
his pockets were added to five times the square of the number 
which he had, he should have 272. Eequired the number 
he had in his pockets. Ans. $4. 

5. A boat has been sailing two hours, with a light breeze, 
against a strong current ; nineteen times the number of miles it 
has sailed is equal to the cube of that distance, added to thirty 
miles. How far has it sailed ? Am. It has gained either 3 
miles or 2 miles, or it has lost 5 miles. 
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HISGELLANEOUS QUESTIONS. 

1. Hnltiplj 7>v/S+Sa/?— V? by V^. Ans. 

2. Multiply a»+i» by a^'-h'*. Ans. a^P—t^h'\ 

8. Multiply oT+b* by fl-**+3— . 

-An*. flr"+<r^A-+a"3— +1. 

4. Multiply /yax by — a/oz. iln*. — oa:. 

5. Diyide —a by —So. Am. i. 

6. Diyide a"^ by a*. Ans. tf-*. 

7. Diyide o^+a:' by a+z. Ans. tf*— flfe+flV— a2*+**- 

8. Multiply y*+a!* by y—x. 

Ans. /^^4"^"~^ — ****^- 

9. Multiply ^ ^i l g^i by af +«fla:-*H ^— . 

iln*. 1+-T^- 

10. Diyide !-«• by 1-ar. 

Ans. l^x+s^+tif+a^+af+T?-^':^. 

11. Multiply 8^^GE=? by 4^?=?. 

ilnt. 124/7F-Saa:«-2fl»a:'+8a»ar*+6a«a:»+tfV--«^a^-:6rfV 
-8fl'a!«+ai^+&i«a:»— «^.) 

lo n- 41-85Z 7-2r« l+3a: 2x-2i * i. ^ ,i. 

^ ^^^^ -ior~i4(i=i)=-^i 6-^ *^ ^^ *^ 

Talueofz. iln*. a;=4. 

18. Given V«+9=1+a/^ to find the value of x. 

ilnt. a:==16. 

^^ ^^^^^ T=3rT=2i=^-7=16S+4? *^ ^^ ^" ^^" 
ofar. ilnf. «=— J. 

15. Given (Vi=F28)(Vi+B)===(VSq:^(VS^ to find 
the value of 2. ^n*. a;=:4. 
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16. Giyen (a:— l)V2a:— afc=A. to find x. 

Ans. x= — jrr-. 
V2 

17. Given a:— 2//i+2^1+//]?=3i+2 to find x. 

Ans. a:=9±4V7, or ^^^. 

18. Giyen V«T^=V^«"— &aa;+*" to find the value of x. 

Ans, «=— = — . 
7a 

19. Given ^==a?-]-3x to find the value of x, 

Ans. x= — r — , 
o 

20. Given |(z— a)— i(2a;— 33)=10a+lli to, find the value 
of a:. Ans. a;=25a+24i. 

^- ^. Zac . ax . i2ar{'h)hx Scar , a; . u j ^i. 

21. Given — n+ / i rva + / ■ /xa =1""+- to find tto 

value of a:. . a3 

jItW. X=i — 7-7. 

22. Given (g+a;) +(a-a:) j. ^ ^^^ ^^ ^^^ ^^^^ 

j1?w. a:===--7. 

23. Given (g+^ ) + (^""^ ) ^^i to find the value of a:. 

a;* a;* 

jItw. a:=4(a — 1). 

24. Given (i+^V-^—^yasc* to find the value of a:. 

. 4a^c 

Ans. ar=- 



25. A gentleman travelled 252 miles. The first day he rode 
4 miles, the last 128, and each day's journey was double the 
preceding one. How many days was he performing the journey ? 

Ans. 6 days. 

26. A gentleman dying left his sons an estate of $13,187.50. 
He bequeathed to his youngest son $1000, to the oldest $5062,50, 
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and ordered that each eon's portion ahonld exceed the next 
younger by the ratio of 1^. How many sons had he ? 

Am, 5 sons. 

27. Hie first term in a geometrical progression is 3, the last 
term ^ and the som of the series 4f . What is the number of 
terms? Ans, 4. 

28. Hie first term in a geometrical series is ^, the ratio 7, and 
the last term 3361f . What is the number of terms ? Am, 6. 

29. What are the three arithmetical means between ^ and ^ ? 

80. Bequired the sum of 200 terms of the series 1, 3, 5, 7, 
9, &o. Am. 40,000. 

SI. The first term of an arithmetical series is —7, the tenth 
term is 12. What is the sum of the series? Am. 25. 

32. If a man travel 20 miles the first day, and 15 miles the 
second, and so continue to travel 5 miles less each day, how &r 
will he have advanced on his journey the 8th day ? 

Am. 20 miles. 

83. The first term of an arithmetical series is 5, the number 
of terms 20 ; what must the common difference be, that the sum 
of the series shall be 123^ ? Am. ^. 

84. If a man travel 20 miles the first day, 19 the second day, 
18g^ the third day, and so on in a geometrical progression, in 
how many days will he have travelled 400 miles ? Am. ^. 

85. A merchant, having mixed a certain number of gallons 
of wine and water, found that if he had mixed 6 gallons more of 
each, there would have been 7 gallons of wine to every 6 gallons 
of water ; but, if he had mixed 6 gallons less of each, there 
would have been 6 gallons of wine to every 5 gallons of water. 
How much of each did he mix ? 

Ans. 78 gallons of wine with 66 of water. 

86. A person bought 2 cubical stacks of hay for £41 ; each 
of them cost as many shillings per solid yard as there were 
linear yards in a side of the other, and the greater occupied 
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9 square yards of ground more than the less. What was the 
price of each ? Am, £25 and £16. 

37. A certain man owes $1000. What sum shall he pay 
daily, so as to cancel the debt, principal and interest, at the end 
of the year, reckoning simple interest at 6 per cent. ? 

Am. $2.81974. 

88. A and B travelled on the same road, and at the same 
rate, from Portland to Boston. When A was at 50 miles' dis- 
tance from Boston he oyertook a drove of geese, which were pro- 
ceeding at the rate of 8 miles in 2 hours ; and, two hours after- 
wards, met a stage-wagon, which was moving at the rate of 9 
miles in 4 hours. B overtook the same drove of geese when he 
was 45 miles distance from Boston, and met the stage-wagon 
exactly 40 minutes before he arrived within 81 miles of Boston 
Where was B when A arrived at Boston ? 

Am, 25 miles from Boston. 

89. A gentleman has two sons, John and Nathan. John is 

10 years old, and Nathan is 15. He wishes to divide $1000 
between his sods, in such a manner that each, by depositing his 
share in a savings' bank which pays 5 per cent, compound in- 
terest, shall have the same amount in the bank when he is 21 
years old. What sum shall each deposit ? 

Am. John, $439.80; Nathan, $560.70. 

40. My garden is 100 feet square, and I wish to raise its 
surface 2 feet with the soil taken from a ditch with which I 
intend to surround it. This ditch is to be 5 feet deep, and out- 
side the garden ; what should be its width ? Ans. 9.1-f- feet. 

41. A engaged to reap a field for $10> which he would do in 
10 days ; but after he had labored 2 days he engaged B, by 
whose aid he supposed he could finish the field in 8 days. But, 
B proving to be a very inefficient workman, A was obliged to hire 
C the last two days, who proved to be a superior laborer ; the 
field was completed in 5 days. Now, if he had not hired 0, 
and A and B had completed the work themselves, B would have 
received $1.08j^f in addition to his services for his 8 da^s' 

29 
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labor. How long would it liave required B and C, each, to 
reap the field ? 
Am. B could have reaped it in 11 1 days, C in 8^| days. 

42. A man travelled 105 miles, and then found that if he had 
not travelled so &st by 2 miles an hour, he would have been 6 
hours longer in performing the same journey. How many miles 
did he go per hour? Ans, 7 miles. 

48. The difference between the hypothenuse and base of a 
right-angled triangle is 6 feet, and the difference between the 
hypothenuse and peipendicular is 8 feet. What are the sides 
of the triangle ? Ans. 15, 12, and 9 feet. 

44. In a parcel which contains 24 coins of silver and copper, 
each silver coin is worth as many pence as there are copper 
coins, and each copper coin is worth as many pence as there are 
silver coins, and the whole is worth 18 shillings. How many 
are there of each ? Am. 6 of one, and 18 of the other. 

45. The income of a certain estate is to be sold for a term of 
7 years. A offers to pay $300 doum^ and $300 at the end of 
each year ; B offers $800 down, and $250 at the end of each 
year ; C offers $1300 doum, and $200 at the end of each year ; 
D will pay $2500 *< cash down.** Which has made the best offer, 
if interest is to be reckoned at 6 per cent, compound interest ? 

/ Value of A's offer, $1974.71.4. 
Am. ) B's offer, $2195.59.5.; C's offer, $2415.47.6. 
( D's offer, $2500. Hence D's offer is the best. 

46. A gentleman bemg asked the age of his two sons, replied, 
that if the sum of their ages were multiplied by the age of the 
elder, the product would be 144; but if the difference of their 
ages were multiplied by that of the younger, the product would 
be 14. What was the age of each ? Am. 9 and 7. 

47. The sum of two numbers is 20, and the sum of their 
cubes is 2060. What are the numbers ? Am. 9 and 11. 

48. If the product of two numbers be added to the square of 
the larger, the sum will be 112; but, if the square of the less 
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be taken from their product, the remainder will be 12. B.e- 
quired the numbers. Ans. 8 and 6. 

49. What number is that which, being added to twice its 
square root, equals 24 ? Ans, 16. 

50. If a man owe $2000, what sum shall he pay daily, so as 
to cancel the debt, principal and interest, at the end of the 
year, reckoning the interest at 6 per cent. ? Ans, $5.6394. 

51. I haye 84^ square feet of plank, that is 3 inches thick. 
How large a cubical box can be made from it ? 

Ans, Each side measures 48 inches. 

52. From 62^ feet of plank, that is 2j^ inches thick, I wish 
to make a box whose length shall be four times its width, and 
whose height and width shall be equal. What are its dimen- 
sions ? Ans, Length 8 feet, width and height 2 feet. 

53. There was a cask containing 20 gallons of wine ; a cer- 
tain quantity of this was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the first cask 
was filled with the mixture. It now appears that, if 6f gallons 
of the mixture be drawn off from the first into the second cask, 
there wiU be equal quantities of wine 'in each. What was the 
quantity of wine drawn off at first ? Ans. 10 gallons. 

54. A^r A had trayelled for 2| hours, at the rate of 4 miles 
an hour, B set out to overtake lum ; and, in order thereto, went 
four miles and a half the first hour, four and three-quarters the 
second, five the third, and so on, gaining a quarter of a mile 
every hour. In how many hours would he overtake A ? 

Ans. 8 hours. 

55. The sum of the first and second of four numbers in geo- 
metrical progression is 15, and the sum of the third and fourth 
is 60. Keqiured the mynbers. Ans, 5, 10, 20, 40. 

56. The sum of the squares of the extremes of four numbers 
in arithmetical progression is 200, and the sum of the squares 
of the means is 186. What are the numbers ? 

An^. 14, 10, 6, 2. 
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57. A tailor bought a piece of cloth for £147, firom which he 
oat off 12 yards for his own use; he sold the remainder for 
£120 bs.y gaining 5 shillings per yard. How many yards were 
there, and what did it cost him per yard ? 

Ans, 49 yards, at £3 per yard. 

58. In a mixture of rye and wheat, the difference between 
the quantities of each is to the quantity of wheat as 100 is to 
the number of bushels of rye, and the same difference is to the 
quantity of rye as 4 to the number of bushels of wheat. How 
many bushels are there of each ? 

Am, 25 bushels of rye, and 5 of wheat. 

59. It is required to find two numbers, such that the product 
of the greater into the square root of the less shall be equal to 
48, and the product of the less into the square root of the 
greater may be 86. Ans. 16 and 9. 

60. If the difference of two numbers be multiplied .by the 
greater, and the product divided by the less, the result will be 
48; but, if the difference be multiplied by the less, and the 
product divided by the greater, the result will be 3. What are 
the numbers? Ans. 16 and 4. 

61. Find two numbers, such that the square of the greater, 
multiplied by the less, shall be equal to 448 ; and the square 
'Vf the less, woltiplied by the greater, shall be 392. 

Ans. 8 and 7. 

62. If two numbers be each multiplied by 27, the first pro- 
duct is a square, and the second the square root of that square ; 
but, if each be multiplied by 8, the first product is a cube, and 
the second the cube root of that cube. What are the numbers ? 

Ans. 243 and 3. 

68. A fimner has two cubical stacks of hay ; the side of one is 
3 yards longer than the side of the other, and the difference of 
their contents is 117 solid yards. Required the side of each. 

Ans. 5 and 2 yards. 

64. A gentleman started from Boston for New York ; he trav- 
elled 20 miles the first day, 18 miles the second day, and 16 
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miles the third day, so continuing to trayel two miles less each 
day than the former. How &r was the gentleman from Boston 
at the end of the twentieth day ? Ans, 

65. A certain farm is a parallelogram, and a diagonal line 
firom one comer to the opposite is 60 rods, and the longer side 
is to the shorter as 4 to 3. Required the contents of the &rm. 

Am. 10 Acres, 3 Koods, 8 Poles. 

66. A gentleman asking a lady her age, she replied, If you 
add the square root of it to half of it, and subtract 12, there will 
remain nothing. Required her age. Ans. 16. 

67. What number is that to which if 1, 7, and 19 be seyer- 
ally added, the first sum shall have the same ratio to the second 
that the second has to the third ? Ans, 5. 

68. The sum of two numbers is 12« and they have the same 
ratio to each other that their difference has to 40. What are 
the numbers ? Ans. 2 and 10. 

69. There are two numbers whose product is 64, and the 
greater is to the less as their sum is to 10. What are those 
numbers ? Ans. 9 and 6. 

70. Divide 20 into two such parts that the square of the 
greater shall be to the square of the less as 9 to 4. What are 

. those parts ? Ans. 12 and 8. 

71. Let 24 be divided into two such parts that the quotient 
of the greater divided by the less shall be to the quotient of the 
less divided by the greater as 9 to 1. Ans. 18 and 6. 

72. Divide 14 into two such parts that their squares shall be 
to each other as 9 to 16. Ans. 6 and 8. 

73. Divide 12 into two such parts that the som of their 
squares shall be to the difference of their squares as 5 to 3. 

Ans. 4 and 8. 

74. There are two numbers, whose product is 12, and the 
sum of whose cubes is to the cube of their sum aa 91 to 343. 
What are the numbers ? Am. 3 and 4. 
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75. The product of two numben is 120; and, if the greater 
be inoreaaed by 8 and the less bj 5, tlie product of the two num- 
bers will be 800. What are the numbers ? Ans. 10 and 12. 

76. Ay B, and C, make a joint stock ; A puts in $60 less 
than B, and $68 more than C, and the sum of the shares of 
A and B is to the sum of the shares of B and G as 5 to 4. 
What did each put in? 

Ans. A put in $140, B $200, and G $72. 

77. A and B engage in speculation, with di£ferent sums ; A 
gains $150, B loses $50. Now A's stock is to B's as 3 to 2 ; 
but, had A lost $50, and B gained $100, then A's stock would 
have been to B's as 5 to 9. What was the stock of each ? 

Ans. A's, $300 ; B's, $350. 

78. Find two numbers in the ratio of 5 to 7, to which two 
other numbers, in the ratio of 8 to 5, being respectively added, 
the sums shall be in the ratio of 9 to 13, and the difference of 
the sums shall be 16. . ( First two numbers, 30 and 42. 

( Last two numbers, 6 and 10. 

79. A merchant mixes wheat, which costs 10 shillings per 
bushel, with barley, which costs him 4 shillings per bushel, in 
such proportion as to gain 43f per cent., by selling the mixture 
at 11 shillings per bushel. Bequired the proportion. 

Ans. He must mix 14 bushels of wheat with 9 of barley. 

80. A and B can dig a cellar in a days, A and G can do the 
labor in b days, and B and G can do the same in c days. In 
what time would each perform the labor, and how long would it 
require A, B, and G, to complete the work ? 

Ans. A in — p-j days, B in -y-t^ days, G in 

2abc 2abc 

-r-r r- days, and A, B, G, in -=— — - days. 

ab-i-ac—bc "^ ' ab+ac+bc ^ 

81. A and B made a joint stock of $833, which, after a suo- 
oessM speculation, produced a clear gain of $158. Of this B 
had $45 more than A. What did each person contribute to tJlie 
«*<>«k ? Am. B $539, and A $294. 
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82. A gentleman haying asked a lady her age, she modestly 
replied, that if she were four years younger, and he were four 
years older, his age would be twice that of hers ; but, if she were 
four years older, and he were four years younger, their ages 
would be the same. What was the age of each ? 

Am. Grentleman's age, 28 years ; lady's age, 20 years. 

ALGEBRA APPLIED TO GEOMETRY. 

83. Suppose a tree, 48 feet in height, to stand on a hori- 
zontal plane. At what height from the ground must it be cut 
off, so that the top of it may fall on a point 24 feet from the 
bottom of the tree, the end, where it was cut off, resting on the 
stump ? Ans. 18 feet. 

84. A certain man, owning a farm lying in a circle, gave it 
in his will to his wife, four sons, and four daughters, as follows : 
to his sons he gave four circles, as large as could be drawn 
within the circumference of the farm ; to his daughters he gave 
the four spaces lying between the son's circles and the circum- 
ference of the faa:in, and to his wife he gave the part remaining 
in the centre, which contained just one acre. How much did 
the whole farm contain, how much did each son have, and how 
much did each daughter have ? 

/ The farm contained 21 Acres, 1 Rood, 12 Poles. 

Ans, } Each son had 3 Acres, 2 Roods, 25 J Poles. 

( Each daughter had 1 Acre, 1 Rood, 27^ Poles. 

85. A gentleman has a garden in the form of an equilateral 
triangle, the sides whereof are each 100 feet. At each comer of 
the garden stands a tower; the height of the first tower is 40 
feet, that of the second 45 feet, and that of the third is 55 feet. 
At what distance from the bottom of each of these towers must a 
ladder be placed, that it may just reach the top of each tower ; 
and what must be the length of the ladder, the ground of the 
garden being horizontal ? 

Ans, From the foot of the ladder to the base of the first 
tower, 63.273+ feet; second tower, 59.820+ feet; third tower, 
50.779+ feet; length of the ladder, 74.856+ feet. 
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86. If c be the hjpotlieniue of a right-angled triaDgle, b the 
base, and a the perpendicular, it ia required to find the segments 
made bj a perpendicular drawn from the right angle to the 
hypothenuse. . y^— a? a«4_c»_^ 

87. From a point within an equilateral triangle, there are 
drawn three perpendiculars to the several sides ; the length of 
the first is 20 feet, the second 80 feet, and the third 36 feet. 
Required the length of the sides of the triangle. 

Am. 49.652+ feet. 

88. A sphere of gold, whose diameter is one inch, wei^ 10 
ounces, and each ounce is Talued at $16. What is the Yalue 
of 5 spheres of gold, whose seyeral diameters are 1, 2, 3, 4, 
and5mches? iliu. $3600. 

89. There is a loaf of bread, which is half a sphere, whose 
diameter measures 12 inches. How thick must the crust be 
baked, that the remainder shall be half the contents of the loaf? 

Am. .8038+ inch. 

90. There are two towers of unequal heights, situated on a 
plane, near each other. A line extending from the base of the 
less to the top of the larger is 100 feet ; and a line from the 
base of the larger to the top of the less is 80.27+ feet; a per- 
pendicular let fall from the point where the lines cross each 
other, to the surfiice of the plane, is 32 feet. Required the 
height of the towers, and their distance from each other. 

/ Hei^t of the larger tower, 80 feet. 
Ans, \ Height of the less, 53^ feet. 

( Distance between the towers, 60 feet. 

91. There is a conical glass, 6 inches deep ; the diameter at 
the top is 5 inches, and it is -^ frOl of water. If a ball 4 inches 
in diameter be put into this glass, how much of its axis will 
be immersed in the water ? Ans, .546 inch. 

92. How many baUs 1 inch in diameter can be put into a 
cubical box whose sides measure each one foot in the clear ? 

Ans. 2151 balls. 
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LOGARITHMS OF NUMBERS 



FROM 1 TO 10,000. 



Nombeis firom 1 to 100 and their Logarithms, mth their Indices. 



No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


1 
2 
3 
4 
5 


0.000000 
0.301030 
0.477121 
0.602060 
0.698970 


21 
22 
23 
24 
26 


1.322219 
1.342423 
1.361728 
1.380211 
1.397940 


41 
42 
43 
44 
45 


1.612784 
1.623249 
1.633468 
1.643453 
1.653213 


61 
62 
63 
64 
65 


1.785330 
1.792392 
1.799341 
1.806180 
1.812913 


81 
82 
83 
84 
86 


1.908486 
1.913814 
1.919078 
1.924279 
1.929419 


6 
7 
8 
9 
10 


0.778161 
0.845098 
0.903090 
0.954243 
1.000000 


26 
27 
28 
29 
30 


1.414973 
1.431364 
1.447158 
1.462398 
1.477121 


46 
47 
48 
49 
50 


1.662768 
1.672098 
1.681241 
1.690196 
1.698970 


66 
67 
68 
69 
70 


1.819544 
1.826075 
1.832509 
1.838849 
1.845098 


86 
87 
88 
89 
90 


1.934498 
1.939519 
1.944483 
1.949390 
1.964243 


11 
12 
13 
14 
15 


1.041393 
1.079181 
1.113943 
1.146128 
1.176091 


31 
32 
33 
34 
35 


1.491362 
1.506150 
1.618514 
1.531479 
1.644068 


51 
52 
63 
64 
55 


1.707670 
1.716003 
1.724276 
1.732394 
1.740363 


71 
72 
73 
74 
75 


1.851268 
1.857332 
1.863323 
1.869232 
1.875061 


91 
92 
93 
94 
95 


1.959041 
1.963788 
1.968483 
1.973128 
1.977724 


16 
17 
18 
19 
20 


1.204120 
1.230449 
1.266273 
1.278754 
1.301030 


36 
37 
38 
39 
40 


1.556303 
1.568202 
1.579784 
1.691065 
1.602060 


66 
57 
68 
59 
60 


1.748188 
1.755876 
1.763428 
1.770852 
1.778151 


76 
77 
78 
79 
80 


1.880814 
1.886491 
1.892096 
1.897627 
1.903090 


96 
97 
98 
99 
100 


1.982271 
1.986772 
1.991226 
1.995635 
2.000000 



Kons. — In the following part of the Table the Indioes are omitted, as they 
oan be reiy easily supplied by the directions given in Section zziz., p. 270, en 
Logarithms. 
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m 


"5" 


"T- 


"T- 


4- 


—r- 


r- 


6 


"T" 


8 


L^rn 


TTl 


m 


000000 


000434 


6M66d 


66l30l 


061'7^4 


6oii66 


002598 


003029 


003461 


003891 


432 


1 


4321 


4761 


5181 


5609 


6038 


6466 


6894 


7321 


7748 


8174 


428 


2 


8600 


9026 


9451 


9876 


010300 


010724 


011147 


011670 


011993 


012416 


424 


3 


012837 


013269 


013680 


014100 


4521 


4940 


5360 


6779 


6197 


6616 


420 


4 


7033 


7461 


7868 


8284 


8700 


9116 


9532 


9947 


020361 


020775 


416 


6 


021189 


021603 


022016 


022428 


022841 


023262 


023664 


024076 


4486 


4896 


412 


« 


6306 


6716 


6126 


6533 


6942 


7360 


7757 


8164 


8671 


8978 


408 


7 


9384 


9789 


030196 


030600 


031004 


031408 


031812 


032216 


032619 


033021 


404 


8 


033424 


033826 


4227 


4628 


5029 


5430 


6830 


6230 


6629 


7028 


400 


9 


7426 


7826 


8223 


8620 


9017 


9414 


9811 


040207 


040602 


040998 


397 


IIU 041393 


041787 


042182 


042676 


042969 


043362 


043755 


044148 


044540 


044932 


393 


1 


6323 


6714 


6105 


6495 


6886 


7276 


7664 


8053 


8442 


8830 


390 


2 


9218 


9606 


9993 


050380 


050766 


061163 


051538 


061924 


062309 


052694 


386 


3 


063078 


063463 


053846 


4230 


4613 


4996 


6378 


6760 


6142 


6524 


383 


4 


6906 


7286 


7666 


8046 


8426 


8805 


9185 


9563 


9942 


060320 


379 


5 


060698 


061076 


061462 


061829 


062206 


062682 


062958 


063333 


063709 


4083 


376 


6 


4468 


4832 


5206 


6680 


5953 


6326 


6699 


7071 


7443 


7815 


373 


7 


8186 


8567 


8928 


9298 


9668 


070038 


070407 


070776 


071145 


071614 


370 


8 


071882 


072260 


072617 


072985 


073352 


8718 


4085 


4451 


4816 


5182 


366 


9 


6647 


5912 


6276 


6640 


7004 
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61 


6 


2474 


2524 


2675 


2626 


2677 


2727 


2778 


2829 


2879 


2930 


61 


7 


2981 


3031 


3082 


3133 


3183 


3234 


8285 


3335 


3386 


3437 


«1 


8 


3487 


3538 


3689 


3639 


3690 


3740 


8791 


3841 


3892 


3943 


61 


9 


3993 


4044 


4094 


4146 


4195 


4246 


4296 


4347 


4397 


4448 


61 


860 


934498 


934649 


934699 


934660 


934700 


934761 


934801 


934862 


934902 


934953 


"60 


1 


6003 


6054 


6104 


6164 


6205 


6266 


6306 


6356 


6406 


6467 


60 


2 


6607 


6668 


6608 


6668 


6709 


6769 


6809 


6860 


6910 


6960 


60 


3 


6011 


6061 


6111 


6162 


6212 


6262 


6313 


6363 


6413 


6463 


60 


4 


6514 


6664 


6614 


6665 


6716 


6765 


6816 


6866 


6916 


6966 


60 


6 


7016 


7066 


7117 


7167 


7217 


7267 


7317 


7367 


7418 


7468 


60 


6 


7518 


7568 


7618 


7668 


7718 


7769 


7819 


7869 


7919 


7969 


60 


7 


8019 


8069 


8119 


8169 


8219 


8269 


8320 


8370 


8420 


8470 


60 


8 


8520 


8670 


8620 


8670 


8720 


8770 


8820 


8870 


8920 


8970 


60 


9 


9020 


9070 


9120 


9170 


9220 


9270 


9320 


9369 


9419 


9469 


60 


870 


939619 


969569 


939619 


939669 


939719 


939769 


939819 


939869 


939918 


939968 


60 


1 


940018 


940068 


940118 


940168 


940218 


940267 


940317 


940367 


940417 


940467 


60 


2 


0616 


0666 


0616 


0666 


0716 


0766 


0816 


0865 


0915 


0964 


60 


3 


1014 


1064 


1114 


1163 


1213 


1263 


1313 


1362 


1412 


1462 


60 


4 


1611 


1661 


1611 


1660 


1710 


1760 


1809 


1859 


1909 


1968 


60 


6 


2008 


2068 


2107 


2167 


2207 


2266 


2306 


2365 


2405 


2465 


60 


6 


2504 


2654 


2603 


2663 


2702 


2752 


2801 


2861 


2901 


2950 


60 


7 


3000 
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